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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 99 ]. This is test number [ 85 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (99 ) | 0.00 (0)
Mathematica | 100.00 (99 ) | 0.00 (0 )
Fricas 91.92 (91) | 8.08(8)
Maple | 87.88 (87) | 12.12 (12)
Maxima | 81.82 (81) |18.18 (18)
Giac 52.53 (52) | 47.47 (47)
Sympy | 33.33 (33) | 66.67 (66)
Mupad | 30.30 (30) | 69.70 (69)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 93.94 0.00 6.06 0.00
Fricas 87.88 0.00 4.04 8.08
Maple 68.69 5.05 14.14 12.12
Giac 30.30 7.07 15.15 47.47
Maxima, 27.27 12.12 42.42 18.18
Sympy 27.27 6.06 0.00 66.67
Mupad N/A 24.24 0.00 69.70

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 12 100.00 % 0.00 % 0.00 %
Fricas 8 100.00 % 0.00 % 0.00 %
Giac 47 100.00 % 0.00 % 0.00 %
Maxima 18 100.00 % 0.00 % 0.00 %
Sympy 66 89.39 % 4.55 % 6.06 %
Mupad 69 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.08 102.90 0.94 85.00 1.00
Mathematica | 0.29 89.83 0.87 81.00 0.95
Maple 0.08 144.61 1.18 65.00 0.88
Maxima 0.33 114.21 1.17 83.00 1.00
Fricas 0.32 76.38 0.81 62.00 0.79
Sympy 0.65 86.76 1.23 46.00 1.06
Giac 0.39 112.19 1.16 65.50 1.14
Mupad 0.23 28.03 0.64 25.00 0.76

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7},8) 9} [10} 11} 12}[13} 14} [15} [16} 17, 18} 19} 220} 21} 22} [23} [24} [25) 26} [27]
[28,[29}30} 31}, 32} 33} 34} 135} [36} 37, (38}, 139} [40), A1} 12} 43} 44}, (43}, 46} 47 48, 49}, (50} [5 1} 52} 53}, 54} 55,
[56} (57} 58, [59, (60, (61} 62} 63} [64, (65, (66} 67, 68, [69}, 70, 711,72} [73} [74} [75} [76 77} [78} [79}, [8T} BT} 82} 83,
(848586, 87,88} /89}00} 01} [92, 93} 94,[95,[96,[07}[98} 99 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}2}[3} 4[5} 6178 9% [10} 11} 12}[13} 14} [15} [16, 17, 18} 19} 20} 21} 22} [23} [24} [25) 26} [27]
[28,[29}30} 31}, 2} 33} 34} 135} [36 37, (38}, 139} (40}, [A1} 12} 43} A4, (43}, [46} 47} 48}, 9}, (50} [5 1} 62} 53} 54}, 55,
[56}57} 58} [59, (60, (61}, 62} 63} [64, (65, (66}, 67} 68} [69}, 70, [T} (72} [73} [74} [75} [76, 77} [78} [79}, |80} BT 82} 83,
[B41[85,186,/87,88}/89}[01}[92,[96,97 }

B grade: { }

C grade: { }
F grade: { }

2.1.3 Maple

A grade: { [1}[2,3}4,5}[6, 7,18} 9%} L0} [L1} 3} 5} [16} 17, [I&} [20} [22, [35} [36, 37 [38, [39} 40} 4 1} 42} |43}
(A4} 145}, 46, A7, 48, 19} 50} b1}, 52} 53} [64; [55), 156, (57} 58}, 59} (60 61} 62} (63, 64} 166}, (68}, 69} [70} [T [72} [79,
[80}B1} 82183} /84} 18586187 [88, 89}, 91}[92}07 }

B grade: { }
C grade: { [12,[14)[19}[21} 23} 24} [25} 26} 27} [28, 73} [76,[98,[99] }
F grade: {[29}[30}31}[32}[33}[34,[65}67}[74} [75}[77}[78] }

2.1.4 Maxima
glgjaldfr { [ B8 [10} 15} 17} [22} 29}, 133} [34} 37}, (43} [45} [46}, |47} [48} [61} 62} [63} [64} 66}, [68} [88}, 89} 01}
92,

B grade: { [25 2 25,20, 27,25, 50} 51,52, 00,65,

C grade: { 24516} 7,9 (L1} (12} 13} 14}[16} 18, [[9} [20} [21] 35}, 36} |38} |39} 40} 4 1} 42 |44} {49} 50} B 1}
[62463,54, 55} 56, 57} 58} 59} (60} (69} [70} 1} 2} /85186487 }

F grade: { [65}[67}[73,[74} 75} 76} 77}[78} 79, 80} 81} 82} 83} [84,93} 94, 98,09 }
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2.1.5 FriCAS

A grade: { (1215178567 )10} 1,2 13} 14,5, 16} 7 5} 19} 20,2} 22 23,2, 25 26, 2
[28,[29,[30} 311, [32} 33} 134} 35} [36], 37} 38} [39} [0}, (4T} [42} [43} [44], (45} (46}, 47} 48, 49} [50} 511, 52} 53} [54} [55)
56} (57,68, [59} [60} (6T, [62, (63} [64} (661, (68}, 69} 70} [7 T}, [72}, [79} (80} [B1}, B2} 83}, [84,[85}, 86}, 87} (88, B} 90} 9T}
92,95,05,7}

B grade: { }
C grade: {[93,[94,98}[99] }
P grade: { FBEA BB MO )

2.1.6 Sympy

%ﬁ%e: { 13} 4 [} (L1315} [17} 18, [22} 36} 37 [38} 39} 43} [46} |47} 48} [62} 63} [64; 66} [88[89} 90} 91}
92,

B grade: { BB} [[0,16,4561 }

C grade: { }

F grade {llﬁlﬂllllllllllllllllll
[53}54} (65,56} 57}, 68} 59} 160} (65}, 67} [68; |69} [70), [71} 72} [73} [74, 75, [765, [77, 78} [79} |80

lllllllllllll}

2.1.7 Giac

A grade: { (18}, [0} 12 [5) 7 79, 22,57 5543 5 46, 7, 5 67 62 63 6 66,65, 65, 0
[90}[91},[02}[961[97] }

B grade: { [1[[4,21} 55 55,59,59 }

C grade: { [2[4}[9}[L1}[16} 8} [49}[50} |51} 55} [56} [57}, 85} 186} [87] }

F grade: { [6}13,[20} 23,24, 25} 26} [27] 28} [20}[30, 31} [32}33| 34} 40} 41} 42} (44} 52} 53} 54} 58}, 59
(60,165} 67369} 70} [71} 72} 73} 74 [75} 76} 77} [78} [79} 80} [B 1} 82,83} [84}[93} 94, 98}09] }

2.1.8 Mupad

A grade: { [63}[64[66}68}[88}[89 }

B grade: { [, 5 057 2 57 5 2 5 T 561 02,5, B0, 6 07}

C grade: { }

P grade: {25007 V(1) 12 13, 14, 16592032123, 24, 25,2627 5 2950, B, P2, 53 5

(354136, 40} A1}, A4} 19} 50}, (51} [52} 53} [543 [55)}, 156, (57 (58, (59} (60} 65} 167} (69} (70} [7T} [72} 73} [74} [75,[76, [7 7
[78}[79,/80}81}82} 83} [84}[90} 91} 93} 94} [95,[96}[98} 99 }



23

2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A A A A A A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 34 34 29 31 27 27 36 45 27
N.S. 1 1.00 0.85 0.91 0.79 0.79 1.06 1.32 0.79

time (sec) N/A 0.022 0.035 0.056 0.296 0.357 0.177 0.445 0.101

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 82 58 67 72 209 135 -1
N.S. 1 1.00 090 0.64 0.74 0.79 2.30 1.48  -0.01
time (sec) N/A 0.049 0.098 0.106 0299 0.368 1.224 0.435 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 14 13 13 19 13 13
N.S. 1 1.00  1.00 0.93 0.87 0.87 1.27 0.87 0.87

time (sec) N/A 0.010 0.003 0.037 0.284 0.366  0.071 0.437 0.060
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 57 44 48 61 61 95 51
N.S. 1 1.00 0.81 0.63 0.69 0.87 0.87 1.36 0.73
time (sec) N/A 0.014 0.063 0.048 0.295 0.400 0.240 0.457 0.357
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 24 22 43 29 0 21 -1
N.S. 1 1.00 0.96 0.88 1.72 1.16 0.00 0.84 -0.04
time (sec) N/A 0.020 0.029 0.075 0.366  0.365 0.000 0.417 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 80 80 81 57 73 70 0 0 -1
N.S. 1 1.00 1.01 0.71 0.91 0.88 0.00 0.00 -0.01
time (sec) N/A 0.037 0.123 0.066 0.557  0.361 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 42 39 48 57 0 87 -1
N.S. 1 1.00  1.00 0.93 1.14 1.36 0.00 2.07  -0.02
time (sec) N/A 0.061 0.046 0.087 0.369 0375 0.000 0.414 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 40 42 42 45 78 76 41
N.S. 1 1.00 0.78 0.82 0.82 0.88 1.53 1.49 0.80
time (sec) N/A 0.035 0.085 0.079 0.290 0.373 0.258 0.439 0.148
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 87 63 90 84 201 118 -1
N.S. 1 1.00 0.96 0.69 0.99 0.92 2.21 1.30  -0.01
time (sec) N/A 0.072 0.111 0.115 0.516  0.389 1.612 0.490 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 27 34 23 28 60 26 22
N.S. 1 1.00 0.87 1.10 0.74 0.90 1.94 0.84 0.71
time (sec) N/A 0.020 0.031 0.052 0.291 0.386 0.116 0.402 0.272
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 67 45 70 59 56 82 -1
N.S. 1 1.00 0.96 0.64 1.00 0.84 0.80 1.17  -0.01
time (sec) N/A 0.031 0.039 0.069 0.526  0.371 0.474 0.409 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 34 68 51 39 0 35 -1
N.S. 1 1.00 0.92 1.84 1.38 1.05 0.00 095 -0.03
time (sec) N/A 0.036 0.038 0.130 0.368  0.369 0.000 0.442 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 76 62 83 66 0 0 -1
N.S. 1 1.00  1.00 0.82 1.09 0.87 0.00 0.00 -0.01
time (sec) N/A 0.047 0.112 0.089 0.564 0375 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 50 89 61 65 0 107 -1
N.S. 1 1.00 0.88 1.56 1.07 1.14 0.00 1.88  -0.02
time (sec) N/A 0.082 0.082 0.125 0.344 0.368 0.000 0.427 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 55 66 58 58 92 92 66
N.S. 1 1.00 0.70 0.84 0.73 0.73 1.16 1.16 0.84
time (sec) N/A 0.050 0.103 0.118 0.287 0360 0.411 0.414 0.410
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 188 188 160 130 143 148 439 259 -1
N.S. 1 1.00 0.85 0.69 0.76 0.79 2.34 1.38  -0.01
time (sec) N/A 0.141 0.287 0.151 0.503 0.398 2.702 0.424 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 33 26 27 25 44 26 28
N.S. 1 1.00  1.00 0.79 0.82 0.76 1.33 0.79 0.85
time (sec) N/A 0.021 0.012 0.063 0294 0372 0.179 0.447 0.289
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 153 153 116 101 112 121 129 185 -1
N.S. 1 1.00 0.76 0.66 0.73 0.79 0.84 1.21  -0.01
time (sec) N/A 0.066 0.153  0.088 0.506  0.350 0.707 0.452 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 50 125 89 63 0 47 -1
N.S. 1 1.00 0.91 2.27 1.62 1.15 0.00 0.85  -0.02
time (sec) N/A 0.056 0.056 0.199 0.380  0.350 0.000 0.417 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 168 168 166 128 152 136 0 0 -1
N.S. 1 1.00 0.99 0.76 0.90 0.81 0.00 0.00 -0.01
time (sec) N/A 0.109 0.428 0.128 0.625 0.390 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 90 162 98 108 0 185 -1
N.S. 1 1.00 0.99 1.78 1.08 1.19 0.00 2.03 -0.01
time (sec) N/A 0.144 0.116 0.191 0.392 0.387 0.000 0.418 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 67 50 55 51 94 52 55
N.S. 1 1.00 1.00 0.75 0.82 0.76 1.40 0.78 0.82
time (sec) N/A 0.031 0.035 0.082 0.298 0379 0.895 0.435 0.745
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 111 111 113 229 153 58 0 0 -1
N.S. 1 1.00 1.02 2.06 1.38 0.52 0.00 0.00 -0.01
time (sec) N/A 0.055 0.133 0.066 0.118  0.118 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 111 111 111 290 158 56 0 0 -1
N.S. 1 1.00  1.00 2.61 1.42 0.50 0.00 0.00 -0.01
time (sec) N/A 0.053 0.106 0.062 0.117  0.110 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 89 290 138 44 0 0 -1
N.S. 1 1.00 1.10 3.58 1.70 0.54 0.00 0.00 -0.01
time (sec) N/A 0.040 0.061 0.053 0.128  0.104 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 89 338 135 44 0 0 -1
N.S. 1 1.00 1.10 4.17 1.67 0.54 0.00 0.00 -0.01
time (sec) N/A 0.040 0.048 0.059 0.105 0.107  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 114 338 133 56 0 0 -1
N.S. 1 1.00 1.16 3.45 1.36 0.57 0.00 0.00 -0.01
time (sec) N/A 0.051 0.120 0.054 0.119  0.117 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 104 104 117 358 133 61 0 0 -1
N.S. 1 1.00 1.12 3.44 1.28 0.59 0.00 0.00 -0.01
time (sec) N/A 0.050 0.107 0.054 0.125 0.121  0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 142 0 171 78 0 0 -1
N.S. 1 1.00 1.08 0.00 1.30 0.59 0.00 0.00 -0.01
time (sec) N/A 0.117 0.272 0.117 0.122 0.129  0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 142 0 183 77 0 0 -1
N.S. 1 1.00 1.08 0.00 1.39 0.58 0.00 0.00 -0.01
time (sec) N/A 0.083 0.222 0.097 0.118  0.113 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 122 0 154 50 0 0 -1
N.S. 1 1.00 1.22 0.00 1.54 0.50 0.00 0.00 -0.01
time (sec) N/A 0.082 0.147 0.093 0.120  0.118 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F B A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 120 0 159 50 0 0 -1
N.S. 1 1.00 1.25 0.00 1.66 0.52 0.00 0.00 -0.01
time (sec) N/A 0.043 0.151 0.107 0.106  0.118 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 117 117 137 0 143 59 0 0 -1
N.S. 1 1.00 1.17 0.00 1.22 0.50 0.00 0.00 -0.01
time (sec) N/A 0.107 0.234 0.091 0.128  0.115 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 116 116 137 0 146 63 0 0 -1
N.S. 1 1.00 1.18 0.00 1.26 0.54 0.00 0.00 -0.01
time (sec) N/A 0.063 0.241 0.092 0.126  0.114 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 31 39 57 45 0 132 -1
N.S. 1 1.00 1.00 1.26 1.84 1.45 0.00 4.26 -0.03
time (sec) N/A 0.047 0.024 0.118 0.319 0.398 0.000 0.406 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 20 21 43 28 15 41 -1
N.S. 1 1.00 1.00 1.05 2.15 1.40 0.75 2.05 -0.05
time (sec) N/A 0.021 0.026 0.074 0.330  0.379 0.557 0.448 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 13 13 13 14 13 15 15 15 13
N.S. 1 1.00  1.00 1.08 1.00 1.15 1.15 1.15 1.00
time (sec) N/A 0.010 0.004 0.043 0.293  0.387 0.339 0.406 0.264
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 29 42 51 33 31 49 30
N.S. 1 1.00 0.97 1.40 1.70 1.10 1.03 1.63 1.00
time (sec) N/A 0.017 0.034 0.074 0.317  0.338 0.468 0.453 0.279
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 46 92 50 43 46 107 47
N.S. 1 1.00  1.00 2.00 1.09 0.93 1.00 2.33 1.02
time (sec) N/A 0.030 0.004 0.086 0.306 0.346 0.662 0.425 0.372
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 80 57 127 73 0 0 -1
N.S. 1 1.00 1.01 0.72 1.61 0.92 0.00 0.00 -0.01
time (sec) N/A 0.037 0.094 0.109 0.345 0.354  0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 24 22 43 29 0 0 -1
N.S. 1 1.00 0.96 0.88 1.72 1.16 0.00 0.00 -0.04
time (sec) N/A 0.019 0.026 0.072 0.312 0.374 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 74 74 62 48 98 65 0 0 55
N.S. 1 1.00 0.84 0.65 1.32 0.88 0.00 0.00 0.74
time (sec) N/A 0.023 0.074 0.071 0.328 0.363 0.000 0.000 0.406
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 14 13 17 22 17 13
N.S. 1 1.00 1.00 0.93 0.87 1.13 1.47 1.13 0.87
time (sec) N/A 0.011 0.003 0.043 0.277 0.345 0.668 0.449 0.268
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 97 97 88 64 74 84 0 0 -1
N.S. 1 1.00 0.91 0.66 0.76 0.87 0.00 0.00 -0.01
time (sec) N/A 0.036 0.111  0.088 0.337 0369 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 18 14 12 13 39 12 12
N.S. 1 1.00 0.95 0.74 0.63 0.68 2.05 0.63 0.63
time (sec) N/A 0.015 0.022 0.049 0.280 0.386 0.085 0.402 0.367
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00  1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.006 0.003 0.023 0.277  0.420 0.093 0.432 0.033
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 22 17 16 16 20 16 16
N.S. 1 1.00  1.00 0.77 0.73 0.73 0.91 0.73 0.73
time (sec) N/A 0.009 0.012 0.025 0.278 0376 0.091 0.493 0.278
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 31 34 23 24 51 23 23
N.S. 1 1.00 0.86 0.94 0.64 0.67 1.42 0.64 0.64
time (sec) N/A 0.014 0.020 0.028 0.298 0373 0.085 0.417 0.345
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 235 235 165 196 136 145 0 241 -1
N.S. 1 1.00 0.70 0.83 0.58 0.62 0.00 1.03  -0.00
time (sec) N/A 0.266 0.390 0.084 0.298 0.362 0.000 0.444 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 169 169 141 131 112 118 0 193 -1
N.S. 1 1.00 0.83 0.78 0.66 0.70 0.00 1.14  -0.01
time (sec) N/A 0.148 0.244 0.055 0.303  0.382 0.000 0.437 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 99 99 9 64 73 78 0 143 -1
N.S. 1 1.00 0.95 0.65 0.74 0.79 0.00 1.44  -0.01
time (sec) N/A 0.086 0.107 0.048 0.291 0.384 0.000 0.491 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 110 78 74 96 0 0 -1
N.S. 1 1.00 1.00 0.71 0.67 0.87 0.00 0.00 -0.01
time (sec) N/A 0.108 0.169 0.054 0.577  0.364 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 184 184 180 129 76 134 0 0 -1
N.S. 1 1.00 0.98 0.70 0.41 0.73 0.00 0.00 -0.01
time (sec) N/A 0.179 0.163 0.061 0.585 0.379  0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 250 250 238 180 76 164 0 0 -1
N.S. 1 1.00 0.95 0.72 0.30 0.66 0.00 0.00 -0.00
time (sec) N/A 0.253 0.220 0.065 0.575 0.373  0.000 0.000 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 310 310 174 219 161 184 0 224 -1
N.S. 1 1.00  0.56 0.71 0.52 0.59 0.00 0.72  -0.00
time (sec) N/A 0.249 0.432 0.079 0.516  0.387 0.000 0.422 0.000
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 218 218 148 145 137 144 0 176 -1
N.S. 1 1.00 0.68 0.67 0.63 0.66 0.00 0.81  -0.00
time (sec) N/A 0.172 0.292 0.069 0.514 0375 0.000 0.461 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 102 102 103 67 96 90 0 124 -1
N.S. 1 1.00 1.01 0.66 0.94 0.88 0.00 1.22  -0.01
time (sec) N/A 0.118 0.125 0.072 0.504 0379 0.000 0.437 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 116 116 116 87 88 100 0 0 -1
N.S. 1 1.00  1.00 0.75 0.76 0.86 0.00 0.00 -0.01
time (sec) N/A 0.131 0.169 0.069 0.572 0.384 0.000 0.000 0.000
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 228 228 185 146 90 154 0 0 -1
N.S. 1 1.00 0.81 0.64 0.39 0.68 0.00 0.00 -0.00
time (sec) N/A 0.169 0.184 0.069 0.578 0374 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 328 328 249 207 90 192 0 0 -1
N.S. 1 1.00 0.76 0.63 0.27 0.59 0.00 0.00 -0.00
time (sec) N/A 0.238 0.249 0.069 0.601 0.378 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 86 86 66 58 47 48 513 47 62
N.S. 1 1.00 0.77 0.67 0.55 0.56 5.97 0.55 0.72
time (sec) N/A 0.045 0.067 0.044 0.297 0.349 0970 0.415 0.496
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 8 8 8 7 6 6 7 6 6
N.S. 1 1.00 1.00 0.88 0.75 0.75 0.88 0.75 0.75
time (sec) N/A 0.007 0.003 0.024 0.277 0378 7.558 0.418 0.427
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.012 0.649 0.067 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.014 0.879 0.066 0.000  0.000 0.000 0.000 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 89 0 0 0 0 0 -1
N.S. 1 1.00 0.96 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.070 0.121  0.065 0.000  0.000 0.000 0.000 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 39 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.033 0.599 0.063 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 131 131 149 0 0 0 0 0 -1
N.S. 1 1.00 1.14 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.116 0.300 0.172 0.000  0.000 0.000 0.000 0.000
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 41 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.039 1.254 0.068 0.000  0.000 0.000 0.000 0.000
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 24 25 90 35 0 0 -1
N.S. 1 1.00 0.92 0.96 3.46 1.35 0.00 0.00 -0.04
time (sec) N/A 0.025 0.059 0.120 0.405 0.354  0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 37 40 99 48 0 0 -1
N.S. 1 1.00 0.86 0.93 2.30 1.12 0.00 0.00 -0.02
time (sec) N/A 0.041 0.092 0.092 0.404 0.365 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 53 52 180 74 0 0 -1
N.S. 1 1.00 0.79 0.78 2.69 1.10 0.00 0.00 -0.01
time (sec) N/A 0.064 0.118 0.102 0.511 0.365 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 66 66 189 87 0 0 -1
N.S. 1 1.00 0.84 0.84 2.39 1.10 0.00 0.00 -0.01
time (sec) N/A 0.071 0.132 0.102 0.521 0.383 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 83 83 92 75 0 0 0 0 -1
N.S. 1 1.00 1.11 0.90 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.016 0.090 0.079 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 102 102 9 0 0 0 0 0 -1
N.S. 1 1.00 0.92 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.049 0.275 0.068 0.000  0.000 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 179 179 173 0 0 0 0 0 -1
N.S. 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.063 0.274 0.083 0.000  0.000 0.000 0.000 0.000
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 105 105 115 111 0 0 0 0 -1
N.S. 1 1.00 1.10 1.06 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.051 0.218 0.137 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 141 141 129 0 0 0 0 0 -1
N.S. 1 1.00 091 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.110 0.580 0.065 0.000  0.000 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 229 229 221 0 0 0 0 0 -1
N.S. 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.145 0.639 0.106 0.000  0.000 0.000 0.000 0.000
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Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 45 45 0 62 0 0 -1
N.S. 1 1.00 0.96 0.96 0.00 1.32 0.00 0.00 -0.02
time (sec) N/A 0.060 0.101 0.138 0.000  0.379 0.000 0.000 0.000
Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 53 65 0 72 0 0 -1
N.S. 1 1.00 0.77 0.94 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.088 0.200 0.112 0.000  0.381 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 113 113 95 101 0 117 0 0 -1
N.S. 1 1.00 0.84 0.89 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.148 0.249 0.137 0.000  0.406 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 70 65 0 90 0 0 -1
N.S. 1 1.00 0.90 0.83 0.00 1.15 0.00 0.00 -0.01
time (sec) N/A 0.078 0.145 0.130 0.000  0.374 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 95 95 82 89 0 106 0 0 -1
N.S. 1 1.00 0.86 0.94 0.00 1.12 0.00 0.00 -0.01
time (sec) N/A 0.109 0.235 0.118 0.000  0.381 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 165 165 141 144 0 167 0 0 -1
N.S. 1 1.00 0.85 0.87 0.00 1.01 0.00 0.00 -0.01
time (sec) N/A 0.185 0.378 0.157 0.000  0.412 0.000 0.000 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 99 99 76 131 258 112 0 159 80
N.S. 1 1.00 0.77 1.32 2.61 1.13 0.00 1.61 0.81
time (sec) N/A 0.051 0.287 0.173 0.779  0.365 0.000 0.465 0.146
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 42 63 199 63 0 119 39
N.S. 1 1.00 0.89 1.34 4.23 1.34 0.00 2.53 0.83
time (sec) N/A 0.024 0.052 0.063 0.650 0.365 0.000 0.570 0.071
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 36 84 40 0 55 32
N.S. 1 1.00  1.00 1.24 2.90 1.38 0.00 1.90 1.10
time (sec) N/A 0.004 0.013 0.056 0.506 0370 0.000 0.443 0.062
Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.006 2.696 0.046 0.000  0.000 0.000 0.000 0.000
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Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.07
time (sec) N/A 0.006 4.940 0.048 0.000  0.000 0.000 0.000 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 346 346 224 825 672 103 269 480 -1
N.S. 1 1.00 0.65 2.38 1.94 0.30 0.78 1.39  -0.00
time (sec) N/A 0.217 0.770  0.066 0.310 0.355 0.322 0.427 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 167 167 71 299 263 67 151 166 -1
N.S. 1 1.00 0.43 1.79 1.57 0.40 0.90 099 -0.01
time (sec) N/A 0.096 0.258 0.043 0.289 0361 0.178 0.410 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 48 61 60 42 65 42 42
N.S. 1 1.00 0.89 1.13 1.11 0.78 1.20 0.78 0.78
time (sec) N/A 0.019 0.085 0.040 0.307 0.382 0.132 0.495 0.344
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 126 126 145 271 0 149 0 0 -1
N.S. 1 1.00 1.15 2.15 0.00 1.18 0.00 0.00 -0.01
time (sec) N/A 0.165 0.698 0.070 0.000 0.366 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 184 184 240 714 0 210 0 0 -1
N.S. 1 1.00 1.30 3.88 0.00 1.14 0.00 0.00 -0.01
time (sec) N/A 0.249 1.226 0.075 0.000  0.398 0.000 0.000 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B B A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 537 537 382 1809 1349 182 0 1104 -1
N.S. 1 1.00 0.71 3.37 2.51 0.34 0.00 2.06 -0.00
time (sec) N/A 0.357 1.041 0.065 0.336  0.385 0.000 0.418 0.000
Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 261 261 117 655 523 110 0 370 -1
N.S. 1 1.00 0.45 2.51 2.00 0.42 0.00 1.42 -0.00
time (sec) N/A 0.161 0.397 0.045 0.326  0.376 0.000 0.479 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 65 131 118 57 94 81 68
N.S. 1 1.00 0.76 1.54 1.39 0.67 1.11 0.95 0.80
time (sec) N/A 0.038 0.127 0.041 0.279  0.415 0.239 0.408 0.382
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 234 234 243 279 0 287 0 0 -1
N.S. 1 1.00 1.04 1.19 0.00 1.23 0.00 0.00 -0.00
time (sec) N/A 0.332 0.383 0.064 0.000  0.416 0.000 0.000 0.000
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Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F C F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 332 332 138 931 0 406 0 0 -1
N.S. 1 1.00 0.42 2.80 0.00 1.22 0.00 0.00  -0.00
time (sec) N/A 0.530 0.580 0.090 0.000 0.410 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [67] had the largest ratio of [22]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 3 3 1.00 12 0.250
2 A 4 4 1.00 12 0.333
3 A 2 2 1.00 10 0.200
4 A 3 3 1.00 8 0.375
5! A 3 3 1.00 12 0.250
6 A 4 4 1.00 12 0.333
7 A ) 5 1.00 12 0.417
3 A 3 3 1.00 14 0.214
9 A 6 ) 1.00 14 0.357
10 A 3 3 1.00 12 0.250
11 A ) 4 1.00 10 0.400
12 A 5 4 1.00 14 0.286
13 A 6 6 1.00 14 0.429
14 A 7 6 1.00 14 0.429
15 A 4 4 1.00 14 0.286
16 A 10 5 1.00 14 0.357
17, A 3 2 1.00 12 0.167
18 A 8 4 1.00 10 0.400
19 A 8 4 1.00 14 0.286
20 A 9 5 1.00 14 0.357
21] A 12 6 1.00 14 0.429
22 A 3 2 1.00 12 0.167
23] A 4 3 1.00 14 0.214
24 A 4 3 1.00 14 0.214
25) A 3 2 1.00 14 0.143
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 3 2 1.00 14 0.143
27| A 4 3 1.00 14 0.214
28 A 4 3 1.00 14 0.214
29 A 7 5 1.00 16 0.312
30 A 7 ) 1.00 16 0.312
31 A 6 4 1.00 16 0.250
32 A 6 4 1.00 16 0.250
33 A 7 5 1.00 16 0.312
34 A 7 6 1.00 16 0.375
35 A 5 5 1.00 8 0.625
36 A 3 3 1.00 12 0.250
37 A 2 2 1.00 12 0.167
38 A 3 3 1.00 12 0.250
39 A 4 3 1.00 12 0.250
40/ A 5 5 1.00 8 0.625
41 A 3 3 1.00 12 0.250
42 A 4 4 1.00 12 0.333
43 A 2 2 1.00 12 0.167
44 A ) ) 1.00 12 0.417
45 A 3 3 1.00 14 0.214
46 A 2 2 1.00 12 0.167
47 A 3 3 1.00 6 0.500
48 A 3 3 1.00 8 0.375
49 A 13 7 1.00 16 0.438
50 A 10 7 1.00 16 0.438
51 A 7 7 1.00 16 0.438
52 A 8 7 1.00 16 0.438
53 A 11 7 1.00 16 0.438
54 A 14 7 1.00 16 0.438
55 A 15 10 1.00 18 0.556
56 A 12 9 1.00 18 0.500
57 A 9 8 1.00 18 0.444
58 A 10 9 1.00 18 0.500
59 A 12 10 1.00 18 0.556
60 A 16 9 1.00 18 0.500

Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
61| A 7 9 1.00 8 0.625
62| A 2 2 1.00 12 0.167
63| A 0 0 0.00 0 0.000
64| A 0 0 0.00 0 0.000
65/ A 3 3 1.00 20 0.150
66| A 0 0 0.00 0 0.000
67 A 5 9 1.00 22 0.227
68| A 0 0 0.00 0 0.000
69 A 3 3 1.00 12 0.250
70| A 5 4 1.00 14 0.286
71| A 8 4 1.00 14 0.286
72| A 8 4 1.00 14 0.286
73| A 3 2 1.00 8 0.250
4| A 5 3 1.00 10 0.300
75| A 8 3 1.00 10 0.300
76| A 3 2 1.00 12 0.167
7 A ) 3 1.00 14 0.214
78| A 8 3 1.00 14 0.214
9] A 3 9 1.00 16 0.312
80| A 7 6 1.00 18 0.333
81| A 12 6 1.00 18 0.333
82| A 6 S 1.00 16 0.312
83| A 8 6 1.00 18 0.333
84| A 14 6 1.00 18 0.333
85 A 7 6 1.00 12 0.500
86/ A 5 4 1.00 10 0.400
871 A 1 1 1.00 8 0.125
88| A 0 0 0.00 0 0.000
89| A 0 0 0.00 0 0.000
9| A 14 3 1.00 18 0.167
91| A 8 3 1.00 16 0.188
92| A 3 3 1.00 14 0.214
93| A 8 4 1.00 18 0.222
94| A 10 6 1.00 18 0.333
95| A 20 4 1.00 18 0.222

Continued on next page
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number of number of normalized integrand b ¢ rul
# | grade sheps widie | antidertvative | e tegrand leaf size
96 A 11 4 1.00 16 0.250
97 A 4 3 1.00 14 0.214
98 A 11 4 1.00 18 0.222
99 A 13 6 1.00 18 0.333
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3.1 [ 2 cos (a + bz?) dx

Optimal. Leaf size=34
cos (a + bz?) N z?sin (a + bz?)
2b2 2b

[Out] 1/2*cos(b*xx~2+a)/b~2+1/2*%x"2*xsin(b*x~2+a)/b

Rubi [A]
time = 0.02, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3461, 3377, 2718}

cos (a + bx?) N z? sin (a + bx?)
2b2 2b
Antiderivative was successfully verified.
[In] Int[x"3*Cos[a + b*x"2],x]
[Out] Cos[a + b*x~2]/(2%b"2) + (x"2*Sin[a + b*x~2])/(2%b)
Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps



/z3 cos (a + bz®) dz = %Subst (/ z cos(a + bx) dz, z, z2>

z?sin (a 4+ bz®)  Subst( [ sin(a + bz) dz, z, 2?)

2b 2b
_cos(a+ ba?) N z?sin (a + bz?)
2w 2b

Mathematica [A]
time = 0.04, size = 29, normalized size = 0.85

cos (a + bz?) + bx?sin (a + bx?)
2b?

Antiderivative was successfully verified.

[In] Integrate[x~3*Cos[a + b*x"2],x]
[Out] (Cos[a + b*x~2] + b*x~2*Sin[a + b*x~2])/(2*xb~2)

Maple [A]
time = 0.06, size = 31, normalized size = 0.91

o4

method | result size
bz?+ Zsin(bz?+a
default | <sbete) | wsin(batre) 31
cos(bz?+a z?sin(bz2+a
risch s(l;b2+ ) + 25 (2bb +a) 31
1 +$2tan(%+b~§z)
norman | ¥ b 41
1+tan2(%+ Z )
cos 332 z2b sin(b 332) . z2bcos(bz2) sin(b :1:2)
cos(a)\/’l? (— 4+ (b )—i- ) s1n(a)\/F <— +
meij erg 24/ T - 24/ T 2 \/7? _ zb\2/7? 2 \/7? 8 0

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x~2+a),x,method=_RETURNVERBOSE)
[Out] 1/2*cos(b*x~2+a)/b~2+1/2*x"2xsin(b*x"2+a) /b
Maxima [A]

time = 0.30, size = 27, normalized size = 0.79

bz?sin (bz? + a) + cos (bz? + a)
2 b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a),x, algorithm="maxima")
[Out] 1/2*(b*x"2*sin(b*x"2 + a) + cos(b*x"2 + a))/b"2
Fricas [A]
time = 0.36, size = 27, normalized size = 0.79
bz’ sin (bx? + a) + cos (bz? + a)
202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/2*(b*xx~2*sin(b*x~2 + a) + cos(b*x™2 + a))/b~2

Sympy [A]
time = 0.18, size = 36, normalized size = 1.06

z2 sin (a+b:1:2) cos (a+bm2)
5 552 forb #0

4
%S(“) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(b*x**2+a),x)
[Out] Piecewise((x**2*sin(a + b*x**2)/(2*b) + cos(a + b*x**2)/(2*%b**2), Ne(b, 0))

, (xxx4*cos(a)/4, True))

Giac [A]
time = 0.44, size = 45, normalized size = 1.32
_asin (br® +a)  (bz’ + a)sin (bz® + a) + cos (bz? + a)
2 b2 2 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a),x, algorithm="giac")
[Out] -1/2%a*sin(b*x~2 + a)/b"2 + 1/2*%((b*x"2 + a)*sin(b*x"2 + a) + cos(b*x"2 + a

))/b"2

Mupad [B]
time = 0.10, size = 27, normalized size = 0.79
cos (bx? + a) + bz? sin (b2? + a)
2 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*cos(a + b*x~2),x)
[Out] (cos(a + b*x"2) + b*x"2*sin(a + b*x~2))/(2*%b"2)
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3.2 [ 2% cos (a + bz?) dx

Optimal. Leaf size=91

) \/? cos(a)S(x/F \/? x) ) \/? FresnelC (\/F \/? x) sin(a)  zn (b2
2b

2b3/2 2b3/2

[Out] 1/2*x*sin(b*x~2+a)/b-1/4*cos(a)*FresnelS(xxb~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/2
Y*Pi~(1/2) /b~ (3/2)-1/4*FresnelC(x*b~(1/2)*2~(1/2) /Pi~(1/2))*sin(a)*2~(1/2) *
Pi~(1/2)/b~(3/2)

Rubi [A]
time = 0.05, antiderivative size = 91, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.333,

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {3467, 3434, 3433, 3432}

\/? sin(a)FresnelC (\/? \/590) \/? cos(a)s (ﬁ \/§x> zsin (a + bz?)

B 203/2 B 2b3/2 + 2b

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*xx~2],x]

[Out] -1/2%(Sqrt[Pi/2]*Cos[a]*FresnelS[Sqrt [b]*Sqrt[2/Pi]*x])/b~(3/2) - (Sqrt[Pi/
2] #*FresnelC[Sqrt [b]l *Sqrt [2/Pi]*x]*Sin[a])/(2%b~(3/2)) + (x*Sin[a + b*x~2])/
(2%b)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + f*xx)~2], x], x] + Dist[Cos[c], Int[Sin[dx*(e + f*xx)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3467
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Int[Cos[(c_.) + (d_.)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- D*(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rubi steps

_zsin(a+bs®)  [sin(a+b2?) do
B 2b 2b
_ zsin(a+bz®) cos(a) [sin(bz?) dz  sin(a) [ cos (bs?) dz

B 2b 2b 2b
\/? cos(a)s<\/F \/? a:) \/? c<\/z7 \/? x> sin(a)  zon (@t b2

203/2 203/2 2b

/x2 cos (a + bz?) dz

Mathematica [A]
time = 0.10, size = 82, normalized size = 0.90

—V2r cos(a)S(\/g \/?33) — /27 FresnelC (\/E \/§z> sin(a) 4+ 2vb zsin (a + bz?)

4b3/2

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x"2],x]

[Out] (-(Sqrt[2#Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pil*x]) - Sqrt[2+Pi]*FresnelC[
Sqrt [b] *Sqrt [2/Pi]*x]*Sin[a] + 2xSqrt[b]l*x*Sin[a + b*x~2])/(4%b~(3/2))

Maple [A]

time = 0.11, size = 58, normalized size = 0.64

method | result

cos M si esne M
@ sin(ba2+a) B \/E \/7? ( (a)S( \/F +sin(a) FresnelC \/7?

2b 4b
s ie_m\/F erf(m x) n ieia\/F erf( v —ib x) + zsin(bz?+a)
T1SC. Sb\/E Sb\/—ib‘ 2b

default

NICof
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X

2 3 T \/F \/5
2 % in(bz2 (b )ZS Y~ b2 FresnelC
COS(a) V m \/5 CD‘\/? 2(b )ﬂ- s;n( z ) _ < Qb%\/ ™ ) sin(a) \/7? \/E _ a:\/? :/_‘Trcos( x ) i (

meijer
IeTe 2(b?2)4 23

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x~2+a),x,method=_RETURNVERBOSE)
[Out] 1/2*x*sin(b*x~2+a)/b-1/4/b~(3/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*xb~(1/2
)*x2~(1/2)/Pi~(1/2))+sin(a)*FresnelC(xxb~(1/2)*2~(1/2) /Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.30, size = 67, normalized size = 0.74

8b2zsin (bz? + a) + V2 /7 ((—(i +1) cos (@) + (i — 1) sin (a)) erf (\/zT)x) +((i — 1) cos (a) — (i + 1) sin (a)) erf <\/—ib z))b%
166°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/16%(8xb~2*x*sin(b*x~2 + a) + sqrt(2)*sqrt(pi)*((-(I + 1)*cos(a) + (I - 1)
xsin(a))*erf (sqrt (I*b)*x) + ((I - 1)*cos(a) - (I + 1)*sin(a))*erf(sqrt(-I*b

)*x))*b~(3/2))/b"3

Fricas [A]
time = 0.37, size = 72, normalized size = 0.79

V2'n % cos (a) S («/2%@) + \/2%\/? C <ﬁx\/§> sin (a) — 2 ba sin (b2? + a)

4 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="fricas")

[Out] -1/4%(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt
(2) *pi*sqrt(b/pi)*fresnel_cos(sqrt(2)*x*sqrt(b/pi))*sin(a) - 2*b*x*sin(b*x~

2 + a))/p"2

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 209 vs.

2(90) = 180.
time = 1.22, size = 209, normalized size = 2.30

35 13
big® \/5 sin (@) (3) T'(2) o F3 (;;‘1& —#) b 3 \/? cos (a)T'(3) T'(3) .F3 (;’;7 tat
21404 bIre)

8C (DT (3) - sC(DT (D)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(b*x**2+a),x)

[Out] b*x(3/2)*x**5*sqrt(1/b)*sin(a)*gamma(3/4)*gamma(5/4)*hyper ((3/4, 5/4), (3/2
, T/4, 9/4), -b*x2%x**4/4)/(8+xgamma(7/4)*gamma(9/4)) - sqrt(b)*x**x3*sqrt(1/

b) *cos(a) *gamma (1/4) *gamma (3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -b**2xxx

*x4/4) / (8*gamma (5/4) *gamma (7/4)) - sqrt(2)*sqrt(pi)*x**2*sqrt(1/b)*sin(a)*fr
esnels(sqrt(2)*sqrt(b)*x/sqrt(pi))/2 + sqrt(2)*sqrt(pi)*x**2*sqrt(1/b)*cos(
a)*fresnelc(sqrt(2)*sqrt(b)*x/sqrt(pi))/2

Giac [C] Result contains complex when optimal does not.
time = 0.43, size = 135, normalized size = 1.48
i pelibe®+ia)  jpo(—ibe*—ia) V2 /T erf <—% ﬁx(—% + 1) \/W) el /2 /m erf (—% ﬁx(ﬁ + 1) \/W) el=ia)
+ - +
b 4b 8b(_%+1)m 8b<%+1)\/ﬂ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a),x, algorithm="giac")

[Out] -1/4%Ixxxe” (I*b*xx~2 + I*a)/b + 1/4xI*xxxe” (-Ixb*x~2 - Ixa)/b - 1/8*%Ixsqrt(2)
*xsqrt (pi) *erf (-1/2*sqrt (2) *x* (-I*b/abs(b) + 1)*sqrt(abs(b)))*e” (I*a)/(bx(-I
*b/abs(b) + 1)*sqrt(abs(b))) + 1/8xIxsqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*x*(I
*b/abs(b) + 1)*sqrt(abs(b)))*e”(-Ixa)/(b*(I*b/abs(b) + 1)*sqrt(abs(b)))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x2 cos (bz® +a) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2),x)

[Out] int(x"2*cos(a + b*x"2), x)
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3.3 [ zcos (a+ bx?) dz

Optimal. Leaf size=15
sin (a + bz?)
2b

[Out] 1/2*sin(b*x~2+a)/b

Rubi [A]
time = 0.01, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3461, 2717}

sin (a + bz?)
2b
Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x~2],x]
[Out] Sin[a + b*x~2]/(2%b)
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/nl, 01))

Rubi steps

/m cos (a + bz?) dz = %Subst </ cos(a + bz) dz, x, mz)

__sin(a + ba?)
B 2b

Mathematica [A]
time = 0.00, size = 15, normalized size = 1.00

sin (a + bx?)
2b



Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2],x]

[Out] Sin[a + b*x~2]/(2xb)
Maple [A]

time = 0.04, size = 14, normalized size = 0.93
method result size
derivativedivides W 14
default % 14
risch W 14
an( 2 ba?
norman ' <2+ 2 b>2 33
b(1+tan?(g+227))
2
sin(a)\/’]? ( 1 _cos(bz )>
.s cos(a) sin(bx?) \/7? \/7?
meijerg % — 5 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a),x,method=_RETURNVERBOSE)

[Out] 1/2*sin(b*x~2+a)/b

Maxima [A]

time = 0.28, size = 13, normalized size = 0.87

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/2*sin(b*x~2 + a)/b
Fricas [A]

sin (bz? + a)

2b

time = 0.37, size = 13, normalized size = 0.87

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/2*sin(b*x~2 + a)/b

sin (bz? + a)
2b

61
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Sympy [A]
time = 0.07, size = 19, normalized size = 1.27

sin (a+bxz?2
S (@) forb 0

2
%S(a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a),x)
[Out] Piecewise((sin(a + b*x**2)/(2*b), Ne(b, 0)), (x**2xcos(a)/2, True))

Giac [A]
time = 0.44, size = 13, normalized size = 0.87

sin (bz? + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a),x, algorithm="giac")
[Out] 1/2*sin(b*x~2 + a)/b

Mupad [B]
time = 0.06, size = 13, normalized size = 0.87

sin (bz? + a)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x~2),x)

[Out] sin(a + b*xx~2)/(2%Db)
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3.4 [ cos (a + bz?) dz

Optimal. Leaf size=70

\/? cos(a)FresnelC(x/F \/? x> \/? S(\/F \/g x) sin(a)
Vb - Vb

[Out] 1/2*cos(a)*FresnelC(x*b~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)/b~(1/2)-1/
2xFresnelS (x*b~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A]
time = 0.01, antiderivative size = 70, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.375,

steps used = 3, number of rules used = 3, integrand size = 8
Rules used = {3435, 3433, 3432}

™ cos(a)FresnelC| 1/ 2 Vb T sin(a)S| VB /2
2 T 2 T
= _

Vb

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2],x]

[Out] (Sqrt[Pi/2]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]l*x])/Sqrt[b] - (Sqrt([Pi/2]*Fr
esnelS[Sqrt [b]l *Sqrt [2/Pi]*x]*Sin[a])/Sqrt [b]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]1/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3435

Int[Cos[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[dx(e + f*x)~2], x], x] - Dist[Sinl[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, x]

Rubi steps
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/cos (a+b2?) dz = cos(a)/cos( %) dz — sin(a)/sin (b2?) dz

(w[ ) /s (ﬁ@x>sin<a)

N NG

Mathematica [A]
time = 0.06, size = 57, normalized size = 0.81

\/? (cos(a)FresnelC(x/F \/? x) - S(\/F \/g x) sin(a))
v

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2],x]
[Out] (Sqrt[Pi/2]*(Cos[a]*FresnelC[Sqrt[b]l*Sqrt[2/Pi]l*x] - FresnelS[Sqrt[b]*Sqrtl[

2/Pi]*x]*Sin[a]))/Sqrt [b]

Maple [A]
time = 0.05, size = 44, normalized size = 0.63

method | result size
\/E \/F (cos(a) FresnelC (z\/:b/l/f) —sin(a)S (z\/g—\/i ) >
default - u 14
2v/b
cos(a) FresnelC M \/5 \/7? S M sin(a) f \/—
meijer v — v 52
Jerg ) \/F ) \/g
eia \/7? erf(\/’% :1:) ete \/7? erf(\/ —ib a:)
risch - + — 52
ib 44/ —1ib

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a),x,method=_ RETURNVERBOSE)
[Out] 1/2%2~(1/2)*Pi~(1/2) /b~ (1/2)*(cos(a)*FresnelC(x*xb~(1/2)*2~(1/2)/Pi~(1/2))-s
in(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2)))
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Maxima [C] Result contains complex when optimal does not.
time = 0.29, size = 48, normalized size = 0.69

V2 T (((z —1) cos(a) + (i + 1) sin (a)) erf (mx) + (—=(i+1) cos(a) — (i — 1) sin (a)) erf (\/ —ib x))
- 8 Vb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a),x, algorithm="maxima")
[Out] -1/8%sqrt(2)*sqrt(pi)*(((I - 1)*cos(a) + (I + 1)#*sin(a))*erf(sqrt(I*b)*x) +
(-(I + 1)*cos(a) - (I - 1)*sin(a))*erf(sqrt(-I*b)*x))/sqrt(b)

Fricas [A]
time = 0.40, size = 61, normalized size = 0.87

ﬁﬂ\/gcos(a)c («%@) —ﬁn\/?s <ﬁx\/§)sin(a)

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/2*(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_cos(sqrt(2)*x*sqrt(b/pi)) - sqrt(
2) *pi*sqrt(b/pi) *fresnel_sin(sqrt(2) *x*sqrt(b/pi))*sin(a))/b

Sympy [A]
time = 0.24, size = 61, normalized size = 0.87

T e o R G )T
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a),x)
[Out] sqrt(2)*sqrt(pi)*(-sin(a)*fresnels(sqrt(2)*sqrt(b)*x/sqrt(pi)) + cos(a)*fre

snelc(sqrt(2)*sqrt(b)*x/sqrt(pi)))*sqrt(1/b)/2

Giac [C] Result contains complex when optimal does not.
time = 0.46, size = 95, normalized size = 1.36

_ﬁﬁerf (—%\/ZT:E(—%—Fl)\/W)e(”) - V2 /7 erf (—% ﬁx(%le)\/W)e(—ia)
4 (= +1) Vel s(2+1) Vil

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(b*x~2+a),x, algorithm="giac")

[Out] -1/4*sqrt(2)*sqrt(pi)*erf(-1/2*sqrt(2)*x*(-Ixb/abs(b) + 1)*sqrt(abs(b)))*e”
(Ixa)/((-I*b/abs(b) + 1)*sqrt(abs(b))) - 1/4*xsqrt(2)*sqrt(pi)*erf(-1/2*sqrt

(2) *x*(I*¥b/abs(b) + 1)*sqrt(abs(b)))*e”(-Ixa)/((I*xb/abs(b) + 1)*sqrt(abs(b)

))

Mupad [B]
time = 0.36, size = 51, normalized size = 0.73

V2 ﬁc(%) cos(a) vz ﬁs(%) sin (a)
2vVb 2vb

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2),x)
[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b~(1/2)*x)/pi~(1/2))*cos(a))/(2¥b~(1/2)
) - (27(1/2)*pi~(1/2) *fresnels((27(1/2)*b~(1/2) *x) /pi~(1/2))*sin(a))/(2%b~ (

1/2))
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35 f cos(a+bz?) da

X

Optimal. Leaf size=25
1 N )
3 cos(a)Coslntegral (bz”) — 5 sin(a)Si(bz?)

[Out] 1/2*Ci(b*x~2)*cos(a)-1/2*Si(b*x"2)*sin(a)

Rubi [A]
time = 0.02, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3459, 3457, 3456}

% cos(a)CosIntegral (bz*) — % sin(a)Si(bz?)

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x~2]/x,x]

[Out] (Cos[al*CosIntegral[b*x~2])/2 - (Sin[al*SinIntegral [bxx~2])/2
Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral([d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"nl]/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

. 2
/ cos (a + ba?) iz = cos(a / cos ( _ sin(a) / sin (bz?) i

i T

== cos(a)Cl( ?) - —Sln(a)SI( )



68

Mathematica [A]
time = 0.03, size = 24, normalized size = 0.96

% (cos(a)CosIntegral (bxz) — Sin(a)Si(bxz))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/x,x]
[Out] (Cos[a]l*CosIntegral[b*x~2] - Sin[a]*SinIntegral[b*x~2])/2

Maple [A]
time = 0.08, size = 22, normalized size = 0.88
method | result size
cosinelntegral (b z2) cos(a sinIntegral (bz2) sin(a
default g 2( Jcos(a) _ g g ) sin(a) 22
risch ie_mfrczgn(b:EQ) . ie— i@ sinIn;egral(bmz) _ et eprnteiral(l,—ib:EQ) . eta eprntegZal(l,—ibx2) 63
2vy+4 1n(z)+1n(b2) 2 21n(2) 2 n(%) QCosineIntegral(b a:z)
A/ T cos(a) - _=n) +
VT VT VYT VT VT __ sinlntegral (ba?) sin(a) 79
4 2

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x,x,method=_RETURNVERBOSE)
[Out] 1/2*Ci(b*x~2)*cos(a)-1/2*Si(b*x~2)*sin(a)

Maxima [C] Result contains complex when optimal does not.
time = 0.37, size = 43, normalized size = 1.72

1 (Ei(ibz®) + Ei(—ibz?)) cos (a) + }1 (¢Ei(:bz®) — i Ei(—ibz?)) sin (a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="maxima")
[Out] 1/4*(Ei(I*b*x~2) + Ei(-I*b*x~2))*cos(a) + 1/4*%(I*Ei(I*b*x~2) - I*Ei(-I*b*x~
2))*sin(a)

Fricas [A]
time = 0.36, size = 29, normalized size = 1.16

3 (Ci (02%) + i (=ba?)) cos () — ; sin () S (b2?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="fricas")
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[Out] 1/4*(cos_integral(b*x~2) + cos_integral(-b*x~2))*cos(a) - 1/2*sin(a)*sin_in

tegral (bxx~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bz?) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x,x)

[Out] Integral(cos(a + b*xx*x2)/x, x)
Giac [A]
time = 0.42, size = 21, normalized size = 0.84

1 PN S R
5 o8 (a) Ci (bz?) — 5 sin (a) Si (bz?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x,x, algorithm="giac")
[Out] 1/2*cos(a)*cos_integral (b*x~2) - 1/2*sin(a)*sin_integral (b*x~2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

cos (a) cosint(bx?)  sin (a) sinint(bz?)

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x,x)
[Out] (cos(a)*cosint(b*x"2))/2 - (sin(a)*sinint(b*x~2))/2
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3.6 f cos(a+bz?) da

xz

Optimal. Leaf size=80

_cos(atba?) Vor cos(a)S<\/F \/§x> - ﬁmﬁesnelC<\/F \/§w> sin(a)

T

[Out] -cos(b*x~2+a)/x-cos(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2))*b~(1/2)*2~(1/2)
*Pi~(1/2)-FresnelC(x*b~(1/2)*2~(1/2)/Pi~(1/2))*sin(a)*b~(1/2)*2~(1/2)*Pi~ (1
/2)

Rubi [A]
time = 0.04, antiderivative size = 80, normalized size of antiderivative = 1.00, number of

’ number of rules — 0.333,
integrand size

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {3469, 3434, 3433, 3432}

—V2r' Vb sin(a)ﬁesnelc<\/?\/z?w> — V2r Vb cos(a (\p[ ) cos ( a-|—b332)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]/x"2,x]

[Out] -(Cos[a + b*x~2]/x) - Sqrt[b]*Sqrt[2#Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]
*xx] - Sqrt[b]*Sqrt[2*Pi]*FresnelC[Sqrt[b]*Sqrt[2/Pi]*x]*Sin[a]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + f*x)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, xl

Rule 3469

Int[Cos[(c_.) + (d_.)*(x_)"(n )]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[(e*x)
“(m + 1)*(Cos[c + d*x"n]/(ex(m + 1))), x] + Dist[d*(n/(e"n*(m + 1))), Int[(
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exx)~(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rubi steps
) 2
/wd:ﬁ _ _cos(az—+bw) — (2b) /sin (a+bz?) dz
cos (a + bz?)

=—————~ —(2bcos(a)) /sin (b2?) dz — (2bsin(a)) /cos (ba?) dz

X

— _M —_ ﬁ\/ﬁ COS(Q)S(\/F \/?l‘) — \/ZTMC(\/IT \/§$> Sin(a:

Mathematica [A]
time = 0.12, size = 81, normalized size = 1.01

—M — Vb Vor (cos(a)S(\/g \/72?:1:> —I—FresnelC(\/F \/?95) sin(a)) + M

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/x"2,x]

[Out] -((Cos[al*Cos[b*x~2])/x) - Sqrt[b]*Sqrt[2#Pi]*(Cos[a]l*FresnelS[Sqrt[b]*Sqrt
[2/Pi]l*x] + FresnelC[Sqrt[b]l*Sqrt[2/Pi]l*x]*Sin[a]) + (Sin[a]l*Sin[b*x~2])/x

Maple [A]
time = 0.07, size = 57, normalized size = 0.71

method | result
definlt | =242 — 5 3 i (o (@) (V2T ) sin ) resnetc (V22 ) )
. h ie_mb\/F erf(\/’w w) ze“’b\/— erf( Zb x) cos bx +a
risc — i W
7 o) Y (W)
\/7? cos(a)(bz)%\/? _4 cos b:cl _ \ T 2
\/7? z(b2>z (bQ)Z \/7T sm(a)f f ( 4\/335m(bz +8 Fres:

meijerg - _ » ?3/7?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x"2,x,method=_RETURNVERBOSE)
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[Out] -cos(b*x~2+a)/x-b~(1/2)*2~(1/2)*Pi~(1/2) *(cos(a)*FresnelS (xxb~(1/2)*2~(1/2)
/Pi~(1/2))+sin(a)*FresnelC(xxb~(1/2)*2~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.

time = 0.56, size = 73, normalized size = 0.91

Vba? ((—(i+ 1) V2T (=L,iba?) + (i — 1) ﬁr(—%,-wﬁ)) cos (a) + ((i —1) V2T(=1,iba?) — (i + 1) ﬂr(-%,-;’bﬁ)) sin (a))

8z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"2,x, algorithm="maxima")

[Out] 1/8*sqrt(b*x~2)*((-(I + 1)*sqrt(2)*gamma(-1/2, I*b*x~2) + (I - 1)*sqrt(2)*g
amma (-1/2, -Ixbxx~2))*cos(a) + ((I - 1)*sqrt(2)*gamma(-1/2, Ixb*x~2) - (I +
1)*sqrt (2) *gamma (-1/2, -I*b*x~2))*sin(a))/x

Fricas [A]
time = 0.36, size = 70, normalized size = 0.88

\/EM\/? cos (a) S («%@) + \/Ewm\/g C (J%@) sin (a) + cos (bz? + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"2,x, algorithm="fricas")
[Out] -(sqrt(2)*pi*x*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(2
) ¥pi*x*sqrt(b/pi)*fresnel_cos(sqrt(2)*x*sqrt(b/pi))*sin(a) + cos(b*x~2 + a)

)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bx?) i

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**2,x)

[Out] Integral(cos(a + bkx**2)/x**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(cos(b*x~2+a)/x"2,x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)/x"2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (bz? +a) i

xr2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x"2,x)

[Out] int(cos(a + b*x"2)/x"2, x)

73
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3.7 f cos(a+bz?) da

3

Optimal. Leaf size=42

2
0o (08 P) _ L yCostntegeal (be*) sin(a) — Sbos(a)Si (b2

[Out] -1/2*cos(b*xx"2+a)/x"2-1/2*b*cos (a)*Si (b*x~2)-1/2*b*Ci (b*x~2) *sin(a)

Rubi [A]
time = 0.06, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {3461, 3378, 3384, 3380, 3383}

_ cos (a+bz?)

1, . 1 .
_§b sin(a)CosIntegral (bz*) — §b cos(a)Si(bz?) 53

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]/x"3,x]

[Out] -1/2%Cos[a + b*x"2]/x"2 - (b*CosIntegral [bxx~2]*Sin[a])/2 - (b*Cos[al*SinIn
tegral [b*xx~2])/2

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)~“(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*xx]/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rubi steps

3 2

2 ) )

2
/cos (a + bz?) dp — %Subst (/ cos(a + bx) iz.z, x2>

222 x
_cos(a+bz?) 1 sin(bx) ) 1, . cos
- 972 - §(b cos(a))Subst (/ Y dz,z,z° ) — §(b sin(a))Subst| [ —
_cos(a+bz?) 1, . . o 1 s
=—— - 5bC1(bx ) sin(a) — Eb cos(a)Si(bz?)

Mathematica [A]
time = 0.05, size = 42, normalized size = 1.00

_cos (a + bz?) + bz*CosIntegral (bz?) sin(a) + ba? cos(a)Si(bs?)
222

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/x"3,x]

[Out] -1/2%(Cos[a + b*x~2] + bxx~2xCosIntegral [bxx~2]*Sin[a] + b*x"2*Cos[a]l*SinIn
tegral [b*xx~2])/x"2

Maple [A]
time = 0.09, size = 39, normalized size = 0.93

method | result

cos(bz?+a) cos(a) sinIntegral (bx?) sin(a) cosinelntegral (b z?2)
default oz T b D) —|— 3
risch e~ csgn(b wz)b _ et sinIntegral(b x2)b + ie i eprntegral(l,—ibz2)b i ie‘eh eprntegral(l,—ib x2) N cos(bz2+a)

4 2 4 4 22
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4b2 cos (xz V b2 ) 4 sinIntegral (wz V b2 )
cos(a)\/7? v b2 |- 3 - . \/F p| Hr=4+8In(x)+41n(b) 4 4y _4In(2
22(2) 2 /T vaa sin(a) JT T T

8 - 8

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x"~3,x,method=_RETURNVERBOSE)
[Out] -1/2*cos(b*x~2+a)/x"2-b*(1/2*%cos (a)*Si(b*x~2)+1/2*sin(a)*Ci(b*xx~2))

Maxima [C] Result contains complex when optimal does not.
time = 0.37, size = 48, normalized size = 1.14
1

-1 ((sT(=1,2b2%) —iD'(—1,—1bz?)) cos (a) + (T'(—1,iba”) + '(—1, —i ba?)) sin (a))b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="maxima")
[Out] -1/4*((I*gamma(-1, I*b*x~2) - I*gamma(-1, -I*b*x~2))*cos(a) + (gamma(-1, I
b*x~2) + gamma(-1, -I*b*xx~2))*sin(a))*b
Fricas [A]
time = 0.37, size = 57, normalized size = 1.36
_ 2ba?cos (a) Si (ba?) + (ba® Ci (bz?) + ba® Ci (=ba?)) sin (a) + 2 cos (ba? + a)
4 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="fricas")
[Out] -1/4%(2xb*x~2*cos(a)*sin_integral (b*x~2) + (b*x"2xcos_integral(b*x~2) + b*x
~2xcos_integral (-b*x~2))*sin(a) + 2*cos(b*x~2 + a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bx?) i

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**3,x)
[Out] Integral(cos(a + b*x**2)/x**3, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 87 vs. 2(36) = 72.
time = 0.41, size = 87, normalized size = 2.07

(bz% + a)b? Ci (bz?) sin (a) — ab® Ci (bz?) sin (a) + (bz? + a)b? cos (a) Si (bx?) — ab? cos (a) Si (bz?) + b cos (bz? + a)
2b%x?




(s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"3,x, algorithm="giac")

[Out] -1/2*%((b*x~2 + a)*b~2*cos_integral (b*x~2)*sin(a) - a*b~2xcos_integral (bxx~2
)*¥sin(a) + (b*x~2 + a)*b~2*cos(a)*sin_integral (b*x~2) - a*b~2*cos(a)*sin_in

tegral(b*x~2) + b~2*cos(b*x~2 + a))/(b"2%x"2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/cos (bz? + a) e

73
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x"3,x)
[Out] int(cos(a + b*x"2)/x"3, x)
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3.8 [ 2 cos? (a + bx?) dz

Optimal. Leaf size=51

' cos® (a+ bxr?) N z? cos (a + bz?) sin (a + bz?)
8 8b? 4b

[Out] 1/8*%x"4+1/8*cos(b*x~2+a) ~2/b"2+1/4*x"2*cos (b*x~2+a)*sin(b*x~2+a)/b

Rubi [A]
time = 0.03, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14,
Rules used = {3461, 3391, 30}

cos? (a + bz?) N z?sin (a + bz?) cos (a + bz?) N zt

8b2 4b 8

Antiderivative was successfully verified.
[In] Int[x"3*Cos[a + b*x"2]"2,x]

[Out] x~4/8 + Cos[a + b*x"2]"2/(8%b"2) + (x~2%Cos[a + b*x"2]*Sin[a + b*x~2])/(4x*b
)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3391

Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (£f_.)*(x_)1)"(n_), x_Symbol] :>
Simp[d*((b*Sin[e + f*x])"n/(£f72*%n"2)), x] + (Dist[b”™2*((n - 1)/n), Int[(c
+ d*x)*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[b*(c + d*x)*Cos[e + f*xx]*((b
*Sin[e + fxx])~"(n - 1)/(f*n)), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps
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/z3 cos’ (a + bz?) dr = %Subst (/ z cos®(a + bz) dx, x,xQ)

_cos® (a+ bx?)

8b2

4b

) 2\ s 2
4 #Peos(atbasin(atbe?) Subst (/ “‘dw,x,wz)

z2 cos (a + bx?) sin (a + bx?)

z*  cos? (a + bx?
 cos? (a + ba?)

8 8h2 4b

Mathematica [A]
time = 0.08, size = 40, normalized size = 0.78

cos (2(a + bx?)) + 2bx2(bx? + sin (2(a + bz?)))
1652

Antiderivative was successfully verified.

[In] Integrate[x~3*Cos[a + b*x~2]72,x]

[Out] (Cos[2x(a + b*x~2)] + 2%b*x~2*(b*x~2 + Sin[2*(a + b*x"2)]))/(16*xb~2)

Maple [A]
time = 0.08, size = 42, normalized size = 0.82
method | result size
4 x? sin (2b x? +2a) cos (2b x2+2a)
default =+ < + 160 42
. 4 z? sin(2b 22+4-2a) cos(2bz%+2a)
risch 5+ % 1652 42
24 $4(tan2(%+#>> 24(tan4(%+%)> $2tan(%+ 52) zz(tan3(%+%2>> tan2(%+bg
T+ 4 + 8 + 2b B 2b - b2 1 19
norman 2
(1+tan?(5+222))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x~2+a)"~2,x,method=_RETURNVERBOSE)

[Out] 1/8*x"4+1/8/bxx"2*sin(2*%b*x~2+2*%a)+1/16/b"2*cos (2xb*xx~2+2%*3a)

Maxima [A]
time = 0.29, size = 42, normalized size = 0.82

2b%z* + 2bz? sin (2bz? + 2a) + cos (2bz% + 2a)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x"2+a)~2,x, algorithm="maxima")
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[Out] 1/16%(2xb~2%x"4 + 2xb*x~2*sin(2%b*x~2 + 2%a) + cos(2*¥b*x~2 + 2*a))/b~2
Fricas [A]
time = 0.37, size = 45, normalized size = 0.88

b2z + 2ba? cos (bz? + a) sin (bz? + a) + cos (bz? + a)’
8 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~2,x, algorithm="fricas")
[Out] 1/8%(b"2*%x~4 + 2xb*x"2*xcos(b*x~2 + a)*sin(b*x"2 + a) + cos(b*x~2 + a)~2)/b~

2

Sympy [A]
time = 0.26, size = 78, normalized size = 1.53

x4 sin? (a+bw2) z* cos? (a+bz2) z? sin (a,+b:1:2) cos (a+bz2) cos? (a+bx2)

8 + 8 + b ST for b # 0

z* cos? (a)
4

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(b*x**2+a)**2,x)
[Out] Piecewise((x**4*sin(a + bxx**2)**2/8 + x*k*4*cos(a + b*x**2)**x2/8 + x**2xsin
(a + b*x*x2)*xcos(a + bxx**x2)/(4%b) + cos(a + bxx**2)**2/(8xb**2), Ne(b, 0))

, (xx*xdxcos(a)**2/4, True))

Giac [A]
time = 0.44, size = 76, normalized size = 1.49

(2b2? +2a +sin (2bz* + 2a))a 4 2 (bz® + a)® + 2 (bz® + a) sin (2bz2 + 2a) + cos (2bz? + 2a)
B 8 b2 16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] -1/8%(2%b*x~2 + 2%a + sin(2*%b*x~2 + 2%a))*a/b”"2 + 1/16%(2*(b*x"2 + a)~2 + 2
*(b*x"2 + a)*sin(2%b*x~2 + 2%a) + cos(2xbxx~2 + 2%a))/b~2
Mupad [B]
time = 0.15, size = 41, normalized size = 0.80
cos(2bz®+2a) z* N z? sin (2bx? + 2a)

16 b2 8 8b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(a + b*x~2)"2,x)
[Out] cos(2*a + 2xb*x~2)/(16%b"2) + x~4/8 + (x"2*sin(2*%a + 2xb*xx~2))/(8%b)
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3.9 [ 2% cos? (a + bx?) dz
Optimal. Leaf size=91

i V3 cos(2a)S(Mﬁ) ) /7 FresnelC (L\/%“’) sin(2a) .

z° zsin (2a + 2bz?)
6 16b3/2 16b3/2 8b

[Out] 1/6*x~3+1/8*x*sin(2*b*x~2+2%a)/b-1/16*cos (2*a)*FresnelS (2*xx*b~(1/2)/Pi~(1/2
))*Pi~(1/2) /b~ (3/2)-1/16*%FresnelC(2*x*xb~(1/2) /Pi~(1/2))*sin(2*a)*Pi~(1/2)/b
~(3/2)

Rubi [A]
time = 0.07, antiderivative size = 91, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.357,

steps used = 6, number of rules used = 5, integrand size = 14
Rules used = {3485, 3467, 3434, 3433, 3432}

|V sin(2a)FresnelC (%) VT cos(2a)S (%) | osin (20 +2ba%)

16b3/2 B 16b3/2 8b 6

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x"2]"2,x]

[Out] x73/6 - (Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x)/Sqrt[Pi]])/(16*b~(3/2)) -
(Sqrt [Pi]*FresnelC[(2*Sqrt [b]*x)/Sqrt [Pi]]*Sin[2*a])/(16%b~(3/2)) + (x*Sin
[2%a + 2%b*x~2])/(8%b)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + f*x)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQl{c, d, e, £}, x]

Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]l*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- 1)*(e*x)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e™n*((m - n + 1)/
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(d*n)), Int[(e*x)~(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, 0]

Rubi steps
2 1
/x2 cos’ (a + bz?) dr = / (5 + 53:2 cos (2a + 2bx2)) dz
2 1
€+§ z” cos (2a + 2bz?) dx
_ L n (2a +2bx*)  [sin(2a + 2bz?) dz
6 8b 8b
2P N zsin (2a + 2bx?)  cos(2a) [sin (2bz?) dz  sin(2a) [ cos (2bz?) dx
G 8b 8b 8b
2\/59: 2\/Ew .
& v cos(2a)5’(—\/7? ) ) \/FC'(—\/F ) sin(2a) . vsin (2a -+ 2b27)
G 16b3/2 16b3/2 8b

Mathematica [A]
time = 0.11, size = 87, normalized size = 0.96

v cos(2a)5<%> — 34/m FresnelC <2f%”‘> sin(2a) 4+ 2vb z(4bz? + 3sin (2(a + bz?)))
48b3/2

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x"2]"2,x]

[Out] (-3*Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x)/Sqrt[Pi]] - 3*Sqrt[Pi]*Fresnel
C[(2*Sqrt [b]*x) /Sqrt [Pil]*Sin[2*a] + 2*Sqrt[b]*x* (4*b*x~2 + 3*Sin[2x(a + bx
x72)1))/(48%b~(3/2))

Maple [A]
time = 0.12, size = 63, normalized size = 0.69

’ method ‘ result ‘ size ‘
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. \/7? (cos(2a)S (29”\/5 > +sin(2a) FresnelC <2“°\/l7 > >
default | 2 + “m@g:z”a) - Vi — VT 63
riSCh ﬁ B je—2ta \/7? \/5 erf(\/? v Zb m) n je2ia \/7? erf(\/ —2’Lb z) + wsin(2bw2+2a) 88
6 64b/1b 3260/ —2ib 8b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x~2+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/6%x~3+1/8*x*sin(2*b*x~2+2%a)/b-1/16/b~(3/2)*Pi~(1/2)*(cos(2*a)*FresnelS(2
*x*xb~(1/2) /Pi~ (1/2))+sin(2*a) *FresnelC(2*x*b~(1/2) /Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.

time = 0.52, size = 90, normalized size = 0.99

64b%23 + 48 b2z sin (2ba? + 2a) — 3 - 45v2 /1 (((l +1) cos(2a) — (i — 1) sin (2a)) erf (\/ﬂz) +(—(¢—1) cos(2a) + (i + 1) sin (2a)) erf (\/722'17 z))b%
384 6%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/384%(64%b~3*%x"3 + 48xb~2*x*sin(2%b*x~2 + 2xa) - 3%4~(1/4)*sqrt(2)*sqrt(pi
)*(((I + 1)*cos(2*a) - (I - 1)*sin(2*a))*erf(sqrt(2xIxb)*x) + (-(I - 1)*cos
(2xa) + (I + 1)=*sin(2xa))=*erf (sqrt(-2xIxb)*x))*b~(3/2))/b"3

Fricas [A]
time = 0.39, size = 84, normalized size = 0.92

8b%z3 + 12 bz cos (bz? + a) sin (bz? + a) —3#\/? cos(2a)S <2x\/z> —37r\/? C (29&\/?) sin (2a)

482

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/48%(8xb~2%x~3 + 12*bxx*cos(b*x~2 + a)*sin(b*x~2 + a) - 3*pixsqrt(b/pi)*co
s(2*a)*fresnel_sin(2*x*sqrt(b/pi)) - 3*pi*sqrt(b/pi)*fresnel_cos(2*x*sqrt(b
/pi))*sin(2*a))/b~2

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 201 vs.

2(85) = 170.
time = 1.61, size = 201, normalized size = 2.21

S

)

3

_b2x4) . ﬁﬁﬁsm(za)s(?\/%z) N ﬁzz\/gws(%)C(Z

*% 1 1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(b*x**2+a)**2,x)

[Out] b*x(3/2)*x**5*sqrt(1/b)*sin(2+*a)*gamma (3/4) *gamma (5/4) *hyper ((3/4, 5/4), (3
/2, T/4, 9/4), -bx*2xx*x4)/(8*gamma(7/4)*gamma(9/4)) - sqrt(b)*x**3*sqrt(1/

b) *cos (2*a) xgamma (1/4) *gamma (3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -b*x2x

x*x*4) /(16*gamma (5/4) *gamma (7/4)) + x**3/6 - sqrt(pi)*x**2xsqrt(1/b)*sin(2*a

) *fresnels (2*sqrt(b)*x/sqrt(pi))/4 + sqrt(pi)*x**2*sqrt(1/b)*cos(2*a)*fresn
elc(2xsqrt(b)*x/sqrt(pi))/4

Giac [C] Result contains complex when optimal does not.
time = 0.49, size = 118, normalized size = 1.30

1, i pe(2ib?+2ia) o (-2ibe?—2a)  iy/m erf (—\/gx(—% + 1)) e /1 erf (_\/FJU(%T + 1)) e(-2ia)

6 T 3203 (—if + 1) ! 3201 (12 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~2,x, algorithm="giac")

[Out] 1/6*%x73 - 1/16%Ixx*e” (2xI*b*x~2 + 2%I*a)/b + 1/16%I*x*e” (-2%I*b*x~2 - 2xI*a
)/b - 1/32%Ixsqrt(pi)*erf (-sqrt(b)*xx(-I*b/abs(b) + 1))*e~(2xI*a)/(b~(3/2)*
(-I¥b/abs(b) + 1)) + 1/32*%I*sqrt(pi)*erf(-sqrt(b)*x*(I*b/abs(b) + 1))*e~(-2
*xI*a)/ (b~ (3/2)*(I*b/abs(b) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xQ cos (baz® + a)zda:

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2)72,x)
[Out] int(x"2*cos(a + b*x"2)"2, x)
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3.10 [ zcos? (a + bz?) dx

Optimal. Leaf size=31
z?  cos (a+ bz?)sin (a + bz?)

4 4b
[Out] 1/4*%x"2+1/4*cos(b*x"2+a)*sin(b*x~2+a)/b

Rubi [A]
time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3461, 2715, 8}

sin (a + bx?) cos (a + bx?) 2

4b 4

Antiderivative was successfully verified.

[In] Int[x*Cos[a + b*x~2]"2,x]

[Out] x72/4 + (Cos[a + b*x"2]*Sin[a + b*x~2])/(4*b)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(-b)*Cos[c + d*
x]*((b*Sinf[c + d*x])~(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps



/gvcos2 (a+bz%) dz = 1Subst (/ cos’*(a + bz) dz, z, xz)

_cos(a+ bx?) sin (a + bx?)
4b

X

4 4b

Mathematica [A]
time = 0.03, size =

27, normalized size = 0.87

2(a + bx?) + sin (2(a + bz?))

8b
Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2]"2,x]
[Out] (2x(a + b*x~2) + Sin[2*x(a + b*x~2)])/(8%*b)

Maple [A]
time = 0.05, size = 34, normalized size = 1.10

+ - S bst(/ldx,w,x2)

2 L cos (a + bz?) sin (a+bx )

method result size
. z2 sin(2bz%+2a)

I'lSCh vy + = 23
cos(b z2+a) sin(b x2+a) +L2+9

derivativedivides — 22 34
cos(b:z +a) sin(bx +a) +L2+2

default — 2 34
2, m(38) o (118) (o (38) Aot (3008)

norman 4 2 2 Y 4 95

(1+tan2<%+ 7))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/2/b*(1/2*cos(b*x~2+a)*sin(b*x~2+a)+1/2%bxx~2+1/2%a)

Maxima [A]
time = 0.29, size = 23, normalized size = 0.74

2bx? + sin (2b2? + 2a)
8b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~2,x, algorithm="maxima")
[Out] 1/8%(2%b*x~2 + sin(2%b*x~2 + 2%a))/b
Fricas [A]
time = 0.39, size = 28, normalized size = 0.90
bz’ + cos (bz? + a) sin (bz? + a)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/4*(b*x"2 + cos(b*x"2 + a)*sin(b*x"2 + a))/b

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 60 vs.
2(24) = 48.

time = 0.12, size = 60, normalized size = 1.94

22 sin? ‘(La-l—bxz) + x2 cos? £a+bx2) + sin (a+bx2)420s (atba?) for d 7é 0

22 cos? (a)

5 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**2,x)
[Out] Piecewise((x**2*sin(a + bkx**2)*x2/4 + x**2%cos(a + b*x**2)**2/4 + sin(a +
bxx**x2)*cos(a + b*xx**2)/(4xb), Ne(b, 0)), (x**x2xcos(a)**2/2, True))
Giac [A]
time = 0.40, size = 26, normalized size = 0.84
2bx? + 2a + sin (2bz2 + 2a)
8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] 1/8%(2%b*x~2 + 2%a + sin(2%b*x~2 + 2%a))/b
Mupad [B]
time = 0.27, size = 22, normalized size = 0.71

sin (2bz*+2a)  2?

8b Ty

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x~2)"2,x)

[Out] sin(2*a + 2xb*x~2)/(8%b) + x~2/4



88

3.11 [ cos? (a + bz?) dx

Optimal. Leaf size=70

V7 cos(2a)FresnelC (%) ) Jr'S <Mﬁ) sin(2a)

z ™
2 4vVb 4V

[Out] 1/2*x+1/4*cos(2*a)*FresnelC(2*xxxb~(1/2)/Pi~(1/2))*Pi~(1/2)/b~(1/2)-1/4*Fres
nelS(2*x*xb~(1/2)/Pi~(1/2))*sin(2*a)*Pi~(1/2) /b~ (1/2)

Rubi [A]
time = 0.03, antiderivative size = 70, normalized size of antiderivative = 1.00, number of

: number of rules _ 4 400
integrand size ’

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {3439, 3435, 3433, 3432}

ﬁcos(2a)ﬁesnelC(M#> 4 Sin(2“)S(M#>
™ - 4V

+x
2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"2,x]

[Out] x/2 + (Sqrt[Pil*Cos[2*a]*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pi]])/(4xSqrt[b]l) - (S
qrt [Pi] *FresnelS[(2*Sqrt [b] *x) /Sqrt [Pi]]*Sin[2*a])/(4*Sqrt [b])

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3435

Int[Cos[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[dx(e + f*x)~2], x], x] - Dist[Sin[c], Int[Sin[dx*(e + f*xx)~2], x], x] /
; FreeQl{c, d, e, f}, x]

Rule 3439

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(@)1*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + d*(e + f*x)"nl)7p, x], x] /; F
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reeQ[{a, b, c, d, e, £}, x] && IGtQ[p, 1] && IGtQ[n, 1]

Rubi steps

/cos2 (a+b2?) dz = / (% + %cos (2a + 2bx2)> dx

X

= 5+%/cos (2a+2bx2) dx

4 1cos(2a) /cos (2bz?) dz — %sin(Qa) /sin (2b2?) dz

2 2
v cos(za)c*(?\/%) N (2:;:) sin(2a)
N Vo - o

Mathematica [A]
time = 0.04, size = 67, normalized size = 0.96

VB & + /7 cos(2a)FresnelC (2%) JrS (ﬁf_) sin(2a)

4V

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]72,x]

[Out] (2%Sqrt([bl*x + Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pi]] - Sqrt[Pi
1*FresnelS[(2*Sqrt [b] *x) /Sqrt [Pi]]*Sin[2*a])/(4*Sqrt [b])

Maple [A]
time = 0.07, size = 45, normalized size = 0.64
method | result size
\/7? (cos(2a) FresnelC <2i/\/_g ) —sin(2a)S <2i/\/_g >>
default | Z T T 45
efau 5 T L \/F
efzm\/’]? \/5 erf(\/g \/Em) eia /T erf(\/ —2ib z)
risch 5+ : + — 61
16v/ib’ 8v/—2ib

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2,x,method=_RETURNVERBOSE)
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[Out] 1/2*x+1/4*xPi~(1/2)/b"(1/2)*(cos(2*a)*FresnelC(2*x*b~(1/2)/Pi~(1/2))-sin(2*a
)*FresnelS (2*x*b~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.53, size = 70, normalized size = 1.00

4iV2 T (((z —1) cos(2a) + (i + 1) sin(2a)) erf (\/21710) + (—(i+1) cos(2a) — (¢ — 1) sin (2a)) erf (\/Wz))b% — 16’z
B 3207

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2,x, algorithm="maxima")

[Out] -1/32%(47(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(2*a) + (I + 1)*sin(2xa))*erf(
sqrt (2%I*b)*x) + (-(I + 1)*cos(2*a) - (I - 1)*sin(2xa))*erf (sqrt(-2*I*b)*x)

Y*b~(3/2) - 16%b~2%x)/b~2

Fricas [A]
time = 0.37, size = 59, normalized size = 0.84

W\/g cos (2a) C <2x\/§> —W\/g S (293\/?) sin (2a) + 2bz

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2,x, algorithm="fricas")
[Out] 1/4*(pixsqrt(b/pi)*cos(2*a)*fresnel_cos(2*x*sqrt(b/pi)) - pix*sqrt(b/pi)*fre
snel_sin(2*x*sqrt(b/pi))*sin(2*a) + 2*b*x)/b

Sympy [A]
time = 0.47, size = 56, normalized size = 0.80

o (o) ()

=
5 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2,x)
[Out] x/2 + sqrt(pi)*(-sin(2*a)*fresnels(2*sqrt(b)*x/sqrt(pi)) + cos(2*a)*fresnel
c(2xsqrt (b) *x/sqrt (pi)))*sqrt(1/b) /4

Giac [C] Result contains complex when optimal does not.
time = 0.41, size = 82, normalized size = 1.17

ﬁerf(—ﬁx( |b|_|_1>> (2ia) ferf( N <?b 1)) (~2ia)
f

b (8 +1)

1
_z_

ST
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2,x, algorithm="giac")

[Out] 1/2*x - 1/8*sqrt(pi)*erf (-sqrt(b)*x*(-Ixb/abs(b) + 1))*e~(2xIxa)/(sqrt(b)*(
-I*b/abs(b) + 1)) - 1/8*sqrt(pi)*erf(-sqrt(b)*x*(I*b/abs(b) + 1))*e~(-2*Ix*a
)/ (sqrt(b)*(Ixb/abs(b) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (bx2 + a)zdm

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2,x)
[Out] int(cos(a + b*x~2)"2, x)
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3.12 f cos?(a+bz?) da

I
Optimal. Leaf size=37

1 1 1
1 cos(2a)CosIntegral (2bz%) + %(x) -1 sin(2a)Si(2bz?)

[Out] 1/4*Ci(2%b*x~2)*cos(2*a)+1/2*1n(x)-1/4*Si(2*%b*xx~2)*sin(2*a)

Rubi [A]
time = 0.04, antiderivative size = 37, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.286,

steps used = 5, number of rules used = 4, integrand size = 14,
Rules used = {3485, 3459, 3457, 3456}

:11 cos(2a)CosIntegral (2bz%) — :11 sin(2a)Si(2bz?) + _log2( 7)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"2/x,x]

[Out] (Cos[2*al*CosIntegral [2*b*x~2])/4 + Logl[x]/2 - (Sin[2*a]*SinIntegral [2*¥b*x~
21)/4

Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_ ) + (d_.)*(x_)~(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int([Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(m_)I*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps
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2 2 2
/cos (a+ba:)dx:/(i+cos(2a+2bx)> i

T 2z 2z
2
_ log(z) + 1 / cos (2a + 2bz?) i
2 2 T

_log(z) 1 /cos (2bx?) 1. /sin (2bz?)
= + 5 cos(2a) - dx 5 sin(2a) - dz

1 1 1
=1 cos(2a)Ci(2bz?) + %(x) -1 sin(2a)Si(2bz?)

Mathematica [A]
time = 0.04, size = 34, normalized size = 0.92

(cos(2a)Coslntegral (2bz*) + 2log(z) — sin(2a)Si(2bz?))

>~ =

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"2]"2/x,x]

[Out] (Cos[2*a]*CosIntegral [2¥b*x~2] + 2xLog[x] - Sin[2*a]*SinIntegral [2xb*xx~2])/
4

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.13, size = 68, normalized size = 1.84

method | result Siz
. 1 ie~ 2 csgn (bx? ie~ 2% ginIntegral (2b 2 e~ 2@ gxpIntegral (1,—2ib 2 e2ia explntegral (1,—2ib 22
risch n(e) | Sg( ) _ teg (2b2?) _ plntep ( ) _ plntegr ( ) | 68

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x,x,method=_RETURNVERBOSE)

[Out] 1/2*%1n(x)+1/8*%I*exp(-2*Ix*a)*Pixcsgn(b*x~2)-1/4*xIxexp(-2*I*a)*Si(2*b*x~2)-1/
8xexp (-2xI*a)*Ei (1,-2%I*b*x~2)-1/8%exp(2*I*a)*Ei(1,-2*xI*b*x~2)

Maxima [C] Result contains complex when optimal does not.
time = 0.37, size = 51, normalized size = 1.38

% (Ei(2ibz?) + Ei(—2ibz?)) cos (2a) + é (¢Ei(2ibz®) — i Ei(—2ibz?)) sin (2a) + % log (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x,x, algorithm="maxima")
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[Out] 1/8%(Ei(2xI*b*x~2) + Ei(-2%Ixb*x"2))*cos(2*a) + 1/8%(I*Ei(2%Ixb*x"2) - I*Ei
(-2%Ixbxx~2))*sin(2*a) + 1/2*log(x)

Fricas [A]
time = 0.37, size = 39, normalized size = 1.05

1, . ) _ 5 I : oy, L
3 (Ci(2bz?) + Ci (—2bz?)) cos (2a) — 1 sin (2a) Si (2bz?) +5 log ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x,x, algorithm="fricas")
[Out] 1/8*(cos_integral(2*b*x~2) + cos_integral (-2xb*x~2))*cos(2*a) - 1/4*sin(2+*a
)*sin_integral (2*%b*x~2) + 1/2xlog(x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a—l—bx)dx

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x,x)

[Out] Integral(cos(a + b*x**2)**2/x, Xx)

Giac [A]
time = 0.44, size = 35, normalized size = 0.95

! cos (2a) Ci (2bz?) + ;1 sin (2a) Si (—2b2%) + le log (bz?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x,x, algorithm="giac")

[Out] 1/4*cos(2*a)*cos_integral (2xb*xx~2) + 1/4*sin(2+%a)*sin_integral (-2*b*x~2) +
1/4%1log(b*x~2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ cos (ba? + a)’ i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"2/x,x)
[Out] int(cos(a + b*x"2)"2/x, X)
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3.13 f cos?(a+bz?) da

x2

Optimal. Leaf size=76

VT VT

[Out] -cos(b*x~2+a) " 2/x-cos(2*a)*FresnelS(2*xx*xb~(1/2)/Pi~(1/2))*b~(1/2)*Pi~(1/2)-
FresnelC(2xx*xb~(1/2) /Pi~(1/2))*sin(2*a)*xb~(1/2)*Pi~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 76, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.429,

_M — Vb V1 cos(2a)S<2fx> ffFresnelC< \/Ew) sin(2a)

steps used = 6, number of rules used = 6, integrand size = 14,
Rules used = {3475, 4669, 3454, 3434, 3433, 3432}

- in(2a)Fresne 2vba cos(Za 2Vba _cos2 (a +bo%)
V7 Vb sin(2a)F 1c<ﬁ> VT Vb (2)<\/7?> .

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"2]"2/x"2,x]

[Out] -(Cos[a + b*x~2]72/x) - Sqrt[b]l*Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt [b]*x)/Sq
rt[Pi]] - Sqrt[bl*Sqrt[Pi]*FresnelC[(2*Sqrt [b]*x)/Sqrt[Pi]]*Sin[2*a]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + f*x)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, xl

Rule 3454

Int[((a_.) + (b_.)*Sin[u_1)~(p_.), x_Symbol] :> Int[(a + b*Sin[ExpandToSum[
u, x]11)°p, x] /; FreeQ[{a, b, p}, x] && BinomialQ[u, x] && !BinomialMatchQ
[u, x]
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Rule 3475

Int[Cos[(a_.) + (b_.)*(x_)"(n )] (p_)*(x_)"(m_.), x_Symbol] :> Simp[x~(m +
1)*(Cos[a + b*x™n]"p/(m + 1)), x] + Dist[b*n*(p/(m + 1)), Int[Cos[a + b*x"n
17(p - *Sin[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQ[p, 1] && EqQ[m
+ n, 0] & NeQ[n, 1] && IntegerQ[n]

Rule 4669

Int[Cos[w_]~(p_.)*(u_.)*Sin[v_]~(p_.), x_Symbol] :> Dist[1/27p, Int[u*Sin[2
*v]~p, x], x] /; EqQlw, v] && IntegerQ[p]

Rubi steps

2 2 2 2
/ cos’ (a + bz?) dr — _cos*(a+ba?) (4b) /cos (a+bz?)sin (a + ba?) dz

2 T

-t [ sin (2(a+022) ds
= —M — (2b) /sin (2a—|— 2bx2) dx
— _M — (2bcos(2a)) /sin (2bz*) dz — (2bsin(2a)) /cos (2bz?) dz
— _M T cos(2a 2fx 2fx sin(2a
— . Vo /T (2)S<\/_) ffc<\/—> (2a)

Mathematica [A]
time = 0.11, size = 76, normalized size = 1.00

cos? (a + bz?) + Vb \/Fxcos(za)s(ﬂ/%) + Vb /7 zFresnelC (%) sin(2a)

x
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]"2/x72,x]

[Out] -((Cos[a + b*x"2]"2 + Sqrt[b]l*Sqrt[Pi]*x*Cos[2*a]*FresnelS[(2*Sqrt [b]*x)/Sq
rt[Pi]] + Sqrt[b]l*Sqrt[Pi]*x*FresnelC[(2*Sqrt[b]*x)/Sqrt[Pi]]*Sin[2*a])/x)

Maple [A]
time = 0.09, size = 62, normalized size = 0.82
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size

default | —5; — m xva <COS( a)S (2%> + sin (2a) FresnelC (—Q%F

o ie—2iab\/7T \/5 erf(\/? \/73 :c) 2mbf erf( \% —2ib ) cos(2bz2+2a) ]3
risc —55 4\/5 ov/—2ib B 2z

method | result
)) 62

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x"2,x,method=_RETURNVERBOSE)
[Out] -1/2/x-1/2/x*cos (2*%b*x~2+2%a)-b~(1/2)*Pi~(1/2)*(cos(2*a) *FresnelS (2*x*b~ (1/
2)/Pi~(1/2))+sin(2*a) *FresnelC(2*x*b~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.56, size = 83, normalized size = 1.09

V2 Vba? ((=(+1) V2'T(=4,2ib0) + (i = 1) V2 T(=},~2iba?) ) cos (2a) + (i — 1) V2 T(~},2iba?) — (i+1) V2 T(=},~2ibs?) ) sin (20) ) - 8

16z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"2,x, algorithm="maxima")

[Out] 1/16%(sqrt(2)*sqrt(b*x~2)*((-(I + 1)*sqrt(2)*gamma(-1/2, 2*I*b*x~2) + (I -
1)*sqrt(2) *gamma (-1/2, -2*I*b*x~2))*cos(2*a) + ((I - 1)*sqrt(2)*gamma(-1/2,
2xIxbxx~2) - (I + 1)*sqrt(2)*gamma(-1/2, -2*I*bxx~2))*sin(2*a)) - 8)/x

Fricas [A]
time = 0.38, size = 66, normalized size = 0.87

m\/g cos (2a) S (21;\/?) +7rx\/§ C (2x\/§> sin (2 a) + cos (bz? + a)’

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)”~2/x"2,x, algorithm="fricas")
[Out] -(pi*x*sqrt(b/pi)*cos(2*a)*fresnel_sin(2*x*sqrt(b/pi)) + pi*x*sqrt(b/pi)*fr
esnel_cos(2*x*sqrt(b/pi))*sin(2*a) + cos(b*x"2 + a)~2)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos? (a + bz?) e

x2

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(cos(b*x**2+a)**2/x**2,x)

[Out] Integral(cos(a + b*x**2)**2/x**2, X)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"2,x, algorithm="giac")
[Out] integrate(cos(b*x"2 + a)~2/x72, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (ba? + a)’ i

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"2)"2/x"2,%)
[Out] int(cos(a + b*x"2)"2/x"2, %)

98
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3.14 f cos?(a+bz?) da

3

Optimal. Leaf size=57

1 cos(2(a+bz?) 1 o . 1 e o
T v — §bCosIntegral(2bx ) sin(2a) — §b cos(2a)Si(2bz?)

[Out] -1/4/x"2-1/4*cos(2*b*x~2+2%*a) /x~2-1/2xb*cos (2*a) *Si (2xb*x~2) -1/2*b*Ci (2¥b*x
~2)*sin(2xa)

Rubi [A]

time = 0.08, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.429,

steps used = 7, number of rules used = 6, integrand size = 14,
Rules used = {3485, 3461, 3378, 3384, 3380, 3383}

1, . o 1 o on cos(2(a+bz?) 1
—§bsm(2a)CosIntegral(2bx ) — §b cos(2a)Si(2bz”) — yw >

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]"2/x"3,x]

[Out] -1/4%1/x72 - Cos[2x(a + b*x"2)]/(4*x~2) - (b*CosIntegral [2*b*x~2]*Sin[2%*a])
/2 - (b*Cos[2*a]*SinIntegral [2xb*x~2]) /2

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e — cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(o_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQ[p, 11 || EqQ[m, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)" (@ )I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

2 2 2
/cos (a+bx)dx=/(i+cos(2a+2bx )) i

x3 223 223
_ _4_3102 %/cos (2ax-3|- 2bz?) i
= —é + iSubst (/ W dx, x,:c2>
_ _4_; _ cos (2(:;— bx?)) _ %bSubst (/ M dz,x,ﬁ)
- —4—; _ o8 (2(21:2'_ ba®)) _ %(b cos(2a))Subst (/ %
- _4_; _ o8 (2(;; bz?)) - %bCi(2bz2) sin(2a) — %b cos(2a)Si(2bz?)

Mathematica [A]
time = 0.08, size = 50, normalized size = 0.88

_cos® (a + bz?) + ba*CosIntegral(2b2?) sin(2a) + bz? cos(2a)Si(2b2?)
222

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]~2/x73,x]

dz, x, 9:2) - %(b sin(2a))S

[Out] -1/2%(Cos[a + b*x~2]"2 + b*x~2*CosIntegral [2xb*x~2]*Sin[2*a] + b*x~2*Cos[2*

al*SinIntegral [2¥b*x~2])/x"2
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Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.12, size = 89, normalized size = 1.56

method | result
ie?'?p explIntegral (1,—2ibz2)

e~ 2%y csgn (b x2) b e~ 2% ginIntegral (2b z2 ) b + ie~2i@ expIntegral (1,—2ib :132) b

4

. 1
risch =T 7 3 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x"3,x,method=_RETURNVERBOSE)

[Out] -1/4/x"2+1/4xexp(-2*I*a)*Pixcsgn(b*x~2)*b-1/2*%exp(-2*I*a)*Si(2*b*x~2)*b+1/4
*xIxexp (-2*I*a)*Ei(1,-2xI*b*x"2) *b-1/4*Ixexp (2*I*a)*b*Ei (1,-2*%I*b*x~2)-1/4%*c

0s (2%b*x~2+2%a) /x"2

Maxima [C] Result contains complex when optimal does not.

time = 0.34, size = 61, normalized size = 1.07

_((G0(=1,2iba®) — i T(=1, —2i ba?)) cos (2a) + (I'(=1, 2ibz®) + (=1, —2i ba?)) sin (2a))ba® + 1
422

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"3,x, algorithm="maxima")

[Out] -1/4*(((I*gamma(-1, 2*I*b*x~2) - Ixgamma(-1, -2*I*b*x~2))*cos(2*a) + (gamma
(-1, 2*I*b*x~2) + gamma(-1, -2*%I*b*x~2))*sin(2*a))*b*x"2 + 1)/x72

Fricas [A]
time = 0.37, size = 65, normalized size = 1.14
_ 2ba” cos (2a) Si (2b2?) + 2 cos (ba® + a)? + (bz? Ci (2bz?) + ba? Ci (—2bz?)) sin (2a)
4 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"3,x, algorithm="fricas")

[Out] -1/4%(2xb*x~2*cos(2*a)*sin_integral (2xb*xx~2) + 2*cos(b*x"2 + a)~2 + (b*x™~2x%
cos_integral (2xb*x~2) + b*x"2*cos_integral (-2*b*x~2))*sin(2*a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos? (a + bz?) i

73
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**3,x)
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[Out] Integral(cos(a + b*x**2)**2/x**3, x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(50) =

100.
time = 0.43, size = 107, normalized size = 1.88

2 (bz? 4 a)b? Ci (2bz?) sin (2a) — 2ab? Ci (2b2?) sin (2a) — 2 (ba? + a)b? cos (2a) Si (—2bz?) + 2 ab® cos (2a) Si (—2bz?) + b2 cos (2bz? + 2a) + b
- 4222

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x73,x, algorithm="giac")

[Out] -1/4%(2%(b*x"2 + a)*b~2*cos_integral (2xbxx~2)*sin(2*a) - 2*axb~2*cos_integr
al (2*%b*x~2)*sin(2*a) - 2*(b*x~2 + a)*b~2*cos(2*a)*sin_integral (-2*%b*x~2) +
2*axb~2*cos(2*a)*sin_integral (-2*b*x~2) + b~2*cos(2*b*x~2 + 2%a) + b~2)/(b~
2*xx~2)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

/cos (b2 + a)’ i

3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)~2/x"3,x)
[Out] int(cos(a + b*x~2)"2/x"3, x)
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3.15 [ ° cos® (a + bx?) dz

Optimal. Leaf size=79

cos (a + bz?) N cos® (a + bz?) N z?sin (a + bz?) N z? cos? (a + bz?) sin (a + bz?)
3b? 18b2 3b 6b

[Out] 1/3*cos(b*xx~2+a)/b~2+1/18*cos(b*x~2+a) ~3/b"2+1/3*x"2*sin(b*x"~2+a) /b+1/6*x"2
*cos (b*x~2+a) "2*sin(b*x~2+a) /b

Rubi [A]
time = 0.05, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.286,

steps used = 4, number of rules used = 4, integrand size = 14,
Rules used = {3461, 3391, 3377, 2718}

cos® (a +bz?)  cos(a+ bz?) N z?sin (a + bz?) N z?sin (a + bz?) cos? (a + bx?)
1862 3b2 3b 6b
Antiderivative was successfully verified.
[In] Int[x"3*Cos[a + b*x~2]"3,x]

[Out] Cos[a + b*xx~2]/(3*%b"2) + Cos[a + b*x~2]"3/(18%b"2) + (x~2*Sin[a + b*x~2])/(
3%b) + (x"2*Cos[a + b*x~2]"2xSin[a + b*x~2])/(6%*Db)

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3391

Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp[d*((b*Sin[e + f*x])"n/(£f72*%n"2)), x] + (Dist[b”™2*((n - 1)/n), Int[(c
+ d*x)*(b*Sinfe + f*x])~(n - 2), x], x] - Simp[b*(c + d*x)*Cos[e + f*xx]*((b
*Sin[e + fxx])~"(n - 1)/(f*n)), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
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, X, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rubi steps

/z3 cos® (a + bz?) dr = %Subst (/ z cos®(a + bz) dz, :c2>

3 2 2 2 2) i 2
_ o (1618;; bz’) 425 a+ b:gb) sin (a + ba’) + %Subst (/l‘COS(a + bz) dz, , 2
_cos® (a+bx?) | 2®sin(a+ bx?) N z* cos® (a + ba?) sin (a + bz?)  Subst(/ sin(a
1862 3b 6b
_cos(a+bz?)  cos®(a+ba?)  a?sin(a+ba?)  z?cos® (a+ bx?)sin (a + ba?)
3 1852 3b - 6b

Mathematica [A]
time = 0.10, size = 55, normalized size = 0.70

27 cos (a + bx?) + cos (3(a + bz?)) + 3bz*(9sin (a + bx?) + sin (3(a + bz?)))
72b2

Antiderivative was successfully verified.

[In] Integrate[x~3*Cos[a + b*x~2]"3,x]
[Out] (27*Cos[a + b*x"2] + Cos[3*(a + b*x"2)] + 3*b*x~2x(9%Sin[a + b*x~2] + Sin[3
x(a + bxx~2)]))/(72%b"2)

Maple [A]
time = 0.12, size = 66, normalized size = 0.84

method | result size
3z2 sin (b x2 +a) 3cos (b z2+a) x? sin (3b x2 +3a) cos (3b a:2+3a)

default, 8b + 82 + 24b + 7262 66

. 32 sin (b z2 +a) 3 cos (b a:2+a) z?2 sin (3b x? +3a) cos (3b x2+3a)

risch 8b + 852 24b + 66
mztan(%+b~gz)+z2(tan5<%+b~gz)>+tan4(%+b~gz)+ 7 +212(tan3(%+b~gz>>+4<tan2(%+b~gz>>

norman J b b2 ozl 3b 32 119

(1-+tan?(g+222))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(b*x~2+a)~3,x,method=_RETURNVERBOSE)
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[Out] 3/8*x"2%sin(b*x"2+a)/b+3/8*cos(b*x~2+a) /b~ 2+1/24/b*x"2*xsin (3xb*xx~2+3*%a)+1/7
2/b"2*cos (3*b*xx~2+3%a)

Maxima [A]
time = 0.29, size = 58, normalized size = 0.73
3bx?sin (3bz? + 3 a) + 27 bz?sin (bz® + a) + cos (3bz? + 3a) + 27 cos (bz? + a)
72 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*cos(b*x~2+a)~3,x, algorithm="maxima")
[Out] 1/72%(3%b*x~2%sin(3*b*x~2 + 3*a) + 27*bxx"2*sin(b*x"2 + a) + cos(3*bxx"2 +

3*%a) + 27*xcos(b*xx"2 + a))/b"2

Fricas [A]
time = 0.36, size = 58, normalized size = 0.73

cos (bz? + a)’ + 3 (bx2 cos (bz? + a)® + 2 bx2> sin (bz® + a) + 6 cos (bz? + a)
18 b2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~3*cos(b*x~2+a)~3,x, algorithm="fricas")

[Out] 1/18*(cos(b*x"2 + a)~3 + 3*x(b*xx"2%cos(b*x"2 + a)~2 + 2*xbxx"2)*sin(b*x~2 + a
) + 6%cos(b*xx"2 + a))/b"2

Sympy [A]
time = 0.41, size = 92, normalized size = 1.16

22 sin3 (a-l—bz2) z2 sin (a-l—bxz) cos? (a+bx2) sin? (a+bx2) cos (a+bx2) 7 cos® (a-l—bz2)
3b + 25 + 3562 + 1852 for b # 0
4.3 .
%s@ otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*cos(b*x**2+a)**3,x)

[Out] Piecewise((x**2*sin(a + b*x**2)*x3/(3xb) + x**2xsin(a + bxx**2)*cos(a + b*x
*x2)%x*2/(2%b) + sin(a + bxx**2)**2xcos(a + b*x**2)/(3%b**2) + 7*xcos(a + b*x

*%2) xx3/(18%b**2), Ne(b, 0)), (x**4xcos(a)**x3/4, True))

Giac [A]

time = 0.41, size = 92, normalized size = 1.16

. 3 .
(sm (b® + a)” — 3 sin (ba” + a))a N 3 (bz? + a) sin (3bz? + 3a) + 27 (bz? + a) sin (ba? + a) + cos (3bz? + 3a) + 27 cos (bz? + a)
72b%

62

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3*cos(b*x~2+a)~3,x, algorithm="giac")

[Out] 1/6*%(sin(b*x"2 + a)~3 - 3*sin(b*x"2 + a))*a/b"2 + 1/72x(3*%(b*x~2 + a)*sin(3
*b*x"2 + 3%a) + 27x(b*x"2 + a)*sin(b*x"2 + a) + cos(3*xbxx~2 + 3*a) + 27*cos
(b*x~"2 + a))/b"2

Mupad [B]
time = 0.41, size = 66, normalized size = 0.84

z2 cos(bz?+a) 2 sin (bz%+a) )
6

cos(bz2+a) cos(bx? +a)3 z2 sin(bz2+a)
3 + 18 + b 3 +

b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*cos(a + b*x~2)"3,x)
[Out] (cos(a + b*x"2)/3 + cos(a + b*xx"2)"3/18 + bx((x"2*sin(a + b*x"2))/3 + (x~2%
cos(a + b*x~2)"2*xsin(a + b*x~2))/6)) /b2
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3.16 [ 2% cos® (a + bx?) dz

Optimal. Leaf size=188

_3\/? (ff ) | costa) (ff ) /7 ﬁesnelc(ff x)sm(a ﬁ

]p3/2 24p3/2 ]p3/2

[Out] 3/8*x*sin(b*x~2+a)/b+1/24*x*sin(3*b*xx~2+3%*a) /b-1/144*cos(3*a)*FresnelS (x*b~
(1/2)*6~(1/2)/Pi~(1/2))*6~(1/2)*Pi~(1/2) /b~ (3/2)-1/144%FresnelC(x*b~ (1/2) *6
~(1/2)/Pi~(1/2))*sin(3*a)*6~(1/2)*Pi~(1/2) /b~ (3/2)-3/16*cos (a) *FresnelS (x*b
~(1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (3/2)-3/16*FresnelC(x*b~ (1/2) *2
~(1/2)/Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (3/2)

Rubi [A]

time = 0.14, antiderivative size = 188, normalized size of antiderivative = 1.00, number of

4 humber of rules — 0.357,
' integrand size

steps used = 10, number of rules used = 5, integrand size = 1
Rules used = {3485, 3467, 3434, 3433, 3432}

FsmaF‘resnelC(ffz) ) \/jsm(Sa ersnelC(ffz) _3\/jcosa (ff ) \/jcos 3a)S (ff ) Sosin(atba?) zsin(a-t )

8b3/2 24b3/2 83/2 24b3/2 8b + 24b

Antiderivative was successfully verified.
[In] Int[x"2%Cos[a + b*x~2]"3,x]

[Out] (-3*Sqrt[Pi/2]*Cos[a]l*FresnelS[Sqrt[b]l*Sqrt[2/Pil*x])/(8*xb~(3/2)) - (Sqrt[P
i/6]*Cos [3*a] *FresnelS [Sqrt [b] *Sqrt [6/Pi]*x])/(24xb~(3/2)) - (3*Sqrt[Pi/2]*
FresnelC[Sqrt[b]l*Sqrt[2/Pi]*x]*Sin[a])/(8*xb~(3/2)) - (Sqrt[Pi/6]*FresnelC[S

qrt [b] *Sqrt [6/Pi]*x]*Sin[3*a])/(24*b~(3/2)) + (3*x*Sin[a + b*x~2])/(8%b) +
(x*Sin[3*a + 3*b*xx~2])/(24*Db)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[dx(e + f*xx)~2], x], x] + Dist[Cos[c], Int[Sin[dx*(e + f*xx)~2], x], x] /
; FreeQ[{c, d, e, f}, xl
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Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- D*(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQl[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

/x2 cos® (a + bz?) dr = / (Zﬁ cos (a + bz?) + }sz cos (3a + 3bx2)) dx

1
=1 /x2 cos (3a + 3bz?) dz + 2 /x2 cos (a + bz?) dz
3z sin (a + bz?) N zsin (3a +3bz®)  [sin(3a+3bz?) dz 3 [sin(a+b2?) do

8b 24b 24b 8b
3z sin (a +bz%) | wsin(3a+3bz?)  (3cos(a)) f sin (bz?) dz  cos(3a) [ sin (3
= +
24b 24b
\/jcosa)5<ff ) \/jcos3a (ff > @C(\/E\
- 8b3/2 24b°/2 853

Mathematica [A]
time = 0.29, size = 160, normalized size = 0.85

—27V27 cos a)S(f \/—‘ ) Vo cos(3a)S <f \/—‘ ) 27\/FF‘resnelC<\/17 \/?I) sin(a) — V67 FresnelC (\/; \/?1) sin(3a) + 54v/b zsin (a + be?) + 6v/b zsin (3(a + bz2))

14403/2

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[a + b*x~2]"3,x]

[Out] (-27*Sqrt[2*Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]*x] - Sqrt[6*Pi]*Cos[3*al
*FresnelS [Sqrt [b] *Sqrt [6/Pil*x] - 27*Sqrt[2*Pi]*FresnelC[Sqrt [b]*Sqrt [2/Pi]
xx]*Sin[a] - Sqrt[6*Pi]*FresnelC[Sqrt[b]*Sqrt[6/Pi]*x]*Sin[3*a] + 54*Sqrt[b
1*xxSin[a + b*x~2] + 6xSqrt[b]*x*Sin[3*(a + b*x~2)])/(144*b~(3/2))

Maple [A]
time = 0.15, size = 130, normalized size = 0.69
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method | result

32 /7 <cos(a)s (M +sin(a) FresnelC (M V2 /1

default | 2zonlbzita) VT VT >> L @sin(3ba?+3a)

8b lﬁbg 24b
ie—3ia \/7? \/ET erf < \/:? m z) 3ie—ta \/7? erf(\/i? z) iedia \/7? erf(\/ —3tb a:) 3iet® \/F erf(*
isch — — :
Hse 28864/ib 326V/1b + 96b\/ —3ib + 3261/ —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(b*x~2+a) 3,x,method=_RETURNVERBOSE)

[Out] 3/8*x*sin(b*x~2+a)/b-3/16/b~(3/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*b~(1/
2)*%2°(1/2)/Pi~(1/2))+sin(a) *FresnelC(x*b~(1/2)*2~(1/2) /Pi~(1/2)))+1/24*x*si
n(3*b*x~2+3*a) /b-1/144/b"(3/2)*2~(1/2)*Pi~ (1/2)*3" (1/2) * (cos (3*a) *FresnelS(
27(1/2)/Pi~(1/2)*3"(1/2)*b~(1/2) *x)+sin(3*a) *FresnelC(2~(1/2) /Pi~(1/2)*3~ (1
/2)*b~(1/2)*x))

Maxima [C] Result contains complex when optimal does not.
time = 0.50, size = 143, normalized size = 0.76

24z sin (3ba? + 3a) + 216 bz sin (ba + a) +9%\/2*\/7((7(1+ 1) cos (3a) + (i — 1) sin (3a)) erf (\/sTb;) +((i —1) cos (3a) — (i +1) sin (3a)) erf (‘/7310 r))b:‘ - 27\/?\/7?(«14r 1) cos (a) — (i — 1) sin (a)) exf (\/Tbr) +(=(i=1) cos (@) + (i+1) sin (@) exf (V7D 1))bf
576 5%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(b*x"2+a)~3,x, algorithm="maxima")

[Out] 1/576%(24%b~2*x*sin(3*%b*x~2 + 3%a) + 216*%b~2xx*sin(b*x~2 + a) + 97(1/4)*sqr
t(2)*sqrt(pi)*((-(I + 1)*cos(3*a) + (I - 1)*sin(3%*a))x*erf (sqrt(3*I*b)*x) +

((I - D*cos(3%a) - (I + 1)*sin(3*a))*erf (sqrt(-3*Ixb)*x))*b~(3/2) - 27*sqr
t(2)*sqrt (pi)*(((I + 1)*cos(a) - (I - 1)*sin(a))*erf(sqrt(I*b)*x) + (-(I -
1)*cos(a) + (I + 1)*sin(a))*erf(sqrt(-I*b)*x))*b~(3/2))/b"3

Fricas [A]

time = 0.40, size = 148, normalized size = 0.79

\/Ew\/gcos(sa)s (\/Ez@) +27ﬁwﬁcos<a)s (ﬁz@) + ﬁn\/?c (\/(?z@) sin(sa)+27\/'27r@c (ﬁz\/g) sin (a) — 24 (bzcos(bzua)zubz) sin (ba? + a)

144 %

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~3,x, algorithm="fricas")

[Out] -1/144x%(sqrt(6)*pi*sqrt(b/pi)*cos(3*a)*fresnel_sin(sqrt(6)*x*sqrt(b/pi)) +
27*sqrt (2) *pi*sqrt (b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(6)
xpixsqrt (b/pi)*fresnel _cos(sqrt(6)*x*sqrt(b/pi))*sin(3*a) + 27*xsqrt(2)*pix*s
qrt(b/pi)*fresnel_cos(sqrt(2)*x*sqrt(b/pi))*sin(a) - 24*(b*x*cos(b*x"2 + a)

~2 + 2%b*x)*sin(b*x~2 + a))/b"2
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Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 439 vs.
2(194) = 388.
time = 2.70, size = 439, normalized size = 2.34

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2xcos(bxx**2+a)**3,x)

[Out] 3*b**(3/2)*x**5*sqrt(1/b)*sin(a)*gamma(3/4)*gamma(5/4)*hyper ((3/4, 5/4), (3
/2, 7/4, 9/4), -b*xx2xxx*x4/4)/(32+xgamma(7/4)*gamma(9/4)) + 3*b**x(3/2)*x**5*s
qrt (1/b)*sin(3*a)*gamma (3/4) *gamma (5/4) *hyper ((3/4, 5/4), (3/2, 7/4, 9/4),
—-9%b*x2%x*x4/4) / (32*%gamma (7/4) xgamma (9/4)) - 3*sqrt(b)*x**3*sqrt(1/b)*cos(a
) *gamma (1/4) *gamma (3/4) xhyper ((1/4, 3/4), (1/2, 5/4, 7/4), -bx*2*x**x4/4)/(3
2*gamma (5/4) *gamma (7/4)) - sqrt(b)*x**3*sqrt (1/b)*cos(3*a)*gamma (1/4) *gamma
(3/4) *hyper ((1/4, 3/4), (1/2, 5/4, 7/4), -9xbx*2*x**x4/4)/(32*gamma (5/4)*gam
ma(7/4)) - 3*sqrt(2)*sqrt(pi)*x**2*xsqrt(1/b)*sin(a)*fresnels(sqrt(2)*sqrt(b
)*x/sqrt(pi))/8 - sqrt(6)*sqrt(pi)*x**2*sqrt(1/b)*sin(3*a)*fresnels(sqrt(6)
*sqrt (b) *x/sqrt(pi)) /24 + 3*sqrt(2)*sqrt(pi)*x**2xsqrt(1/b)*cos(a)*fresnelc
(sqrt (2)*sqrt (b)*x/sqrt(pi))/8 + sqrt(6)*sqrt(pi)*x**2*sqrt(1/b)*cos(3*a) *f
resnelc(sqrt(6)*sqrt(b)*x/sqrt(pi))/24

Giac [C] Result contains complex when optimal does not.
time = 0.42, size = 259, normalized size = 1.38

+ +

e gt gigel-iteinia) ge(-siteisia) iV VT erf (<3 VE VB a (it +1)) 89 3ivE VA erf (<5 VTa(=f+ 1) VIT) 69 3ivE VT erf (<3 VI (1) VIT) €79 i VB VR erf (=} VB VB (4 1)) et
N 165 U 2880F (4 + 1) - 320(~4¢ -+ 1) VIl N 320(% +1) VT * 28803 (f +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/48%I*x*e”(3*%Ixb*x~2 + 3xI*a)/b - 3/16%Ixx*e”(Ixb*x~2 + Ixa)/b + 3/16%I*x
xe~ (~I*b*x~2 - I*a)/b + 1/48%I*x*xe”(-3*%I*b*x~2 - 3*I*a)/b - 1/288*I*sqrt(6)
xsqrt (pi) *erf (-1/2*sqrt (6) *sqrt (b) *x* (-I*b/abs(b) + 1))*e”(3*I*a)/(b~(3/2)*
(-I*b/abs(b) + 1)) - 3/32*%I*sqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*x*(-I*b/abs(b
) + 1)*sqrt(abs(b)))*e” (I*xa)/(bx(-I*b/abs(b) + 1)*sqrt(abs(b))) + 3/32xIx*sq
rt(2)*sqrt (pi) *erf (-1/2*sqrt (2) *x* (Ixb/abs(b) + 1)*sqrt(abs(b)))*e”(-I*a)/(
bx(I*¥b/abs(b) + 1)*sqrt(abs(b))) + 1/288*Ixsqrt(6)*sqrt(pi)*erf(-1/2*sqrt(6
) *sqrt (b) *x* (Ixb/abs(b) + 1))*e~(-3*I*a)/(b~(3/2)*(I*b/abs(b) + 1))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/xz cos (bz® + a)3 dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x"2)"3,x)
[Out] int(x"2*cos(a + b*x"2)"3, x)
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3.17 [ zcos? (a + bz?) dx

Optimal. Leaf size=33
sin (a + b2?)  sin’ (a + bz?)
2b 6b

[Out] 1/2*sin(b*x~2+a)/b-1/6*sin(b*x~2+a) " 3/b

Rubi [A]
time = 0.02, antiderivative size = 33, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 3, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2713}

sin (a + b2?)  sin’ (a + bz?)
2b 6

Antiderivative was successfully verified.

[In] Int[x*Cos[a + b*x~2]"3,x]

[Out] Sin[a + b*x72]/(2xb) - Sin[a + b*x~2]~3/(6%b)
Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(1 - x72)7((n - 1)/2), x], x], x, Cosl[c + d*x]], x] /; FreeQ[{c, d}, xI
& IGtQ[(n - 1)/2, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 0]))

Rubi steps

/accos3 (a+ be) dxr = %Subst </ cos®(a + bz) dz, z, a:2>

Subst( [ (1 — 2?) dz, z, —sin (a + bz?))
2b
_ sin(a+b2?) sin® (a4 bz?)

2b 6b




Mathematica [A]
time = 0.01, size = 33, normalized size = 1.00

sin (a + b2?)  sin’ (a + bz?)
2b 6b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x"2]"3,x]
[Out] Sin[a + b*xx~2]/(2%b) - Sin[a + b*x~2]~3/(6%b)

Maple [A]
time = 0.06, size = 26, normalized size = 0.79

method result size
derivativedivides (2+cos? (ba®+a)) sin(bz+a) 26
6b
(2+cos2 (b :1:2+a) ) sin (b z2+a)
default o 26
. 3sin (b w2+a) sin (3b x2+3a)
risch 55 + 21 31
2 2 2
tan(%-kb‘%) tan5<%+%)+2(tan3(%+%))
norman b g 70
(l-i-tan2 (%4—%))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a)~3,x,method=_RETURNVERBOSE)
[Out] 1/6/bx(2+cos(b*x~2+a) ~2)*sin(b*x"~2+a)
Maxima [A]
time = 0.29, size = 27, normalized size = 0.82
sin (3bz? + 3a) + 9 sin (bz? + a)
24 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~3,x, algorithm="maxima")
[Out] 1/24*(sin(3*b*x~2 + 3xa) + 9*sin(b*x"2 + a))/b
Fricas [A]
time = 0.37, size = 25, normalized size = 0.76
(cos (ba® + a)® + 2) sin (bz? + a)
6b

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*cos(b*x~2+a)~3,x, algorithm="fricas")

[Out] 1/6*%(cos(b*x"2 + a)~2 + 2)*sin(b*x"2 + a)/b

Sympy [A]
time = 0.18, size = 44, normalized size = 1.33

sin3 (a+bm2) sin (a+bz2) cos? (a+bz2)
A + 55 forb#0

2 3 .
%Sm) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**3,x)
[Out] Piecewise((sin(a + bxx**2)*x3/(3*b) + sin(a + bkxx**2)*cos(a + b*x*x2)**2/(2
xb), Ne(b, 0)), (x**2*cos(a)**3/2, True))
Giac [A]
time = 0.45, size = 26, normalized size = 0.79
sin (bz2 + a)® — 3 sin (bz2 + a)
6b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/6*%(sin(b*x~2 + a)~3 - 3*sin(b*x"2 + a))/b

Mupad [B]
time = 0.29, size = 28, normalized size = 0.85

3 sin (bz? + a) — sin (bz? + a)°
6b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x"2)"3,x)
[Out] (3*sin(a + b*x~2) - sin(a + b*x~2)~3)/(6%Db)
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3.18 [ cos? (a + bz?) dx

Optimal. Leaf size=153

3[ cos(a) Fresnelc<f f > f cos(3a Fresnelc<f f > \/§ S(x/F \/? x> sin(a)
4Vb

4V 4V

[Out] 1/24%cos(3*a)*FresnelC(x*b~(1/2)*6~(1/2)/Pi~(1/2))*6~(1/2)*Pi~(1/2)/b~(1/2)
-1/24%FresnelS (x*b~(1/2)*67(1/2) /Pi~(1/2))*sin(3%a)*6~ (1/2)*Pi~(1/2) /b~ (1/2
)+3/8*cos(a) *FresnelC(x*b~(1/2)*2~(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (1/2)-
3/8*FresnelS(x*b~(1/2)*27(1/2)/Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A]
time = 0.07, antiderivative size = 153, normalized size of antiderivative = 1.00, number of

number of rules — 0.400,
’ integrand size

steps used = 8, number of rules used = 4, integrand size = 10
Rules used = {3439, 3435, 3433, 3432}

fcos FYesnelC(ff) fcos3aﬁesnelc<ffz>_3[8ma (ff) fsm&z (ff)

v

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"3,x]

[Out] (3%Sqrt[Pi/2]*Cos[a]*FresnelC[Sqrt[b]l*Sqrt[2/Pi]*x])/(4*Sqrt[b]l) + (Sqrt[Pi
/6]1*Cos [3*a] *FresnelC[Sqrt [b] *Sqrt [6/Pi]l*x])/(4*xSqrt[b]) - (3*Sqrt([Pi/2]*Fr
esnelS[Sqrt [b]l *Sqrt [2/Pi]*x]*Sin[al)/(4*Sqrt[b]l) - (Sqrt[Pi/6]*FresnelS[Sqr

t [b] *Sqrt [6/Pi]*x]*Sin[3*a])/(4*Sqrt[b]l)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3435

Int[Cos[(c_) + (d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[dx(e + f*x)~2], x], x] - Dist[Sin[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, x]

Rule 3439
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Int[((a_.) + Cosl[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(n_)]*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + dx(e + f*x)"n])~p, x], x] /; F
reeQ[{a, b, c, d, e, £}, x] & IGtQ[p, 1] && IGtQ[n, 1]

Rubi steps

/cos3 (a + bz?) /( cos (a + bz?) + icos (3a+3bz2)) dx

:}l/cos(3a+3bx)dx+2/cos(a+bx2) dz

i(3cos a))/cos (b2?) dz + icos(&z) /cos (3bz?) dz — —(3sm a))/sm (bz?) ¢

Mathematica [A]
time = 0.15, size = 116, normalized size = 0.76

\/§ (3\/?7 cos(a)F‘resnelC(x/l? \/?z> +cos(3a)F‘resnelC<\/17 \/§z> - 3\/?75(\/17 \/?x> sin(a) — S<\/17 \/§z> sin(3a)>

4V

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]"3,x]

[Out] (Sqrt[Pi/6]*(3*Sqrt[3]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]l*x] + Cos[3*a]*Fre

snelC[Sqrt [b] *Sqrt [6/Pi]*x] - 3%Sqrt[3]*FresnelS[Sqrt[b]*Sqrt[2/Pi]*x]*Sin[
a] - FresnelS[Sqrt[b]l*Sqrt[6/Pi]*x]*Sin[3*a]))/(4*Sqrt([b]l)

Maple [A]
time = 0.09, size = 101, normalized size = 0.66

3fcos (ff) fcos3a)0<ff) \/§S<ﬁf

method | result

3v/2 /T (cos(a)F‘resnelC(M/:b/w_\/?) —sin(a)$ (’”‘/\5/7?\/5» V2 /T /3 (cos(3a)FresnelC<

V2 /3

default b §
8 24
b e_?’i“ﬁ \/g erf(\/f? \/Z? a:) 3e_i“\/7? erf(\/i? x) e3”\/7? erf(\/ —3ib :1:) 3ei“\/7? erf(\/:
Hse 481/ib’ + 16v/ib + 164/—3ib + 164/ —1ib

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(b*x~2+a)~3,x,method=_RETURNVERBOSE)

[Out] 3/8*2~(1/2)*Pi~(1/2)/b~(1/2)*(cos(a)*FresnelC(x*b~(1/2)*2~(1/2)/Pi~(1/2))-s
in(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2)))+1/24%2~(1/2)*Pi~(1/2)*3"(1/2) /b
~(1/2)*(cos(3*a)*FresnelC(2~(1/2) /Pi~(1/2)*3~(1/2)*b~(1/2) *x)-sin(3*a) *Fres
nelS(2°(1/2)/Pi~(1/2)*3~(1/2)*b~(1/2) *x))

Maxima [C] Result contains complex when optimal does not.
time = 0.51, size = 112, normalized size = 0.73

95VE v (1= 1) cos (3a) + (i +1) sin (3a) erf (JsTm) +(=(i+1) cos (3a) — (i — 1) sin (3a)) exf (\/fslb )bt —9VE Vi (== 1) cos (@) — i+ 1) sin (@) exf (ViB'z) + (i +1) cos(a) + (i — 1) sin (o)) exf (V=TT z))b%
9612

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3,x, algorithm="maxima")

[Out] -1/96%(97(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(3*a) + (I + 1)*sin(3*a))*erf(
sqrt (3*xIxb)*x) + (-(I + 1)*cos(3*a) - (I - 1)*sin(3*a))*erf (sqrt(-3*Ixb)*x)
)*¥b~(3/2) - 9*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(a) - (I + 1)*sin(a))*erf(sqrt
(Ixb)*x) + ((I + 1)*cos(a) + (I - 1)*sin(a))*erf(sqrt(-I*b)*x))*b~(3/2))/b"~

2

Fricas [A]

time = 0.35, size = 121, normalized size = 0.79

ﬁw@cos(i&a}()(ﬁz@) +9ﬂW\/§COS(a)C<ﬁz\/§) —\/(TW\ES(ﬁz\/g>sin(3a)—9ﬁw\/gs<ﬁx\/§>sin(a)

24b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3,x, algorithm="fricas")

[Out] 1/24%(sqrt(6)*pi*sqrt(b/pi)*cos(3*a)*fresnel_cos(sqrt(6)*x*sqrt(b/pi)) + 9%
sqrt (2) *pixsqrt (b/pi)*cos(a)*fresnel_cos(sqrt(2)*x*sqrt(b/pi)) - sqrt(6)*pi

xsqrt (b/pi)*fresnel_sin(sqrt(6)*x*sqrt(b/pi))*sin(3*a) - 9*sqrt(2)*pix*sqrt(
b/pi)*fresnel_sin(sqrt(2)*x*sqrt(b/pi))*sin(a))/b

Sympy [A]
time = 0.71, size = 129, normalized size = 0.84

3v2 yr ( —sin(a)S V2'vbs + cos (a)C V2Vbs ! V6 /r | —sin (3a)S V6 Vb + cos (3a)C V6 Vb s 1
VT VT b n VT VT b
8 24

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3,x)

[Out] 3*sqrt(2)*sqrt(pi)*(-sin(a)*fresnels(sqrt(2)*sqrt(b)*x/sqrt(pi)) + cos(a)*f
resnelc(sqrt(2)*sqrt(b)*x/sqrt(pi)))*sqrt(1/b)/8 + sqrt(6)*sqrt(pi)*(-sin(3
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*xa)*fresnels(sqrt(6)*sqrt(b)*x/sqrt(pi)) + cos(3*a)*fresnelc(sqrt(6)*sqrt(b
)*x/sqrt(pi)))*sqrt(1/b) /24

Giac [C] Result contains complex when optimal does not.

time = 0.45, size = 185, normalized size = 1.21

\/(T\/?erf<7§\/€\/171<—ﬁ+1>>e<3”) 3ﬁﬁerf(7;ﬁz(ﬁ+1) \b\)e(i") 3ﬁﬁerf(7%ﬁz<ﬁ+l> \b\)e(’i") \/Gﬁ\/f?erf<7%\/€\/yz<%+l>>e(’3”)
48\/F<—ﬁ+1) h 16(7‘%"+1> ol N 16 (3 +1) VIT N 48\/17(ﬁ+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3,x, algorithm="giac")

[Out] -1/48%sqrt(6)*sqrt(pi)*erf(-1/2*sqrt(6)*sqrt(b)*x*x(-I*b/abs(b) + 1))*e” (3*I
*a)/(sqrt (b)*(-I*b/abs(b) + 1)) - 3/16%sqrt(2)*sqrt(pi)*erf (-1/2*sqrt (2)*x*
(-Ixb/abs(b) + 1)*sqrt(abs(b)))*e~(I*a)/((-I*b/abs(b) + 1)*sqrt(abs(b))) -
3/16*sqrt (2) *sqrt (pi) *erf (-1/2xsqrt (2) *x* (Ixb/abs(b) + 1)*sqrt(abs(b)))*e”(
-I*a)/((I*¥b/abs(b) + 1)*sqrt(abs(b))) - 1/48*sqrt(6)*sqrt(pi)*erf(-1/2*sqrt

(6) *sqrt (b) *x* (I*¥b/abs(b) + 1))*e~(-3*Ixa)/(sqrt(b)*(Ixb/abs(b) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (b + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"3,x)
[Out] int(cos(a + b*x"2)"3, x)
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3.19 f cos®(a+bz?) da

X

Optimal. Leaf size=55
3 2 1 2 3 . . 2 1 . . 2
S cos(a)CoslIntegral (bz )+§ cos(3a)Coslntegral (3bz?) —3 sin(a)Si(bz?) ~3 sin(3a)Si(3bz?)

[Out] 3/8%Ci(b*x~2)*cos(a)+1/8*Ci(3*b*x~2)*cos(3*a)-3/8*Si(b*x~2)*sin(a)-1/8%Si(3
*xb*x~2)*sin(3*a)

Rubi [A]

time = 0.06, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

number of rules _ ( 9gg
integrand size ’

steps used = 8, number of rules used = 4, integrand size = 14,
Rules used = {3485, 3459, 3457, 3456}

g cos(a)Coslntegral (bz”) + %cos(3a)CosIntegral (3bz?) — gsin(a)Si(bxz) - %Sin(3a)Si(3bx2)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"3/x,x]

[Out] (3*Cos[a]*CosIntegral[b*x~2])/8 + (Cos[3*a]*CosIntegral [3*b*x~2])/8 - (3%Si
n[a]*SinIntegral [b*x~2])/8 - (Sin[3+*a]*SinIntegral [3*xb*x~2])/8

Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral([d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int([Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x) m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, 0]

Rubi steps
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3 2 2 2
/cos (a+bx)dx:/(3cos(a+bx)+cos(3a—|—3bx )) i

x 4z 4z
2 2
:1/cos(3a—|—3bx)dx+§/cos(a—l—bm)dw
4 x 4 x
1 cos (bz?) 1 cos (3bz?) 1, . sin (bz?)
= 1(3 cos(a)) / — Y dx + 1 cos(3a) / — dx — 1(3 sin(a)) / — Y da

gcos(a)Ci(bz2) + écos(3a)Ci(3bz2) - gsin(a)Si(bxz) - %sin(3a)Si(3bx2)

Mathematica [A]
time = 0.06, size = 50, normalized size = 0.91

1(3 cos(a)CosIntegral (bz*) + cos(3a)Coslntegral (3bz*) — 3sin(a)Si(bz*) — sin(3a)Si(3bz?))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]~3/x,x]

[Out] (3*Cos[al*CosIntegral[b*x~2] + Cos[3*a]*CosIntegral [3*b*x~2] - 3*Sin[a]*Sin
Integral [b*x~2] - Sin[3*a]*SinIntegral [3*b*x~2])/8

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.20, size = 125, normalized size = 2.27

method | result

3ie~*er csgn(ba?) 3ie~ % sinIntegral (b

ie~ 3% csgn (b w2) ie~3% sinIntegral (3b m2) e~3ia eprntegral(l,—3ib m2) +
B B 16 8

risch 16 8 16

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~3/x,x,method=_RETURNVERBOSE)

[Out] 1/16%I*exp(-3*I*a)*Pi*csgn(b*x~2)-1/8*Ixexp(-3*I*a)*Si(3*b*x~2)-1/16%exp(-3
*xIxa)*Ei(1,-3*%I*x"2%b)+3/16*xI*xPixcsgn(b*x~2) *exp(-I*a)-3/8*I*exp(-I*a)*Si(b
*x~2)-3/16*%exp (-I*a)*Ei(1,-I*b*x"2)-1/16%exp(3*I*a)*Ei(1,-3*I*xx"2%b)-3/16%e

xp(I*a)*Ei(1,-I*b*x"2)
Maxima [C] Result contains complex when optimal does not.
time = 0.38, size = 89, normalized size = 1.62

Lo o\ | el ain2 3 lir o L e ip 2 1 o oy i o VY L R AR
% (Ei(3ibz) + Ei(—3i b ))cos(Sa)+E (Ei(iba®) + Ei(—i bz ))cos(a)«kﬁ (¢Ei(3ibz°) — ¢ Ei(—3ibz?)) sin (3a) — % (—iEi(ibz?) + i Ei(—ibz?)) sin (a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="maxima")
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[Out] 1/16%(Ei(3*%I*b*x~2) + Ei(-3%I*b*xx~2))*cos(3*a) + 3/16%(Ei(I*b*x~2) + Ei(-Ix*
b*x"2))*cos(a) + 1/16%(I*Ei(3*I*b*xx~2) - I*Ei(-3*%Ixb*x~2))*sin(3%a) - 3/16%
(-I*Ei(I*b*x~2) + I*Ei(-Ix*b*x"2))*sin(a)

Fricas [A]
time = 0.35, size = 63, normalized size = 1.15

% (Ci (3bz?) + Ci (—3ba?)) cos (3a) + % (Ci (b®) + Ci (—bz?)) cos (a) — é sin (3a) Si (3b2%) — g sin (a) Si (bz?)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="fricas")

[Out] 1/16*(cos_integral(3*bxx~2) + cos_integral (-3*b*x~2))*cos(3*a) + 3/16%(cos_
integral (b*x~2) + cos_integral(-b*x~2))*cos(a) - 1/8*sin(3*a)*sin_integral(
3%bxx~2) - 3/8*sin(a)*sin_integral (b*x~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3 2
/cos (a—l—bx)dx

x
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(b*x**2+a)**3/x,x)

[Out] Integral(cos(a + b*x**2)**3/x, x)

Giac [A]
time = 0.42, size = 47, normalized size = 0.85

L cos (3a)Ci (3bz?) + g cos (a) Ci (b2?) — g sin (a) Si (bz®) + é sin (3a) Si (—3bz?)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x,x, algorithm="giac")
[Out] 1/8*cos(3+*a)*cos_integral (3*b*x~2) + 3/8%cos(a)*cos_integral (b*x~2) - 3/8%s
in(a)*sin_integral (b*x~2) + 1/8*sin(3%a)*sin_integral (-3*b*x~2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/cos (b2 + a)® i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"3/x,x)
[Out] int(cos(a + b*x"2)"3/x, x)



121

3.90 f cos®(a+bz?) da

72
Optimal. Leaf size=168

eSlarte) 3y [7 Cos(a)s<\/17 e x>_§¢a@ cos<3a)s<w7 /e a,-)_gw? /2 s

[Out] -cos(b*x~2+a)~3/x-3/4*cos(a)*FresnelS(x*b~(1/2)*2~(1/2)/Pi~(1/2))*b~(1/2)*2
~(1/2)*Pi~(1/2)-3/4*FresnelC(x*b~ (1/2)*27(1/2) /Pi~(1/2))*sin(a)*b~ (1/2)*2~(
1/2)*Pi~(1/2)-1/4*cos(3*a) *FresnelS(x*b~(1/2)*6~(1/2) /Pi~(1/2))*b~(1/2)*6~(
1/2)*Pi~(1/2)-1/4*FresnelC(x*b~(1/2)*6~(1/2) /Pi~(1/2))*sin(3*a) *b~(1/2)*6~(
1/2)*Pi~(1/2)

Rubi [A]

time = 0.11, antiderivative size = 168, normalized size of antiderivative = 1.00, number of

number of rules _ 357
integrand size ’

steps used = 9, number of rules used = 5, integrand size = 14,
Rules used = {3475, 4670, 3434, 3433, 3432}

—g\/g\/ly sin(a)HesnelC(ﬁﬁz) - %\/?\/F sin(3a)FresnelC<\/§ \/171> - g\/?ﬁ cos(a)S(\/l? \/§z> —% 377‘- Vo cos(3a)S<\/E @z) - M

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]"3/x"2,x]

[Out] -(Cos[a + b*x~2]"3/x) - (3*Sqrt[b]*Sqrt[Pi/2]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[
2/Pil*x])/2 - (Sqrt[b]*Sqrt[(3*Pi)/2]*Cos[3*a]*FresnelS[Sqrt[b]*Sqrt[6/Pi]*

x])/2 - (3*Sqrt[b]*Sqrt[Pi/2]*FresnelC[Sqrt [b]*Sqrt[2/Pi]*x]*Sin[a])/2 - (S

qrt [b]*Sqrt [(3*Pi) /2] #*FresnelC[Sqrt [b] *Sqrt [6/Pi] *x]*Sin[3*a])/2

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQ[{c, d, e, f}, x]

Rule 3475



122

Int[Cos[(a_.) + (b_.)*(x_)"(n )] (p_)*(x_)"(m_.), x_Symbol] :> Simp[x~(m +
1)*(Cos[a + b*x™n]"p/(m + 1)), x] + Dist[b*n*(p/(m + 1)), Int[Cos[a + b*x"n
17(p - V*Sin[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQ[p, 1] && EqQ[m
+ n, 0] & NeQ[n, 1] && IntegerQ[n]

Rule 4670

Int[Cos[w_]~(q_.)*Sin[v_]1"(p_.), x_Symbol] :> Int[ExpandTrigReduce[Sin[v]~p
*xCos[w]l~q, x], x] /; IGtQ[p, O] && IGtQ[q, 0] && ((PolynomialQ[v, x] && Pol
ynomialQ[w, x]) || (BinomialQ[{v, w}, x] && IndependentQ[Cancell[v/w], x]))

Rubi steps
3 2 3 2
/ cos (C;:‘ bz?) dp = S8 \a ot (ax+ ba) _ (6b) /cos2 (a+bz?) sin (a + bz?) dz
3 2 1 1
— _W — (6b) / (Z sin (a + be) + 1 sin (3a + 3bx2)) dx
3 2
— _M — %(3b) /sin (a+b2?) dz — 1(3b) /sin (3a + 3bz?) dx
3 2
= _Mx—l—bx) - 1(3bcos(a)) /sm (b2?) dz — —(3bcos(3a)) /sm (3bz?) dz — 1(

= M——f — cos(a (ff )——f — cos(3a)S (f\/

Mathematica [A]
time = 0.43, size = 166, normalized size = 0.99

3cos (a + ba?) + cos (3(a + ba2)) + 3vb' \/2?:0(:05((1)5(\/17 \/?1) + Vb Vér '@ cos(3a)5(\/1; \/?x) +3Vb JZTxFYesnelC(\/F \/?x) sin(a) + Vb’ \/(?xFYesnelC(\/I; \/?z) sin(3a)

4x

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]~3/x72,x]

[Out] -1/4%(3*Cos[a + b*x~2] + Cos[3*(a + b*x~2)] + 3*Sqrt[b]*Sqrt [2*Pi]*x*Cos [al]
*xFresnelS[Sqrt [b]*Sqrt [2/Pi]l*x] + Sqrt[b]*Sqrt [6+Pi]*x*Cos [3*a]*FresnelS[Sq
rt[b]*Sqrt [6/Pi]*x] + 3*Sqrt[b]*Sqrt[2+Pi]*x*FresnelC[Sqrt [b]*Sqrt[2/Pi]*x]
xSin[a] + Sqrt[b]*Sqrt[6*Pi]*x*FresnelC[Sqrt[b]*Sqrt[6/Pi]*x]*Sin[3*a])/x

Maple [A]
time = 0.13, size = 128, normalized size = 0.76
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method | result

3V V2 T (cos(a)S (“/\F/F\/E> +sin(a) FresnelC (“/:b/?%/g) ) Vi

default _3cos(2x2-|—a) — I . cos(3b4ac2-l—3a) o
ie—3i‘1b\/7? \/3? erf(\/g \/l?x) 3z’e—i‘1b\/7? erf(ﬁ x) 3i63iab\/7? erf(v /—3ib w) 3iemb\/7?<
~ ' } sv/ib * sv/—3ib + o

isch
risc i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x"2+a)~3/x"2,x,method=_RETURNVERBOSE)

[Out] -3/4*cos(b*x~2+a)/x-3/4*%b~(1/2)*2"(1/2)*Pi~(1/2)*(cos(a)*FresnelS(x*b~(1/2)
*2~(1/2)/Pi~(1/2))+sin(a)*FresnelC(x*b~(1/2)*2~(1/2) /Pi~(1/2)))-1/4*cos(3*b
*x~2+3%a) /x-1/4*xb~ (1/2)*2~(1/2) *Pi~ (1/2)*3" (1/2) * (cos (3*a) *FresnelS (2~ (1/2)
/Pi~(1/2)*37(1/2)*b~(1/2) *x)+sin(3*a) *FresnelC(2~(1/2) /Pi~(1/2)*3~(1/2) *b~(
1/2)*x))

Maxima [C] Result contains complex when optimal does not.
time = 0.63, size = 152, normalized size = 0.90

+ ((‘71> VIT(=4,3ibs?) — (i +1) x/Tl'(*%,*Szbz’])mﬂ(ﬂu)) 73\/:?2(((”1) VZT(-1iba?) - (i—1) ﬁr(f%,flbwz))ws(u)ﬁ» (7(171) VIT(=4,ibe?) + (i +1) ﬁr(fg.ﬂuﬁ))sm(u))

\/?\/bx_f((f(u» 1) VZT(=4,3ib2) + (i — 1) VET(-},~3iba?) ) cos (3a)
32z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x"2,x, algorithm="maxima")

[Out] 1/32%(sqrt(3)*sqrt(b*x~2)*((-(I + 1)*sqrt(2)*gamma(-1/2, 3*I*b*x~2) + (I -
1)*sqrt(2) *gamma (-1/2, -3*I*b*x~2))*cos(3*a) + ((I - 1)*sqrt(2)*gamma(-1/2,
3xIxb*xx~2) - (I + 1)*sqrt(2)*gamma(-1/2, -3*Ixb*x~2))*sin(3%a)) - 3*sqrt(b
*x~2)*(((I + 1)*sqrt(2)*gamma(-1/2, I*bxx~2) - (I - 1)*sqrt(2)*gamma(-1/2,
-I*b*x~2))*cos(a) + (-(I - 1)*sqrt(2)*gamma(-1/2, I*b*x~2) + (I + 1)*sqrt(2
)*xgamma (-1/2, -I*b*x~2))*sin(a)))/x

Fricas [A]

time = 0.39, size = 136, normalized size = 0.81

ﬁwz@cos(Sa)S(ﬁz@) +3ﬁwz\/§cos(a)s<ﬁ1\/§> +\/€W2\/§C<\/€I\/§> sin(3a)+3\/57rz\/§(}‘(ﬁz@)sin(a)+4cos(bzz+a)3

4z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x72,x, algorithm="fricas")

[Out] -1/4%(sqrt(6)*pi*x*sqrt(b/pi)*cos(3*a)*fresnel_sin(sqrt(6)*x*sqrt(b/pi)) +
3xsqrt (2) *pi*x*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x*sqrt(b/pi)) + sqrt(6
) *pixx*sqrt (b/pi)*fresnel_cos(sqrt(6)*x*sqrt(b/pi))*sin(3*a) + 3*sqrt(2)*pi
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*xx*sqrt (b/pi)*fresnel_cos(sqrt(2)*x*sqrt(b/pi))*sin(a) + 4*cos(b*x~2 + a)~3
)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3 2
/cos (a+bx)dx

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b¥x**2+a)**3/x**2,x)
[Out] Integral(cos(a + bxx*x2)**3/x**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x"2,x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~3/x72, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

2 3
/cos(bac +a) i

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"3/x72,x)
[Out] int(cos(a + b*x~2)"3/x72, x)
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3.91 f cos®(a+bz?) da

3

Optimal. Leaf size=91

_3cos(a+bz?) cos(3(a+bs?))
82 8?2

— gbCosIntegral (b2?) sin(a)— gbCosIntegral (3bz?) sin(3a)— gb cos(a)Si

[Out] -3/8*cos(b*x"2+a)/x"2-1/8*cos(3*b*xx~2+3%a) /x~2-3/8*b*cos (a) *Si (b*x~2)-3/8%b
*cos (3*a) *Si (3*xb*xx~2) -3/8*b*Ci (b*x~2) *sin(a) -3/8*b*Ci (3*b*x~2) *sin(3*a)

Rubi [A]
time = 0.14, antiderivative size = 91, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.429,

steps used = 12, number of rules used = 6, integrand size = 14,
Rules used = {3485, 3461, 3378, 3384, 3380, 3383}

3cos(a+bz?)  cos(3(a+ba?))

3psi 2y _ 3 2y_3 i(ba?) — S i(3ba?) —
8bsm(a)CosIntegral(bx ) 8bs1n(3a)CosIntegral(3bz ) 8b cos(a)Si(bz?) 8bc0s(3a)81(3bx ) S22 a2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]~3/x"3,x]

[Out] (-3*Cos[a + b*x~2])/(8*x~2) - Cos[3*(a + b*x~2)]/(8%x"2) - (3*b*CosIntegral
[b*x~2]*Sin[a])/8 - (3*b*CosIntegral [3*xb*xx~2]*Sin[3*al)/8 - (3*b*Cos[a]*Sin
Integral [b*x~2])/8 - (3*b*Cos[3*a]*SinIntegral [3*xb*x~2])/8

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
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)/d]l, Int[Cos[cx(f/d) + fx*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_ )" (0 )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rule 3485

Int[((a_.) + Cosl(c_.) + (d_.)*(x_)"(m_)1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, 4, e, m}, x] & IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

3 2 2 2
/cos (a+bx)dx:/(3cos(a+bx)+cos(3a+3bx)) i

x3 43 43
1 [ cos(3a+ 3bz?) 3 [ cos(a+ bz?)
= 1Subst /M de,z,z? | + §Subst /M dz, z, z*
8 x? 8 x?
_ 3cos(a+bz?) cos(3(a+bz?) 1 sin(a + bx) ) 1
= — S0 - 822 — §(3b)Subst /T dx,z,z° | — §(3b)
2 2 :
_ _3cos (SCZ::_ bz”) _ cos (3(:3; br’)) _ é(3bcos(a))Subst (/ smibx) dx,x,x2> — %(
_ 3cos(a+bz?) cos(3(a+bz?)) 3, . o . 3 il on . 3
=— S0 - S22 — gbCl(bZ’ ) sin(a) — §b01(3bx ) sin(3a) — §b c

Mathematica [A]
time = 0.12, size = 90, normalized size = 0.99

_ 3cos (a +bz?) + cos (3(a + bz?)) + 3ba”CosIntegral (bs®) sin(a) + 3bz>Coslntegral(3bz?) sin(3a) + 3ba® cos(a)Si(bx?) + 3ba® cos(3a)Si(3ba?)
8x2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]~3/x73,x]

[Out] -1/8%(3*Cos[a + b*x~2] + Cos[3*(a + b*x~2)] + 3*bxx~2*CosIntegral [b*x~2]*Si
n[a] + 3*b*x~2*CosIntegral [3*b*x~2]*Sin[3*a] + 3*b*x~2*Cos[a]*SinIntegral[b
*x~2] + 3*b*x~2*Cos[3*a]*SinIntegral [3*b*x~2])/x"2
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Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.19, size = 162, normalized size = 1.78

method | result

. 3e 3y csgn(bx?)b 3 e 3@ sinIntegral (3bx2)b 3ie~3% explntegral (1,—3ibz?)b 3e " csgn(bz?)b 3 e %@ sinlnte,
risch 16g( L sg( L plge( L 16g( L T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~3/x"3,x,method=_RETURNVERBOSE)

[Out] 3/16%exp(-3*I*a)*Pikcsgn(b*x~2)*b-3/8%exp(-3*I*a)*S3i(3*xb*x~2)*b+3/16*I*exp (
—-3%I*a)*Ei(1,-3*xI*x"2%b)*b+3/16%exp(-I*a)*Pi*csgn(b*x~2)*b-3/8*exp (-I*a)*Si
(b*x~2) *b+3/16*I*exp (-I*a)*Ei(1,-I*b*x~2)*b-3/16*I*exp (3*I*a)*b*Ei(1,-3*I*x
~2xb)-3/16*Ixexp (I*a)*b*Ei(1,-I*b*x~2)-3/8*cos(b*x~2+a)/x"2-1/8%*cos (3*b*xx~2

+3%a) /x"2

Maxima [C] Result contains complex when optimal does not.

time = 0.39, size = 98, normalized size = 1.08

% ((—ir(=1,3iba?) +il(—1,-3iba?)) cos (3a) + (—iT(—1,iba®) +iI'(~1, —iba?)) cos (a) — (I'(~1,3iba®) + I'(~1, —3iba®)) sin (3a) — (I'(~1,4ba?) + I'(—1,—iba?)) sin (a))b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x"3,x, algorithm="maxima")

[Out] 3/16*((-I*gamma(-1, 3*I*b*x~2) + Ixgamma(-1, -3*I*b*x"2))*cos(3*a) + (-I*ga
mma (-1, Ixbxx~2) + I*gamma(-1, -I*b*x"2))*cos(a) - (gamma(-1, 3*I*bxx~2) +

gamma (-1, -3*I*b*x~2))*sin(3*a) - (gamma(-1, I*b*x~2) + gamma(-1, -I*b*x~2)
)*sin(a))*b

Fricas [A]

time = 0.39, size = 108, normalized size = 1.19

_ 6ba® cos (3a) Si (3ba?) + 6 bz” cos (a) Si (b2?) + 8 cos (bz” + a)® + 3 (ba? Ci (3bz2) + bz? Ci (—3bz?)) sin (3a) + 3 (bz? Ci (ba2) + bz Ci (—bz?)) sin (a)
16 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x73,x, algorithm="fricas")

[Out] -1/16%(6*b*x~2%cos(3*a)*sin_integral (3¥b*x~2) + 6%b*x~2*cos(a)*sin_integral
(b*xx~2) + 8*cos(b*x~2 + a)~3 + 3*(b*x"2*cos_integral (3*b*xx~2) + b*x~2%cos_i
ntegral (-3*%b*x~2))*sin(3*a) + 3*(b*x~2xcos_integral (b*x~2) + b*x~2*cos_inte

gral (-b*x~2))*sin(a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3 2
/cos (a+bx)dx

3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**3/x**3,x)
[Out] Integral(cos(a + b*x**2)**3/x**3, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 185 vs. 2(80) =

160.
time = 0.42, size = 185, normalized size = 2.03

3 (ba? + a)b? Gi (3ba?) sin (3a) — 3ab? Gi (3ba?) sin (3a) + 3 (ba? + a)b? i (ba?) sin (a) — 3ab? Ci (ba?) sin (a) + 3 (ba? + )b cos (a) Si (ba?) — 3ab? cos () Si (br?) — 3 (ba® + a)? cos (3a) Si (~3ba?) + 3ab? cos (3a) Si (~3be?) + b cos (3ba? + 3a) + 3bcos (ba? + a)
8b2z?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~3/x73,x, algorithm="giac")

[Out] -1/8%(3*(b*x~2 + a)*b~2*cos_integral (3*b*x~2)*sin(3*a) - 3*a*b~2*cos_integr
al (3*%b*x~2)*sin(3*a) + 3*(b*x"2 + a)*b~2*cos_integral (b*x~2)*sin(a) - 3*a*b
~2xcos_integral (bxx~2)*sin(a) + 3*(b*x"2 + a)*b~2xcos(a)*sin_integral (bxx~2

) - 3*a*b~2*cos(a)*sin_integral (b*x~2) - 3*(b*x~2 + a)*b~2*cos(3+*a)*sin_int

egral (-3*bxx~2) + 3*a*b~2xcos(3%a)*sin_integral (-3*b*xx~2) + b~2%cos(3*b*x"2

+ 3*%a) + 3*b~2xcos(b*x~2 + a))/(b"2*x"2)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/cos (b2 + a)’ i

73
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)~3/x73,x)
[Out] int(cos(a + b*x~2)"3/x"3, x)
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3.22 [ zcos” (a + bz?) dx

Optimal. Leaf size=67

sin (a +bz?)  sin’ (a + ba?) N 3sin® (a +bz?)  sin’ (a + bz?)
2b 2b 100 14b

[Out] 1/2*sin(b*x"2+a)/b-1/2*sin(b*x"2+a) ~3/b+3/10*sin(b*x~2+a) ~5/b-1/14*sin(b*x"
2+a)~7/b

Rubi [A]

time = 0.03, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 3, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2713}
_sin’ (a + ba?) N 3sin® (a +ba?)  sin® (a + ba?) N sin (a + bz?)
14b 10b 2b 2b

Antiderivative was successfully verified.

[In] Int[x*Cos[a + b*x~2]"7,x]

[Out] Sin[a + b*x72]/(2xb) - Sin[a + b*x~2]"3/(2*b) + (3*Sin[a + b*x~2]75)/(10%Db)
- Sin[a + b*x72]77/(14%Db)

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa

nd[(l - XAQ)A((n - 1)/2)3 X]’ X]s X, COS[C + d*X]], X] /; FreeQ[{C, d}s X]
&& IGtQ[(n - 1)/2, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x"(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/nl, 01))

Rubi steps

/accos7 (a+b2?) dz = %Subst (/ cos’(a + bz) dz, x,x2>

Subst( [ (1 — 322 + 3z* — 2°) dz, z, — sin (a + bz?))
T 2b
_sin(a+bz?) sin®(a+b2?) N 3sin® (a +b2®) sin’ (a +ba?)
B 2b 2b 10b 14b
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Mathematica [A]

time = 0.04, size = 67, normalized size = 1.00

7sin (3(a + bx?))
128b

sin (7(a + bz?))
896b

7sin (5(a + bx?))
6400

35sin (a + bz?)
128b

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x~2]77,x]
[Out] (35*Sin[a + b*x~2])/(128%b) + (7*Sin[3*(a + b*x~2)])/(128%b) + (7*Sin[5*(a
+ b*x~2)]1)/(640%b) + Sin[7*(a + b*x~2)]1/(896%Db)

Maple [A]
time = 0.08, size = 50, normalized size = 0.75

method result size
<156 +cos® (bz?+a)+ ¢ (COS4 (Zw2+a) ) + 5 (COS2 (l;z2+a) ) > sin(bz%+a)
derivativedivides 146 50
<156 toosS (ba?a)+ Lo (0= Ha)) | (ot (2P 4a)) ) sin(ba2-+a)
default v 50
. 35sin (b m2+a) sin (7b z2 +7a) 7 sin (5b x2+5a) 7 sin (3b a72+3a)
risch 1285 + 8966 + 6400 1285 63

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(b*x~2+a)”~7,x,method=_RETURNVERBOSE)

[Out] 1/14/b*(16/5+cos(b*x~2+a) ~6+6/5*cos (b*xx~2+a) ~4+8/5*cos (b*x~2+a) ~2) *sin (b*x~
2+a)

Maxima [A]

time = 0.30, size = 55, normalized size = 0.82

5 sin (7bz® 4+ 7a) + 49 sin (5bz? 4+ 5a) + 245 sin (3bz* + 3a) + 1225 sin (bz? + a)
4480 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~7,x, algorithm="maxima")

[Out] 1/4480%(5*xsin(7*b*x~2 + 7*a) + 49%sin(5*b*x"2 + 5%a) + 245%sin(3*b*x"2 + 3%
a) + 1225%sin(b*x"2 + a))/b

Fricas [A]
time = 0.38, size = 51, normalized size = 0.76
(5 cos (b2 4 a)® + 6 cos bz + a)* + 8 cos (bz? + a)’ + 16) sin (bz? + a)
70b
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~7,x, algorithm="fricas")
[Out] 1/70%(5*cos(b*x"2 + a)~6 + 6*cos(b*x"2 + a)~4 + 8xcos(b*x"2 + a)~2 + 16)*si
n(b*x~2 + a)/b

Sympy [A]
time = 0.90, size = 94, normalized size = 1.40

8sin” 3(5al;i-bw2) + 4sin® (a—f-bw?bcos2 (a+bw2) + sin3 (a+bw2)bcos4 (a+bw2) + sin (a+bw2) ch:)se (a+bw2) for b 75 0

@ cos” (a) otherwise

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x**2+a)**7,x)

[Out] Piecewise((8*sin(a + b*x**2)**x7/(35%b) + 4xsin(a + bxx**2)**x5xcos(a + b*xkx*
2)*xx2/(5%b) + sin(a + b*x**2)**3%cos(a + bxx**2)**x4/b + sin(a + b*x**2)*cos

(a + b*x*x2)*x*x6/(2%b), Ne(b, 0)), (x**2*cos(a)**7/2, True))

Giac [A]
time = 0.43, size = 52, normalized size = 0.78

_ 5sin (bz® + a)" — 21 sin (b2 + a)’ + 35 sin (b2 + ) — 35 sin (bz? + a)
70b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(b*x~2+a)~7,x, algorithm="giac")

[Out] -1/70%(5*sin(b*x"2 + a)~7 - 21*sin(b*x"2 + a)~5 + 35*sin(b*x"2 + a)~3 - 35x%
sin(b*x"2 + a))/b

Mupad [B]

time = 0.75, size = 55, normalized size = 0.82

245 sin (3bx? + 3a) +49 sin (5bx* + 5a) + 5 sin (7Tbz? + Ta) + 1225 sin (bz? + a)
44805

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x~2)"7,x)
[Out] (245*sin(3*a + 3*b*x~2) + 49%sin(5*%a + 5*%b*xx~2) + 5*sin(7*a + 7*b*x~2) + 12
25xsin(a + b*xx"2))/(4480%*b)
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3.23 [ 252 cos (a + bx?) dx

Optimal. Leaf size=111

3ie"z3/2Gamma (2, —ibz?)  3ie~“z*?Gamma(3,ibz?)  1%/2sin (a + ba?)

+
16b (—ibz2)*/* 16b (ibz2)*/* 2b

[Out] -3/16%Ixexp(I*a)*x~(3/2)*GAMMA(3/4,-I*b*xx~2)/b/(-I*b*x~2)~(3/4)+3/16%I*x"(3
/2)*GAMMA (3/4,Ixb*x"2) /b/exp(I*a)/(I*b*x~2)~ (3/4)+1/2*x~ (3/2) *sin(b*x~2+a)/
b

Rubi [A]
time = 0.06, antiderivative size = 111, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.214,

steps used = 4, number of rules used = 3, integrand size = 14
Rules used = {3467, 3470, 2250}
iez3/?Gamma(2, —ibz?)  3ie~“z%?Gamma(2,ib2?)  z%/2sin (a + bz?)

+
16b (—ibz2)*/* 16b (ibz2)*/* 2b

Antiderivative was successfully verified.
[In] Int[x~(5/2)*Cos[a + b*x~2],x]

[Out] (((-3*I)/16)*E~(I*a)*x"~(3/2)*Gamma[3/4, (-I)*b*xx~2])/(b*((-I)*b*x~2)~(3/4))
+ (((3%I)/16)*x~(3/2)*Gamma [3/4, Ixb*x~2])/(b*E~(Ix*a)*(I*b*x~2)~(3/4)) + (
x~(3/2)*Sin[a + b*x~2])/(2%b)

Rule 2250

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl
F1)~((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Logl[Fl]l, x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]l*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- 1)*x(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e™n*((m - n + 1)/
(d*n)), Int[(e*x)~(m - n)*Sin[c + d*x™n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3470

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx) "m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(exx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, 0]
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Rubi steps

32sin(a+bz?) 3 [ v/z sin(a+ bz?) dzx

/m5/2 cos (a + bz?) dz =

2b 4b
_ 2¥%sin(a+ba?)  (3i) [em ' /3 dx N (31) [ et \/x da
B 2b 8b 8b
3ie"x/?T (3, —ibz?)  3ie~z®['(3,iba?)  £%/sin (a + ba?)
- g T L on3/4 b
16b (—ibz?) 160 (ibx?) 2

Mathematica [A]
time = 0.13, size = 113, normalized size = 1.02

ba'1/? (3(z‘bav2)3/4 Gamma (2, —ibz?) (—i cos(a) + sin(a)) + 3(—ibz?)*/* Gamma (2, ibz?) (i cos(a) + sin(a)) + 8(6%24)* *sin (a + bxz))
16 (b2a4)"/*

Antiderivative was successfully verified.

[In] Integrate[x~(5/2)*Cos[a + b*x~2],x]

[Out] (b*x~(11/2)* (3% (I*b*x~2) " (3/4)*Gamma [3/4, (-I)*b*xx~2]*((-I)*Cos[a] + Sin[a]
) + 3x%((-I)*b*x"2) " (3/4)*Gamma [3/4, I*b*x~2]*(I*Cos[a] + Sin[a]) + 8*(b~2#*x
~4)~(3/4)*Sin[a + b*x~2]))/(16%x(b"2*xx~4)~(7/4))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.07, size = 229, normalized size = 2.06

method | result

2% cos(a) \/7? 2w%2% (bz)% sin(ba:z) +3w% (b2> %Qi sin(b w2) Lomm;lSl(%,%,b w2) +3w% (bQ)%Zi (cos(b w2)z2b—sin(b w22> Lommel;
(VA 144/ T (b22)4 8/ T (ba2)4

2(b2) %

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(b*x~2+a),x,method=_RETURNVERBOSE)

[Out] 1/2*%27(3/4)/(b~2)~(7/8)*cos(a)*Pi~(1/2)*(2/7/Pi~(1/2)*x~(3/2)*2~(1/4)*(b"2)
~(7/8) /b*sin(b*x~2)+3/14/Pi~ (1/2)*x~(7/2) *(b~2) ~(7/8)*2~(1/4) / (b*x~2)~(5/4)
*sin(b*x~2)*LommelS1(5/4,3/2,b*x~2)+3/8/Pi~(1/2)*x~(7/2)*(b~2)~(7/8)*2~(1/4
)/ (b*xx~2)~(9/4) *(cos (b*x~2) *x~2*b-sin (b*x~2) ) *Lomme1S1(1/4,1/2,b*x"2) ) -1/2%
27(3/4) /b~ (7/4)*sin(a) *Pi~ (1/2)*(-1/8/Pi~(1/2) *x~(7/2) *b~ (7/4) %2~ (1/4) / (b*x
~2)~(5/4) *sin(b*x~2) *LommelS1(1/4,3/2,b*x~2)-1/2/Pi~(1/2)*x~ (7/2) b~ (7/4) *2
~(1/4)/ (b*x~2) " (9/4) * (cos (b*x~2) *x~2*b-sin (b*x~2) ) xLommelS1(5/4,1/2,b*x"2))
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Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 153 vs. 2(73) = 146.
time = 0.12, size = 153, normalized size = 1.38

1652 sin (ba? + a) + 3 (ba?)* ((v VZ +2 (D(2,iba?) + T (2, —iba?)) + \/~v2 +2 (iT(3,iba?) 71‘1"(%,711712))) cos (a) + (V/f\/zﬁ +2 (D(%,iba?) + (2, —iba?)) + V2 +2 (=iD(2,iba?) +i[‘(%,—ib12)))sin(a))
3202/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/32%(16%b*x~2*sin(b*x~2 + a) + 3*(b*x"2)~(1/4)*((sqrt(sqrt(2) + 2)*(gamma (
3/4, I*bxx~2) + gamma(3/4, -I*b*x"2)) + sqrt(-sqrt(2) + 2)*(I*gamma(3/4, Ix
b*x72) - I*gamma(3/4, -I*bxx~2)))*cos(a) + (sqrt(-sqrt(2) + 2)*(gamma(3/4,
Ixb*x~2) + gamma(3/4, -I*b*x"2)) + sqrt(sqrt(2) + 2)*(-I*gamma(3/4, I*b*x~2

) + Ixgamma(3/4, -I*bxx~2)))*sin(a)))/(b~2*sqrt(x))

Fricas [A]

time = 0.12, size = 58, normalized size = 0.52

85z sin (bz? + @) + 3 (ib) 1 eIOT(8,iba?) + 3 (—ib)1 eCOT (2, —i ba?)
1652

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/16%(8xb*x~(3/2)*sin(b*x"2 + a) + 3*(Ixb)~(1/4)*e” (-Ixa)*gamma(3/4, I*b*x~
2) + 3*%(-Ixb)~(1/4)*e” (I*a)*gamma(3/4, -I*b*x"2))/b~2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/mg cos (a + be) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(5/2)*cos (bxx**2+a),x)
[Out] Integral(x**(5/2)*cos(a + b*x**2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a),x, algorithm="giac")



[Out] integrate(x~(5/2)*cos(b*x”"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x5/2 cos (bz® +a) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(a + b*x~2),x)
[Out] int(x~(5/2)*cos(a + b*x"2), x)

135
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3.24 [ 232 cos (a + bx?) dx

Optimal. Leaf size=111

ie"\/z' Gamma(;, —iba?) N ie~"/z’ Gamma/(1, ibz?) N VT sin (a + bx?)
16bv/—ibz? 166V bz 2b

[Out] -1/16%Ixexp(I*a)*GAMMA(1/4,-I*b*x"2)*x~(1/2)/b/(-I*b*x~2)~(1/4)+1/16*%I*GAMM
A(1/4,I*b*x~2)*x~(1/2) /b/exp(I*a)/(I¥bxx~2)~(1/4)+1/2*sin(b*x~2+a)*x~(1/2)/

b

Rubi [A]

time = 0.05, antiderivative size = 111, normalized size of antiderivative = 1.00, number of

number of rules _ ;914
’ integrand size ’

steps used = 4, number of rules used = 3, integrand size = 14
Rules used = {3467, 3470, 2250}
ie"*+/z Gamma(}, —ibz?) N ie~"/z’ Gamma/(}, ibz?) N vz’ sin (a + bz?)
16bv/ —ibx2 16bV/ibx? 2b

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x~2],x]

[Out] ((-1/16*I)*E~(I*a)*Sqrt[x]*Gamma[1/4, (-I)*bxx~2])/(b*x((-I)*b*x"2)~(1/4)) +
((I/16)*Sqrt [x] *Gamma [1/4, I*b*x~2])/(b*E~(I*a)*(I*b*x~2)"(1/4)) + (Sqrt[x
1*Sin[a + b*x~2])/(2*Db)

Rule 2250

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*xx)~(m + 1)/(f*n*((-b)*(c + d*x) n*Logl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Logl[Fl]l, x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3467

Int[Cos[(c_.) + (@_)*(x_)" (@ )]*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- 1)*(e*x)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3470

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int [(e*xx) "m*E~((-c)*I - dxI*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*I +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]
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Rubi steps

. 9 fwdw
/m3/2cos(a+bm2) dx=ﬁsm(a+bx)_ VT

2b 4b
. [ g—ia—iba? . [ giatibz?
_ V/z sin(a+ bz?) iJ VT de i) vl i
= 2% 8b + 8b
ie*/z T (1, —ibz?) N ie~@/z'T'(3,ibz?) N Vz' sin (a + bz?)
16b+/—ibz? 16bv/ibz? 2b

Mathematica [A]
time = 0.11, size = 111, normalized size = 1.00

bz?/? (\/4 ibz? Gamma (1, —ibz?) (—icos(a) + sin(a)) + v—ibz? Gamma(},ibz?) (i cos(a) + sin(a)) + 8Vb%z* sin (a + bx2))
16 (b2z4)™/*

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)*Cos[a + b*x~2],x]

[Out] (b*x~(9/2)*((I*b*x~2)~(1/4)*Gamma[1/4, (-I)*b*xx~2]*((-I)*Cos[a] + Sin[a]) +
((-I)*b*xx"2)"(1/4) *Gamma [1/4, I*b*x~2]*(I*Cos[a] + Sin[a]) + 8x(b~2*xx~4)"(
1/4)*Sin[a + b*x"2]))/(16%(b"2*xx~4)~(5/4))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.06, size = 290, normalized size = 2.61

method | result

%,bx

2)_

3 5 3 5 9 5 3
2% cos(a)\/F (2 r 24 (b2) 8 sin(b xz) +2 I 24 (b2) 8 (cos(sz):va—sin(bwz)) +a:2 (b2) 821 bsin(b xz) LommelSl(%,
5

5/ b NS 10\/7T(bz2)271

meijerg 2078

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(b*x~2+a),x,method=_RETURNVERBOSE)

[Out] 1/2*27(1/4)/(b~2)~(5/8)*cos(a)*Pi~(1/2)*(2/5/Pi~(1/2)*x~(1/2)*2~(3/4)*(b"2)
~(5/8) /b*sin(b*x~2)+2/5/Pi~(1/2)*x~(1/2)*2~(3/4)*(b~2) ~(5/8) /b* (cos (b*x~2) *
X"2%b-sin(b*x~2))+1/10/Pi~(1/2)*x~(9/2) *(b~2)~(5/8)*2~(3/4) *b/ (b*xx~2) ~(7/4)
*xsin(b*x~2)*LommelS1(3/4,3/2,b*x~2)-2/5/Pi~(1/2)*x~(9/2)*(b~2)~(5/8)*2~(3/4
)Y*b/ (bxx~2) " (11/4) *(cos (b*xx~2) *x~2*b-sin(b*x~2) ) *LommelS1(7/4,1/2,b*x"2)) -1
/2%27(1/4) /b~ (5/4)*sin(a) *Pi~ (1/2)*(2/9/Pi~(1/2)*x~(5/2)*2~ (3/4) *b~ (5/4) *si
n(b*x~2)-2/9/Pi~(1/2)*x~(9/2)*b~(9/4) %2~ (3/4) / (b*x~2) ~(7/4) *sin (b*x~2) *Lomm
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elS1(7/4,3/2,bxx~2)-1/2/Pi~(1/2) *x~(9/2)*b~(9/4)*2~(3/4) / (b*x~2) ~(11/4) *(co
s (b*x~2) *x~2%b-sin(b*x~2) ) *LommelS1(3/4,1/2,b*x"2))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 158 vs. 2(73) = 146.
time = 0.12, size = 158, normalized size = 1.42

16 (b%)} V& sin (ba? +0) + ((V—ﬁ +2 (P(Libe?) 4+ (L, —iba?) + VE +2 (iT(L,iba?) ir(g,_ibz?))) cos () + (\/ﬁ 42 (DL, iba?) + T(3, —iba?)) + \/—VZ +2 (~iT(L,ib?) +iF(},—ime))> sin(a)>ﬁ

32 (ba?)i b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] 1/32%(16*(b*x~2)~(1/4)*sqrt(x)*sin(b*x~2 + a) + ((sqrt(-sqrt(2) + 2)*(gamma
(1/4, Ixb*x"2) + gamma(1/4, -I*b*x~2)) + sqrt(sqrt(2) + 2)*(Ixgamma(l/4, Ix*
b*x~2) - I*gamma(1/4, -I*b*x~2)))*cos(a) + (sqrt(sqrt(2) + 2)*(gamma(1/4, I
*b*xx~2) + gamma(1/4, -I*b*x~2)) + sqrt(-sqrt(2) + 2)*(-Ixgamma(l/4, I*b*xx~2

) + Ikgamma(1/4, -Ixbxx~2)))*sin(a))*sqrt(x))/((b*x~2)~(1/4)*b)

Fricas [A]

time = 0.11, size = 56, normalized size = 0.50

(i b)% e~ (1,ibx?) + (—1 b)% el (1, —iba?) 4 8b/z sin (bz? + a)
16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="fricas")

[Out] 1/16%((I*b)~(3/4)*e”(-I*a)*gamma(1/4, I*b*x~2) + (-I*b)~(3/4)*e~(I*a)*gamma
(1/4, -Ixb*x~2) + 8*bxsqrt(x)*sin(b*x~2 + a))/b~2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/mg cos (a + ba?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(b*x**2+a),x)
[Out] Integral(x**(3/2)*cos(a + bxx**2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x~(3/2)*cos(b*x~2+a),x, algorithm="giac")

[Out] integrate(x~(3/2)*cos(b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x3/2 cos (bz® +a) dz
Verification of antiderivative is not currently implemented for this CAS

[In] int(x~(3/2)*cos(a + b*x"2),x)
[Out] int(x~(3/2)*cos(a + b*x"2), x)
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3.25 [ V/x cos(a+bx?) dz

Optimal. Leaf size=81

e"*z¥2Gamma (2, —ibz?) e *z*?Gamma/(3, ibz?)

4 (—ibx?)** 4 (ibz?)*/*

[Out] -1/4%exp(I*a)*x~(3/2)*GAMMA(3/4,-I*b*x~2)/(-I*b*x~2)~(3/4)-1/4*x"~(3/2)*GAMM
A(3/4,I%bxx"2)/exp(I*a)/(Ixb*x~2)~(3/4)

Rubi [A]

time = 0.04, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _ 143
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 14,
Rules used = {3471, 2250}

e3/2Gamma (2, —ibx? e~er3/2Gamma(2, ibx?
1 1

4 (—ibg?)%/ 4 (ibz2)>/*

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~2],x]

[Out] -1/4%(E-(I*a)*x~(3/2)*Gammal[3/4, (-I)*b*x~2])/((-I)*b*xx~2)~(3/4) - (x~(3/2)
*Gamma [3/4, Ixb*xx~2])/(4*E~(I*a)*(I*xb*x"2)"(3/4))

Rule 2250

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_D)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Logl[F]], x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3471

Int[Cos[(c_.) + (d_.)*(x_)"(n )]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(e*x) " m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*I +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps

1 2 g
/ V' cos (a+ ba?) dz = 5 / e~ Jx d:c—i—% / et /' dx

B eaz®?T (3, —ibz?) B e~ az®/2T (3, ibz?)

4 (—iba2)*/ 4 (ibx2)**
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Mathematica [A]
time = 0.06, size = 89, normalized size = 1.10

z3/2 ((—ibx2)3/4 Gamma,(2,bz?) (cos(a) — isin(a)) + (ibz?)*/* Gamma,(2, —ibz?) (cos(a) + sin(a)))
4 (b2at)*/*

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~2],x]

[Out] -1/4%(x~(3/2)*(((-I)*b*x~2)~(3/4)*Gamma[3/4, I*b*xx~2]*(Cos[a] - I*Sin[a]) +
(Ixb*x~2)~(3/4)*Gamma [3/4, (-I)*b*x~2]*(Cos[a] + I*Sin[a])))/(b~2%x~4)~(3/

4)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.05, size = 290, normalized size = 3.58

method | result

3 1 3

3 424 (b2 gsm bw2) 421(b2)§(
24 1/

cos(®) ( 34/ T \/ST,‘b 3

cos (b i B
\/7? \/Eb 3\/— b2

402)8

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(b*x~2+a),x,method=_RETURNVERBOSE)

[Out] 1/4%2~(3/4)/(b~2)~(3/8)*cos(a)*Pi~(1/2)*(4/3/Pi~(1/2)/x~(1/2)*2~(1/4)*(b"2)
~(3/8) /b*sin(b*x~2)+4/3/Pi~(1/2) /x~ (1/2)*2~(1/4) *(b~2) " (3/8) /b* (cos (b*x~2) *

X" 2xb-sin(b*x~2))-1/3/Pi~(1/2)*x~(7/2)*(b~2) ~(3/8)*2~(1/4) *b/ (b*x~2) ~ (5/4) *
sin(b*x~2)*LommelS1(1/4,3/2,b*xx"2)-4/3/Pi~ (1/2)*x~(7/2)*(b~2)~(3/8)*2~(1/4)

*b/ (b*x~2) ~(9/4) *(cos (b*x~2) *x~2*b-sin (b*x~2) ) *LommelS1(5/4,1/2,b*x"2))-1/4
*2~(3/4) /b~ (3/4)*sin(a)*Pi~(1/2)*(4/7/Pi~(1/2)*x~(3/2) %2~ (1/4)*b~ (3/4) *sin(
b*x~2)-4/7/Pi~(1/2)*x~(7/2)*b~(7/4)*2~(1/4) / (b*xx~2) " (5/4) *sin (b*x~2) *Lommel
S1(5/4,3/2,bxx~2)-1/Pi~(1/2)*x~(7/2)*b~ (7/4)*2~ (1/4) / (b*x~2) = (9/4) * (cos (b*x
~2)*x~2*b-sin(b*x~2) ) *LommelS1(1/4,1/2,b*x"2))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 138 vs. 2(51) = 102.
time = 0.13, size = 138, normalized size = 1.70

(bzz)%<<\/fﬁ+2 (D(3,iba?) +T(3,—iba?)) — \/ V2 +2 (iD(3,iba?) —iT(3, —iba? )))cos(a)f <\/ﬁ+2 (P(2,iba?) +T(2,—iba?)) + \/—v2 +2 (iT(2,iba®) —iD (3, —iba? )))siu(a))

8byz'

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="maxima")

[Out] -1/8%(b*x~2)~(1/4)*((sqrt(-sqrt(2) + 2)*(gamma(3/4, I*b*x~2) + gamma(3/4, -
I*¥b*x~2)) - sqrt(sqrt(2) + 2)*(I*gamma(3/4, I*b*x"2) - I*gamma(3/4, -Ixb*x~
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2)))*cos(a) - (sqrt(sqrt(2) + 2)*(gamma(3/4, I*b*x"2) + gamma(3/4, -Ixb*x~2
)) + sqrt(-sqrt(2) + 2)*(Ixgamma(3/4, I*b*x~2) - I*gamma(3/4, -I*b*x"2)))x*s
in(a))/(bxsqrt(x))

Fricas [A]
time = 0.10, size = 44, normalized size = 0.54

i (ib) e=1OT (3,4 ba?) — i (—ib)T €GO (2, —ibs?)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="fricas")
[Out] 1/4*%(I*(I*b)~(1/4)*e”(-I*a)*gamma(3/4, I*bxx~2) - I*(-I*b)~(1/4)*e~(I*a)*ga
mma (3/4, -I*b*x"2))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vz' cos (a + bz?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(b*x**2+a),x)
[Out] Integral(sqrt(x)*cos(a + bxx**2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a),x, algorithm="giac")
[Out] integrate(sqrt(x)*cos(b*x"2 + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/E cos (bx2+a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x"2),x)
[Out] int(x~(1/2)*cos(a + b*x"2), x)
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3.26 f cos a+bx dSU

Optimal. Leaf size=81
e"*/z Gamma(, —ibz?) e *\/z'Gamma(3,ibz?)

4/ —ibx? 4vibz2

[Out] -1/4%exp(I*a)*GAMMA(1/4,-I*b*x~2)*x~(1/2)/(-I*b*xx~2)~(1/4)-1/4*GAMMA(1/4,I*
bxx~2)*x~(1/2) /exp(I*a)/(I*b*x~2)~(1/4)

Rubi [A]

time = 0.04, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules — 0.143,
integrand size

steps used = 3, number of rules used = 2, integrand size = 14,
Rules used = {3471, 2250}

_em\/a? Gamma, (3, —ibz?) e **y/z’Gammal(3, ibz?)

4/~ iba? - 4¥/iba?
Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]/Sqrt[x],x]

[Out] -1/4%(E~(I*a)*Sqrt[x]*Gammal[1/4, (-I)*bxx~2])/((-I)*b*x~2)~(1/4) - (Sqrt[x]
*Gamma [1/4, Ixb*x~2])/(4+E~(Ix*a)*(I*b*x~2)~(1/4))

Rule 2250

Int[(F_)~"((a_.) + (b_)*((c_.) + (d_.)*(x_))"(m ))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(£f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[Fl], x] /; FreeQ[{F
,a, b, c,d, e, f, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3471

Int[Cos[(c_.) + (d_.)*(x_)"(n )]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx) "m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*I +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps

dz = dw+

Vo ) e
_ mfI‘(— —sz) e~"\/z'T(3,ibz?)
4v/—ibz? 4V/ibx?

/ CoS (a + b;];2) 1 e—ia— —ibx? 1 eza—l—sz
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Mathematica [A]
time = 0.05, size = 89, normalized size = 1.10

VT (\/4 —ibz? Gamma(3,ibz?) (cos(a) — isin(a)) + Vibz? Gamma,(}, —ibz?) (cos(a) + isin(a)))
4V b2t

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/Sqrt[x],x]

[Out] -1/4%(Sqrt[x]*(((-I)*b*x~2)~(1/4)*Gamma[1/4, Ixbxx~2]*(Cos[a] - I*Sin[a]) +
(I*b*x~2)~(1/4)*Gamma[1/4, (-I)*bxx~2]*(Cos[a]l + I*Sin[a])))/(b~2*x~4)~(1/

4)

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.06, size = 338, normalized size = 4.17

method | result

1 62% (b2)%<8‘xf4'bf2+%> sin(bz2) 42%(b2)%(cos(bz2)12b—sin(b1;2)) 161%(172)%1722% sin(bzz) LommelSl(%,%,bzz)
cos(a)y/ T 24 3 3 - [ 7
\/71' x2b AT z2»b 91/ T (sz)Z

4(b2)8

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*cos(a)*Pi~(1/2)*2~(1/4)/(©~2)~(1/8)*(6/Pi~(1/2)/x~(3/2)*2~(3/4)*(b~2)~(
1/8)*(8/27*x~4xb~2+2/3) /b*sin(b*x~2)+4/Pi~ (1/2) /x~(3/2)*2~(3/4)*(b~2)~(1/8)
/bx(cos (b*x~2) *x~2xb-sin(b*x~2))-16/9/Pi~(1/2)*x~(9/2)*(b~2)~(1/8) *b~2%2" (3

/4) / (b*x~2)~(7/4)*sin (b*x~2) *Lommel1S1(7/4,3/2,b*x~2)-4/Pi~(1/2) *x~ (9/2) * (b~
2)~(1/8)*b~2%2~(3/4) / (b*x~2) ~(11/4) * (cos (b*x~2) *x~2*b-sin (b*x~2) ) *Lomme1S1 (
3/4,1/2,bxx"2))-1/4*sin(a)*Pi~(1/2)*2~(1/4) /b~ (1/4)*(4/5/Pi~(1/2) *x~ (1/2) %2
~(3/4)*b~ (1/4) *sin(b*x~2)-16/5/Pi~(1/2) *x~ (1/2) *2~(3/4) *b~ (1/4) * (cos (b*x~2)
*x"2%b-sin(b*x~2))-4/5/Pi~(1/2)*x~(9/2) *b~(9/4)*2~ (3/4) / (b*x~2) " (7/4) *sin(b
*x~2)*LommelS1(3/4,3/2,b*x~2)+16/5/Pi~ (1/2) *x~(9/2)*b~(9/4) *2~(3/4) / (b*x~2)
~(11/4) *(cos (b*x~2) *x~2*b-sin (b*x~2) ) *Lomme1S1(7/4,1/2,b*x"2))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 135 vs. 2(51) = 102.
time = 0.11, size = 135, normalized size = 1.67

(( VZ 12 (D(biba?) + T, —iba?)) — /v +2 (iD(L,iba?) —iI‘(i,—ibx’))> cos (a) - ( VZ +2 (D(L,iba?) + (L, —iba?)) + [V +2 (iD(L,iba?) —iF(i,—iba;z))> sin(a))ﬂ

8 (ba2)}

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"~(1/2),x, algorithm="maxima")
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[Out] -1/8*((sqrt(sqrt(2) + 2)*(gamma(1/4, I*b*x~2) + gamma(1l/4, -Ixb*x"2)) - sqr
t(-sqrt(2) + 2)*(Ixgamma(1/4, I*b*x~2) - Ixgamma(l/4, -I*b*x~2)))*cos(a) -
(sqrt(-sqrt(2) + 2)*(gamma(1/4, I*b*x"2) + gamma(1/4, -Ixbxx~2)) + sqrt(sqr

t(2) + 2)*(I*gamma(1/4, Ixb*x~2) - I*gamma(1/4, -I*b*xx~2)))*sin(a))*sqrt(x)

/ (b*xx~2)~(1/4)

Fricas [A]

time = 0.11, size = 44, normalized size = 0.54

i (ib)1 =197 (L, iba?) — i (—ib)T eWOT(L, —ibs?)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(1/2),x, algorithm="fricas")

[Out] 1/4*(I*(I*b)~(3/4)*e~(-Ixa)*gamma(1/4, Ixbxx~2) - I*(-I*b)~(3/4)*e”(I*a)*ga
mma(1/4, -Ixbxx~2))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (f/; bz?) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**(1/2),x%)
[Out] Integral(cos(a + b*x**2)/sqrt(x), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(1/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)/sqrt(x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (lz/w;—l— a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x~(1/2),x)
[Out] int(cos(a + b*x~2)/x~(1/2), x)
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3.97 f cos(a+bz?) da

2372

Optimal. Leaf size=98

4
+
V&3 (—ibz2)*/* (ibz?)*/*

2cos (a4 bz?)  ibes*?Gamma(3, —ibz?) ibe *z%2Gamma(2,ibz?)

[Out] -Ixb*exp(I*a)*x~(3/2)*GAMMA(3/4,-I*b*x"2)/(-I*b*x~2)~(3/4)+I*b*x"~(3/2)*GAMM
A(3/4,I%b*x"2) /exp(I*a)/(I¥bxx~2) " (3/4)-2*cos(b*x~2+a)/x~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 98, normalized size of antiderivative = 1.00, number of

: number of rules _ 91 4,
integrand size

steps used = 4, number of rules used = 3, integrand size = 14
Rules used = {3469, 3470, 2250}
ie"br®*Gamma (3, —ibz?) e ?br’/?Gamma(2,ibz?)  2cos(a + bx?)

+
(—ibz2)** (iba2)*/* Jz

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]/x~(3/2),x]

[Out] (-2*Cos[a + b*x~2])/Sqrt[x] - (IxbxE~(I*a)*x~(3/2)*Gammal[3/4, (-I)*b*xx~2])/
((-I)*b*x~2)~(3/4) + (I*b*x~(3/2)*Gammal[3/4, I*b*x~2])/(E~(I*a)*(I*b*x~2)"(
3/4))

Rule 2250

Int[(F_)~"((a_.) + (b_)*((c_.) + (d_.)*(x_))"(m))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(£f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Logl[Fl], x] /; FreeQ[{F
,a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3469

Int[Cos[(c_.) + (d_.)*(x_)"(m_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[(e*x)
“(m + 1)*(Cos[c + d*x"n]/(ex(m + 1))), x] + Dist[d*(n/(e"nx(m + 1))), Int[(
exx)~(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &%
LtQ[m, -1]

Rule 3470

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(e*xx) "m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(exx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, 0]
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Rubi steps

/de=_w_(4b)/\/§sin(a+bw2) dz

3/2 NG
2
_ _2cos(a+0br’) (a+ba%) _ (2ib) / e~ /1 dx + (2ib) / elative® [ d
VT
_ 2cos(a+bz?) ibe" /T (%, —iba?) N ibe= /2T (3, iba?)
VI (—ibx2)** (ibz2)3/*

Mathematica [A]
time = 0.12, size = 114, normalized size = 1.16

—2(0%2%)** cos (a + ba?) + ba?(iba2)** Gamma. (2, —ibz?) (—i cos(a) + sin(a)) + i(—ibz?)"/* Gamma,(3, ibz?) (¢ cos(a) + sin(a))

vz (b2a)**

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/x"(3/2),x]

[Out] (-2x(b~2*xx~4)~(3/4)*Cos[a + b*x~2] + bxx~2*(I*b*x"2) " (3/4)*Gamma [3/4, (-I)=*
bxx~2]*((-I)*Cos[a] + Sin[al) + I*((-I)*b*xx"2)"(7/4)*Gamma[3/4, Ixbxx~2]*(I
*Cos[al + Sin[al))/(Sqrt[x]*(b"2*x~4)~(3/4))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.05, size = 338, normalized size = 3.45

method | result

i (b‘”2) 82%( (cos(bmz)mzb—sin(bz2)) 321%1722711 sin(b :1:2) LommelSl(%,%,b m2) Sm%b:
- 5
4

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/8*cos(a)*Pi~(1/2)*27(3/4)*(b~2)~(1/8)*(-12/Pi~(1/2)/x~(5/2)*2~(1/4)/(b"2)
~(1/8)*(8/21%x~4%b~2+2/3) /b*sin(b*x~2)-8/Pi~ (1/2) /x~(5/2)*27(1/4) / (b=2)~(1/
8) /bx (cos (b*x~2) *x~2xb-sin(b*x~2))+32/7/Pi~ (1/2)*x~(7/2)/(b~2)~(1/8) ¥b~2%2"
(1/4)/ (b*x~2)~(5/4) *sin(b*x~2) *LommelS1(5/4,3/2,b*xx~2)+8/Pi~ (1/2)*x~(7/2) /(
b~2)~(1/8)*b~2%2~(1/4) / (b*x~2) ~(9/4) * (cos (b*x~2) *x~2*b-sin (b*x~2) ) *Lomme1lS1
(1/4,1/2,0%x72))-1/8*sin(a)*Pi~ (1/2)*2~(3/4)*b~(1/4)*(8/3/Pi~(1/2) /x~(1/2)*
27(1/4) /b~ (1/4) *sin(b*x~2)+32/3/Pi~(1/2) /x~ (1/2)*27(1/4) /b~ (1/4) * (cos (b*x~2
)*x~2%b-sin(b*x72))-8/3/Pi~ (1/2)*x~ (7/2)*b~ (7/4)*27 (1/4) / (b*xx~2) " (5/4) *sin(
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b*xx~2)*LommelS1(1/4,3/2,b*x~2)-32/3/Pi~(1/2)*x~(7/2)*b~ (7/4)*2~(1/4) / (b*x"2
)~(9/4)*(cos (b*x~2) *x~2*b-sin(b*x~2) ) *Lomme1S1(5/4,1/2,b*xx"2))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 133 vs. 2(66) = 132.
time = 0.12, size = 133, normalized size = 1.36

+V/VE 2 T (-, iba?) - iI‘(—%,—zbz?))) cos (a) + (V/,\/; +2 (D=1, iba?) + T(=1, —iba?)) + \/VZ +2 (—iT(~1,iba?) +iT (-1, —ibzﬂ)) sin (a))
8V

(ba?)* ((V/ﬁ +2 (D(=L,iba?) + (=1, —iba?))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x"(3/2),x, algorithm="maxima")

[Out] -1/8%(b*x~2)~(1/4)*((sqrt(sqrt(2) + 2)*(gamma(-1/4, I*b*x~2) + gamma(-1/4,
-I*b*x~2)) + sqrt(-sqrt(2) + 2)*(I*gamma(-1/4, I*b*x~2) - I*gamma(-1/4, -Ix
b*x~2)))*cos(a) + (sqrt(-sqrt(2) + 2)*(gamma(-1/4, I*b*x"2) + gamma(-1/4, -
I*¥b*x~2)) + sqrt(sqrt(2) + 2)*(-I*gamma(-1/4, I*b*x~2) + Ixgamma(-1/4, -I*b
*x~2)))*sin(a))/sqrt(x)

Fricas [A]

time = 0.12, size = 56, normalized size = 0.57

ib)% 21T (3,1 b2?) + (—ib)3 2elIT (3, —ibz?) — 2 /7 cos (bz? + a)
1 4
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(3/2),x, algorithm="fricas")

[Out] ((I*b)~(1/4)*x*e”(-I*a)*gamma(3/4, I*b*x~2) + (-Ixb)~(1/4)*x*e” (I*a)*gamma (
3/4, -I*b*x~2) - 2xsqrt(x)*cos(b*x”2 + a))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bz?) i

3
€Tr2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**(3/2),%)
[Out] Integral(cos(a + bkx**2)/x**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(b*x~2+a)/x~(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)/x~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (bz? +a) i

13/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x~(3/2),x)
[Out] int(cos(a + b*x~2)/x~(3/2), x)
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2
3.28 [ esleth) gy

£5/2

Optimal. Leaf size=104

2cos (a +bx?)  ibe®y/z’ Gamma(}, —ibz?) N ibe~**\/z’ Gammal(, ibz?)
3z%/2 3V —iba? 3V/ibx?

[Out] -2/3*cos(b*x~2+a)/x~(3/2)-1/3*I*b*exp(I*a)*GAMMA(1/4,-I*b*x~2)*x~(1/2)/(-I*
b*x~2)~(1/4)+1/3*I*b*GAMMA (1/4,I*b*x"~2)*x~ (1/2) /exp(I*a)/(I*¥b*x~2)~(1/4)

Rubi [A]
time = 0.05, antiderivative size = 104, normalized size of antiderivative = 1.00, number of

number of rules _ 0.214,

steps used = 4, number of rules used = 3, integrand size = 14, = -
integrand size

Rules used = {3469, 3470, 2250}

ie"*by/z’ Gamma/(1, —ibz?) N ie~"by/z’ Gammal(3,ibz?)  2cos (a + bx?)
3v/ —ibx2 3V/ibx? 3%/

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]/x~(5/2),x]

[Out] (-2*Cos[a + b*x~2])/(3*x~(3/2)) - ((I/3)*b*E~(I*a)*Sqrt[x]*Gammal[1/4, (-I)*
b*x~2])/ ((-I)*b*x~2)~(1/4) + ((I/3)#*b*Sqrt[x]*Gammal[1/4, Ixbxx~2])/(E~(I*a)
*(I*xbxx~2)~(1/4))

Rule 2250

Int[(F_)~"((a_.) + (b_)*((c_.) + (A_.)*(x))"(@m ))*((e_.) + (f_.)*(x_))"(m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(£f*n*((-b)*(c + d*x) n*Logl[
F1)~((m + 1)/n)))*Gammal[(m + 1)/n, (-b)*(c + d*x) n*Logl[F]l], x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] & EqQ[d*e - cxf, 0]

Rule 3469

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[(e*x)
“(m + 1)*(Cos[c + d*x"nl/(ex(m + 1))), x] + Dist[d*x(n/(e"nx(m + 1))), Int[(
exx)“(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &%
LtQ[m, -1]

Rule 3470

Int[((e_.)*(x_))~(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(e*x) " m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(e*x) m*E~(c*I +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, O]

Rubi steps
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2 2 - 2
/cos(a+bx)d __2cos(a+ bz 1(4b)/sm(a+bx)dx

5/2 T = 3.’1)3/2 - g \/:?
2cos(a+bz?) 1. e—ia—iba? 1 giatibz’
== am 2 dz + - (2ib d
_ 2cos(a+bz?) ibe®/z (3, —ibz?) N ibe~\/z'T(§,iba?)
S 3 3V/—ibz® 3Vibe?

Mathematica [A]
time = 0.11, size = 117, normalized size = 1.12

—2V/b2z4 cos (a + bz?) + ba?Vibr? Gamma (1, —ibz?) (—icos(a) + sin(a)) + i(—ibz?)*/* Gamma,(,bz?) (i cos(a) + sin(a))
33/2/ 214

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]/x7(5/2),x]

[Out] (-2x(b~2*x"4)~(1/4)*Cos[a + b*x"2] + b*x~2x(I*b*x~2)"(1/4)*Gamma[1/4, (-I)*
bxx~2]*((-I)*Cos[a] + Sin[a]) + I*((-I)*b*xx"2)"(5/4)*Gammal[1/4, Ixbxx~2]*(I
*Cos[a] + Sin[al))/(3*x~(3/2)*(b~2*xx"4)"(1/4))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.05, size = 358, normalized size = 3.44

method | result

3 4,2 X 3 9 3
COS(G)\/F 2% (bQ)% (_424 (SJISL %&) s1 (b12> _821 (—16z4b2+5> (cos(b 12)z2b—sin(bz2)) +32z§21 b3 sin(sz) LommelSl(%,%,l

b 15y/T % (52) 55 15/ (12)8 (502) 1
8

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)/x~(5/2),x,method=_RETURNVERBOSE)

[Out] 1/8*cos(a)*Pi~(1/2)*2~(1/4)*(b"2)~(3/8)*(-4/Pi~(1/2)/x~(7/2)*2~(3/4)/(b~2)"
(3/8) *(8/15*%x~4%b~2+2/3) /b*sin(b*x~2)-8/15/Pi~(1/2) /x~(7/2)*2~(3/4) / (b~2) " (
3/8) /bx (-16*b~2%x"4+5) * (cos (b*x~2) *x~2*b-sin(b*x~2) ) +32/15/Pi~(1/2) *x~(9/2)
/(b~2)~(3/8)*%2~(3/4) b3/ (b*x~2) ~(7/4) *sin(b*x~2) *LommelS1(3/4,3/2,b*xx"2) -1
28/15/Pi~(1/2)*x~(9/2) /(b~2)~(3/8) *2~(3/4) *b~3/ (b*x~2) ~(11/4) * (cos (b*x~2) *x
~2%b-sin(b*x~2))*LommelS1(7/4,1/2,b*x"2))-1/8*sin(a)*Pi~(1/2)*2~(1/4)*b~(3/
4)*(12/Pi~(1/2)/x~(3/2)*2~(3/4) /b~ (3/4) *(32/81*x~4%b~2+2/3) *sin (b*x~2)+32/3
/Pi~(1/2)/x~(3/2)*27(3/4) /b~ (3/4) *(cos (b*x~2) *x~2*b-sin(b*x~2))-128/27/Pi~(
1/2)*x~(9/2)*b~(9/4) %2~ (3/4) / (b*x~2) ~(7/4) *sin (b*x~2) *Lomme1S1(7/4,3/2,b*x~
2)-32/3/Pi~(1/2)*x~(9/2)*b~(9/4) %2~ (3/4) / (b*x~2) " (11/4) * (cos (b*x~2) *x~2*b-s
in(b*x~2))*LommelS1(3/4,1/2,b*xx"2))
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Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 133 vs. 2(66) = 132.
time = 0.12, size = 133, normalized size = 1.28

(ba?)? ((V —V2 +2 (D(-%,iba?) + T(=2,—iba?)) + \/ V2 +2 (il(-4,ibs?) —iF(—%,—ibz?))) cos (a) + <v V2 +2 (D(=3,iba?) + D(=2,—iba?)) + \/ =v2 +2 (=iT(-3,iba?) +iF(—%,—ibzg))> siu(a)>
8t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(5/2),x, algorithm="maxima")

[Out] -1/8%(b*x~2)~(3/4)*((sqrt(-sqrt(2) + 2)*(gamma(-3/4, I*b*xx~2) + gamma(-3/4,
-I*b*x"2)) + sqrt(sqrt(2) + 2)*(I*gamma(-3/4, Ixb*x~2) - I*gamma(-3/4, -I*
bxx~2)))*cos(a) + (sqrt(sqrt(2) + 2)*(gamma(-3/4, I*b*x~2) + gamma(-3/4, -I
*b*x~2)) + sqrt(-sqrt(2) + 2)*(-Ixgamma(-3/4, Ixb*x~2) + I*gamma(-3/4, -I*b
*x~2)))*sin(a))/x~(3/2)

Fricas [A]

time = 0.12, size = 61, normalized size = 0.59

(ib)1 z2e= 9 (1,3b2%) + (—i b)i 22e(IT (1, —ibz?) — 2/z cos (ba? + a)
3z?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x”~(5/2),x, algorithm="fricas")

[Out] 1/3*((Ixb)~(3/4)*x"2xe”~(-I*a)*gamma(1/4, Ixbxx~2) + (-I*b)~(3/4)*x"2*e” (I*a
)*gamma (1/4, -I*b*x~2) - 2xsqrt(x)*cos(b*x”2 + a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
b 2
/ cos (aj: z?) i
x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)/x**(5/2),x)
[Out] Integral(cos(a + b*x**2)/x*x(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)/x~(5/2),x, algorithm="giac")



[Out] integrate(cos(b*x~2 + a)/x~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (bz? + a) I

15/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)/x~(5/2),x)
[Out] int(cos(a + b*x~2)/x~(5/2), x)
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3.29 [ 252 cos? (a + bz?) dx
Optimal. Leaf size=132

£7/?  3ie*z®?Gamma(3, —2ibz?)  3ie *°r3?Gamma(3,2ibr?)  1%/2sin (2(a + bx?))

+ +
7 64 23/4b (—ibz2)>/* 64 23/4b (ibz2)*/* 8b

[Out] 1/7*x~(7/2)-3/128*I*exp(2*I*a)*x"~(3/2)*GAMMA (3/4,-2%I*b*x"2)*2~(1/4)/b/(-I*
b*x~2) ~(3/4)+3/128%I*x~ (3/2) *GAMMA (3/4,2*I*b*x~2)*2~(1/4) /b/exp(2*I*a)/(I*b
*x~2) " (3/4)+1/8*x~(3/2) *sin(2*b*x~2+2%a) /b

Rubi [A]
time = 0.12, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.312,

steps used = 7, number of rules used = 5, integrand size = 16
Rules used = {3483, 3485, 3467, 3470, 2250}

3ieeg3/2Gammal(3, —2ibz?)  3ie~%*2¥2Gammal(3,2ibz?)  z%/?2sin (2(a + bz?)) N z7/?

+ +
64 23/4b (—ibz?)*/* 64 23/4b (ibx2)/* 8b 7

Antiderivative was successfully verified.
[In] Int[x~(5/2)*Cos[a + b*x~2]"2,x]

[Out] x~(7/2)/7 - (((3%I)/64)*E~((2%I)*a)*x"(3/2)*Gamma[3/4, (-2*xI)*b*xx~2])/(2°(3
/4)*xbx ((-I)*b*xx~2)~(3/4)) + (((3%I)/64)*x~(3/2)*Gamma[3/4, (2*I)x*b*x~2])/(2
~(3/4) #*b*E~ ((2%I) *a) * (I*b*xx~2)~(3/4)) + (x~(3/2)*Sin[2*(a + b*x~2)])/(8%b)

Rule 2250

Int[(F_)"((a_.) + (b_)*((c_.) + (d_.)*(x_))"(m ))*((e_.) + (f_.)*(x_))"(m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(£f*n*((-b)*(c + d*x) nxLogl[
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[F1]1, x] /; FreeQ[{F
, a, b, c,d, e, £, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]l*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- DD*(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(exx)~(m - n)*Sin[c + d*x~n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3470

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx) "m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(exx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, 0]
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Rule 3483

Int[((a_.) + Cosl[(c_.) + (@_.)*(x_)" (@ )I*x(m_.))"(p_.)*((e_)*(x_))"(m ), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x”~(k*(m + 1) - 1
)x(a + bxCos[c + d*x(x~(k*n)/e"n)]1)"p, x], x, (exx)~(1/k)], x1] /; FreeQ[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rule 3485

Int[((a_.) + Cosl[(c_.) + (a_.)*(x_)" (@ )I*x(m_.))"(p)*((e_.)*(x D))" (m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

/z5/2 cos’ (a + bz®) dz = 2Subst (/ 2% cos® (a + bz?) dz, =, \/:T:)

6
= 2Subst (/ (% + %x(j cos (2a + 2bx4)) dz, z, \/97>

7/2

= “-— + Subst (/ 2% cos (2a + 2ba!) dz, 2, */;)

z7/? N z%/%sin (2(a + bz?))  3Subst( [ z*sin (2a + 2bz*) dz,z, /")

7 8b 8b
22 132sin (2(a + ba?)) (3¢)Subst <f e 2ia=20b2% 42 o g, \/E> (3¢)Sut
A b - 16b *
g’/?  3ie**z’/’T (3, —2iba?) N 3ie~%ag3/2T (3, 2iba?)  z3/*sin (2(a + bz?))
7 64 23/4b (—ibz?)*/* 64 23/4b (ibz2)*/* 8b

Mathematica [A]
time = 0.27, size = 142, normalized size = 1.08

ba'1/? (21\75 (ibz?)** Gamma(3, —2iba?) (—icos(2a) + sin(2a)) + 21v/2 (—iba?)®/* Gamma (3, 2ibz?) (i cos(2a) + sin(2a)) + 16(b224)*/* (8ba2 + Tsin (2(a + bzz))))
896 (b2z4)"/*

Antiderivative was successfully verified.

[In] Integrate[x~(5/2)*Cos[a + b*x~2]"2,x]

[Out] (b*x~(11/2)*(21*%27(1/4)*(I*b*x~2)~(3/4)*Gamma [3/4, (-2*I)*bxx~2]*((-I)*Cos[
2%a] + Sin[2*a]) + 21%27(1/4)*((-I)*b*x~2)~(3/4)*Gamma[3/4, (2*I)x*b*x~2]*(I
*Cos[2*a] + Sin[2*a]) + 16%(b~2*x"4) " (3/4)*(8*b*x~2 + 7*Sin[2*(a + b*x"2)])
))/(896%(b~2xx"4)~(7/4))
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Maple [F]
time = 0.12, size = 0, normalized size = 0.00

/xg (cos® (bz®+a)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(b*x~2+a)~2,x)
[Out] int(x~(5/2)*cos(b*x~2+a)~2,x)

Maxima [A]
time = 0.12, size = 171, normalized size = 1.30

256 b2+ + 224 ba? sin (2ba? + 2a) + 21 - 24 (ba?)* ((V\/f? +2 (D(3,2ib2) +T(3, -2ibs?)) + \/~VZ +2 (iT(2,2iba?) 7«1"(7*.721,»12))) cos (2a) + (Vﬂ/i +2 (P(%,2iba%) +T(2,2iba?)) + \/ V2 +2 (=iD(2,2iba?) +iT(3, -2i W))) sin (zu))
179262 /7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/1792%(256%b~2*%x~4 + 224*b*x~2*sin(2*b*x~2 + 2%a) + 21*%27(1/4)*(bxx~2)~(1/
4)*((sqrt(sqrt(2) + 2)*(gamma(3/4, 2*I*b*xx~2) + gamma(3/4, -2*I*b*x~2)) + s
qrt(-sqrt(2) + 2)*(Ixgamma(3/4, 2*I*b*x"2) - I*gamma(3/4, -2*I*b*x"2)))*cos

(2xa) + (sqrt(-sqrt(2) + 2)*(gamma(3/4, 2*I*b*x~2) + gamma(3/4, -2xIxb*x~2)

) + sqrt(sqrt(2) + 2)*(-I*gamma(3/4, 2*I*b*x~2) + I*gamma(3/4, -2xI*b*x~2))
)*sin(2*a)))/ (b~ 2*xsqrt(x))

Fricas [A]

time = 0.13, size = 78, normalized size = 0.59

21 (2ib)i e (3,21 bz?) + 21 (—2i b)i e (3, —2ibz?) + 32 (422 + Tba cos (bz? + a) sin (bz? + a)) VT
896 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(5/2)*cos(b*x~2+a)”~2,x, algorithm="fricas")

[Out] 1/896%(21%(2xI*b)~(1/4)*e” (-2xI*a)*gamma(3/4, 2*Ixb*xx~2) + 21x(-2*I*b)~(1/4
) *e” (2+I%a)*gamma(3/4, -2*%I*b*x~2) + 32%(4*b~2*x"3 + T*b*x*cos(b*x"2 + a)*s
in(b*x~2 + a))*sqrt(x))/b"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/:cg cos® (a + bz®) dz

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x**(5/2)*cos (b*x**2+a)**2,x)

[Out] Integral(x**(5/2)*cos(a + bxx**2)*x2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~(5/2)*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] integrate(x~(5/2)*cos(b*x"2 + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/m5/2 cos (bx2 + a)zdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(5/2)*cos(a + b*x"2)"2,x)
[Out] int(x~(5/2)*cos(a + b*x"2)"2, x)
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3.30 [ 232 cos? (a + bz?) dx
Optimal. Leaf size=132

252 ie*\/r’ Gamma(}, —2ibz?) N ie~%/z' Gamma, (1, 2ibz?) N Vz sin (2(a + bz?))
5 64v/2 bv/—ibz? 642 b/ ibz2 8b

[Out] 1/5%x~(5/2)-1/128*I*exp(2*I*a)*GAMMA(1/4,-2*%I*bxx~2)*x~(1/2)*27~(3/4)/v/(-I*
b*x~2)~(1/4)+1/128*I*GAMMA (1/4,2*%I*bxx~2) *x~(1/2)*2~(3/4) /b/exp(2*I*a)/(I*b
*x72) " (1/4)+1/8*sin (2%b*xx~2+2%a) *x~(1/2) /b

Rubi [A]
time = 0.08, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules _ 319
’ integrand size ’

steps used = 7, number of rules used = 5, integrand size = 16
Rules used = {3483, 3485, 3467, 3436, 2239}
ie*®/z’ Gamma/(}, —2iba?) N ie~%/x' Gamma(}, 2ibz?) N vz sin (2(a + bz?)) N z5/2
64v/2 b/ —ibx? 64v/2 bV/iba? 8b 5

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x~2]"2,x]

[Out] x~(5/2)/5 - ((I/64)*E~((2*I)*a)*Sqrt[x]*Gamma[1/4, (-2xI)*bxx~2])/(27(1/4)x*
b*((-I)*b*xx~2)~(1/4)) + ((I/64)*Sqrt[x]*Gammal[1/4, (2*I)*bxx~2])/(27(1/4)*Db
*E~ ((2%I)*a)* (I*xb*x~2)~(1/4)) + (Sqrt[x]*Sin[2*(a + b*x~2)])/(8*b)

Rule 2239

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> Simp[(-F~a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Log[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x] /; FreeQ[{F, a, b, c, d, n}, x] && !IntegerQ[2/n]

Rule 3436

Int[Sin[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_ )], x_Symbol]l :> Dist[I/2, In
t[E"((-c)*I - d*I*(e + f*x)"n), x], x] - Dist[I/2, Int[E~(c*I + d*I*x(e + fx*
x)°n), x], x] /; FreeQ[{c, d, e, f}, x] && IGtQ[n, 2]

Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]l*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- DD*(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(e*x)~(m - n)*Sin[c + d*x~n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3483
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Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*((e_.)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(k*(m + 1) - 1
)x(a + bxCos[c + d*x(x~(k*n)/e"n)]1)"p, x], x, (exx)~(1/k)], x1] /; FreeQ[{a,
b, c, d, e}, x] & IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rule 3485

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

/z?’/z cos’ (a + bz®) dr = 2Subst (/ z* cos® (a + bz?) dz, =, \/:?)
¢ 1
= 2Subst (/ (? + Z2* cos (2a + 2bx4)) dz, z, ﬁ)

2
5/2

= % + Subst </ z* cos (2a + 25%4) dz,, \/ﬂ?)
5/ | V3 sin(2(a+b2?)) Subst ( [ sin (2a + 2bz*) dz,z, VT )

5 8b 8b
252z sin (2(a + ba?)) iSubst (f e~ 2ia=2ibe’ gy g ﬁ) 1Subst (f e?
~ 5 8b B 16b *
_ gb? _ ie?e/z T (L, —2ibz?) N ie~2ey/z (L, 2ib2?) /2 sin (2(a + bz?))
5 64v/2 bv/—ib? 64v/2 bV/iba 8b

Mathematica [A]
time = 0.22, size = 142, normalized size = 1.08

ba?/? (5 2%/4V/ibz? Gamma,(}, —2iba?) (—icos(2a) + sin(2a)) + 5 2%/*V/—ibz? Gammal(},2ibz?) (i cos(2a) + sin(2a)) + 16Vb2z* (8ba? + 5sin (2(a + bwz)))>
640 (b224)*/*

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)*Cos[a + b*x~2]"2,x]

[Out] (b*x~(9/2)*(5%27(3/4)*(I*¥b*x~2)~(1/4)*Gamma[1/4, (-2*I)*b*x~2]*((-I)*Cos[2*
a] + Sin[2%a]) + 5%27(3/4)*((-I)*b*x~2)~(1/4)*Gamma[1/4, (2*I)*b*x~2]*(I*Co
s[2%a] + Sin[2*a]) + 16%(b~2%x"~4)~(1/4)*(8%b*x~2 + 5*Sin[2*(a + b*x~2)1)))/

(640% (b~2%x~4) "~ (5/4))
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Maple [F]

time = 0.10, size = 0, normalized size = 0.00
/xg (cos2 (ba:2 + a)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(b*x"2+a)"2,x)
[Out] int(x~(3/2)*cos(b*x~2+a)”~2,x)

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 183 vs. 2(87) = 174.
time = 0.12, size = 183, normalized size = 1.39

2:‘(1&2%(8':1,7’ +5‘/;?sin(2br1+Zu))(lug)l‘ +5((\/ —VZ +2 ((4,2ibe?) +T(L, ~2ibs?)) = \/ VT +2 (=iT(L,2iba?) +71‘(§.7z7m:'))) cos (2a) + (y VT +2 (D(4,2ib0) + (3, ~2iba?)) — /=2 +2 (iT(},2ib%) 41‘(5,721m*))) hin(u)) \/T)

1280 (ba?) ' b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/1280%27(3/4)*(16%2~(1/4)*(8*b*x~(5/2) + 5*sqrt(x)*sin(2xb*xx~2 + 2%a))*(b*

x72)7(1/4) + 5%((sqrt(-sqrt(2) + 2)*(gamma(1/4, 2*I*b*x~2) + gamma(1l/4, -2x
I*¥b*x~2)) - sqrt(sqrt(2) + 2)*(-I*gamma(1/4, 2xI*b*x~2) + I*gamma(1/4, -2xI
*b*xx~2)))*cos(2*a) + (sqrt(sqrt(2) + 2)*(gamma(1/4, 2*I*b*x~2) + gamma(1l/4,
-2%I*b*x~2)) - sqrt(-sqrt(2) + 2)*(I*gamma(1/4, 2*I*b*x~2) - I*gamma(1l/4,
—-2%I*b*x~2)))*sin(2*a))*sqrt(x))/((b*x~2)~(1/4)*b)

Fricas [A]

time = 0.11, size = 77, normalized size = 0.58

5(2ib) 20T (L, 2iba2) + 5 (—2ib)7 e®OT(L, —2iba2) + 32 (4b%2 + 5 bcos (ba? + a) sin (ba? + a)) /T
640 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/640%(5*%(2*I*b)~(3/4)*e~(-2*I*a)*gamma(1/4, 2*I*b*x~2) + 5x(-2*I*b)~(3/4)x*
e~ (2xI*a)*gamma(1/4, -2*I*b*xx~2) + 32%x(4*xb~2*x"2 + b*b*cos(b*x"2 + a)*sin(b
*x"2 + a))*sqrt(x))/b~2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/mg cos? (a + bz2) dz

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x**(3/2)*cos (b*x**2+a)**2,x)

[Out] Integral(x**(3/2)*cos(a + bxx**2)*x2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~(3/2)*cos(b*x~2+a)~2,x, algorithm="giac")
[Out] integrate(x~(3/2)*cos(b*x"2 + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/m3/2 cos (bx2 + a)zdw

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x"2)"2,x)
[Out] int(x~(3/2)*cos(a + b*x"2)"2, x)

161
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3.31 [ vz cos®(a+ bx?) dzx

Optimal. Leaf size=100

z3/?  e*9z%2Gamma(3, —2ibz?) e *9z*2Gammal(3, 2ibz?)

3 8 23/4 (—ibg2)¥* 8 23/4 (ibg?)?/*

[Out] 1/3*x~(3/2)-1/16%exp(2+I*a)*x~(3/2)*GAMMA (3/4,-2xIxbxx~2)*2~(1/4) / (-I*b*x"2
)~ (3/4)-1/16%x"(3/2) *GAMMA (3/4,2*I*b*xx~2)*2~(1/4) /exp (2*I*a) /(Ixb*x~2) ~(3/4
)

Rubi [A]
time = 0.08, antiderivative size = 100, normalized size of antiderivative = 1.00, number of

number of rules _
6, integrand size 0.250,

steps used = 6, number of rules used = 4, integrand size = 1
Rules used = {3483, 3485, 3471, 2250}

e?o7¥2Gamma (2, —2ibz?) e *97%2Gamma(3, 2ibz?)  2%/2

+
8 23/4 (—ibz?)/4 8 23/4 (1bz?)%/* 3

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~2]"2,x]

[Out] x~(3/2)/3 - (E~((2*I)*a)*x~(3/2)*Gamma[3/4, (-2*I)*b*x~2])/(8*2~(3/4)*((-I)
*b*x"2) " (3/4)) - (x~(3/2)*Gamma[3/4, (2*I)x*b*x~2])/(8*2~(3/4)*E~((2*I)*a)*(
I*xb*x~2)~(3/4))

Rule 2250

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[Fl], x] /; FreeQ[{F
, a, b, c,d, e, £, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3471

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(e*x) " m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*xx) m*E~(c*I +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, 0]

Rule 3483

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*((e_)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(k*(m + 1) - 1
)x(a + b*Cos[c + d*(x~(k*n)/e"n)])7p, x], x, (exx)~(1/k)], x]] /; FreeQ[{a,
b, c, d, e}, x] & IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]
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Rule 3485

Int[((a_.) + Cosl[(c_.) + (@_.)*x_)"(@ )I*x(m_.D))"(p)*((e_.)*(x))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] & IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

/ V' cos® (a+ bz?) dz = 2Subst (/ 2 cos® (a + bz?) dz, =, ﬁ)
2 1, 4
= 2Subst — + -z’ cos (2a + 2bz*) | dz,z, /T

2 2
£3/2
=5+ Subst </ z” cos (2a + 2bz*) dz, =, \/ﬂ?)
:E3/2 ]. ; b4 1 ; ib 4
==+ §Subst (/ e 2a=2b2" 02 gy . ﬁ) + éSubst (/ e21a+2b" 3.2 o . A/
g3/?  e%agdT (3, —20bs?) e g (3, 2iba?)
-3 8 23/4 (—iba2)/* 8 23/4 (ibg2)*>/

Mathematica [A]
time = 0.15, size = 122, normalized size = 1.22

x3/? (16(b2:c4)3/4 —3v2 (—ibacz)s/4 Gamma (3, 2ibz?) (cos(2a) — isin(2a)) — 3v/2 (ibx2)3/4 Gamma (2, —2ibz?) (cos(2a) + isin(2a))>
48 (b2z4)/4

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~2]"2,x]

[Out] (x~(3/2)*(16%(b"2%x"4)~(3/4) - 3%2~(1/4)*((-I)*b*x"2) " (3/4)*Gamma [3/4, (2*I
)*xbxx~2] % (Cos [2*%a] - I*Sin[2*a]) - 3*2~(1/4)*(I*b*x~2)~(3/4)*Gammal[3/4, (-2
*I)*b*x~2] *(Cos[2*a] + I*Sin[2*a])))/(48%(b~2%x"4)~(3/4))

Maple [F]
time = 0.09, size = 0, normalized size = 0.00

/\/a? (0052 (bz2+a)) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(b*x"2+a)~2,x)
[Out] int(x~(1/2)*cos(b*x"2+a)"2,x)
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Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 154 vs. 2(62) = 124.
time = 0.12, size = 154, normalized size = 1.54

st (e , = ; [ s o , s , ) ) )
32022 — 323 (ba?)* ((\/7\/27 +2 (D(3,2iba?) +T(2, -2iba?)) + \/ V2 +2 (=iD(2,2ib2?) +zl"(%v72lba‘,2))) cos(2a) — (V V2 +2 (D(3,2iba?) + T(2,-2iba%)) — \/=v2 +2 (=iD(3,2iba?) +1F(%.—21h17))>sm(?a))
9667

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a)”~2,x, algorithm="maxima")

[Out] 1/96%(32*%b*x~2 - 3*%27(1/4)*(b*x~2)~(1/4)*((sqrt(-sqrt(2) + 2)*(gamma(3/4, 2
*Ixb*x"2) + gamma(3/4, -2*Ixbxx~2)) + sqrt(sqrt(2) + 2)*(-Ixgamma(3/4, 2*Ix*
b*x~2) + I*gamma(3/4, -2*xIxb*x~2)))*cos(2*a) - (sqrt(sqrt(2) + 2)*(gamma(3/

4, 2xIxbxx~2) + gamma(3/4, -2*I*b*x~2)) - sqrt(-sqrt(2) + 2)*(-Ixgamma(3/4,
2xI*b*x~2) + I*gamma(3/4, -2*I*b*x~2)))*sin(2+*a)))/(b*sqrt(x))

Fricas [A]

time = 0.12, size = 50, normalized size = 0.50

16 bas + 3i (26b)7 €207 (3, 21 ba?) — 3i (—2i b) 9T (2, —2i ba?)
48b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a)”~2,x, algorithm="fricas")

[Out] 1/48%(16%b*x~(3/2) + 3*xI*(2xIxb)~(1/4)*e” (-2xI*a)*gamma(3/4, 2*I*b*xx~2) - 3
*I* (-2%Ixb)~(1/4)*e” (2*I*a)*gamma(3/4, -2xI*b*x~2))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ V' cos® (a+ bz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(b*x**2+a)**2,x)
[Out] Integral(sqrt(x)*cos(a + b*x*x2)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(b*x~2+a)”~2,x, algorithm="giac")



[Out] integrate(sqrt(x)*cos(b*x"2 + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/\/E cos (bz? +a)2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~2)"2,x)
[Out] int(x~(1/2)*cos(a + b*x"2)"2, x)
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3.32 f cos? a—l—b:c diB

Optimal. Leaf size=96

JE - e?*\/z' Gamma(}, —2ibz?) e *\/z’Gammal(}, 2ibz?)
J; —
8v/2 v/ —ibx? 8v/2 Vibx?

[Out] x~(1/2)-1/16*exp(2*I*a)*GAMMA(1/4,-2*I*b*x"2)*x"~(1/2)*27(3/4)/(-I*b*x~2)~ (1
/4)-1/16%GAMMA (1/4,2xI*b*x"2) *x~ (1/2)*2~(3/4) /exp (2*I*a)/ (Ixb*x~2)~(1/4)

Rubi [A]
time = 0.04, antiderivative size = 96, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.250,

steps used = 6, number of rules used = 4, integrand size = 16
Rules used = {3483, 3439, 3437, 2239}
2“‘f Gamma(3, —2ibz®) e %%/z' Gamma(}, 2ibz?)

— ++z
8v/2' v/ —ibx? 8v/2 Vibx2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]~2/Sqrt([x],x]

[Out] Sqrtl[x] - (E~((2*I)*a)*Sqrt[x]*Gamma[1/4, (-2*I)*b*x~2])/(8%2~(1/4)*((-I)*b
*x~2)~(1/4)) - (Sqrt[x]*Gamma[1/4, (2*I)*b*x~2])/(8%2~(1/4)*E~((2*I)*a)*(I*
b*x~2)~(1/4))

Rule 2239

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> Simp[(-F~a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Log[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x] /; FreeQ[{F, a, b, c, d, n}, x] & !IntegerQ[2/n]

Rule 3437

Int[Cos[(c_.) + (d_)*((e_.) + (£_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"((-c)*I - d*Ix*(e + f*x)"n), x], x] + Dist[1/2, Int[E~(c*I + d*xI*(e + fx*
x)°n), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ[n, 2]

Rule 3439

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))" (@ )1*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + d*(e + f*x)"nl)"p, x], x] /; F
reeQ[{a, b, c, d, e, £}, x] && IGtQlp, 1] && IGtQ[n, 1]

Rule 3483
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Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*((e_.)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(k*(m + 1) - 1
)*(a + b*Cosl[c + d*(x~(k*n)/e"n)1)"p, x], x, (exx)~(1/k)1, x1] /; FreeQl{a,
b, c, d, e}, x] & IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rubi steps

2 2
/ C()S(;——;bx) dx = 2Subst (/ cos® (a + bz*) dz,z, ﬁ)
= 2Subst (/ (% + %cos (2a + 2bw4)) dz,z, \/CTJ)

= /2 + Subst </ cos (2a + 2bz*) dz, =, \/37)

1 o 1 o
=z + iSubst (/ e~ 2ia=2ibz" go o \/37) + §Subst (/ eiat2ibet g o ﬁ)
eQi“\/ﬂ?F(}l, —2ibz2) 6_2"‘1\/971"(%,2ibx2)

= xr —
ve 8v/2 v/ —ibx? 8v/2 Vibx2

Mathematica [A]
time = 0.15, size = 120, normalized size = 1.25

vz (—16\/4 b2zt + 23/4/—ibz? Gammal(2, 2iba?) (cos(2a) — isin(2a)) + 2%/4v/iba® Gamma (%, —2iba?) (cos(2a) + isin(2a))>
16V b2z

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]~2/Sqrt[x],x]

[Out] -1/16%(Sqrt[x]*(-16*(b~2*xx~4)~(1/4) + 27(3/4)*((-I)*b*x~2)~(1/4)*Gamma[1/4,
(2xI)*b*xx~2]*(Cos[2*%a] - I*Sin[2*a]) + 2~(3/4)*(I*b*x~2) " (1/4)*Gammall/4,
(-2*I)*b*x"2] *(Cos[2*a] + I*Sin[2*a])))/(b"2*x"4)~(1/4)

Maple [F]
time = 0.11, size = 0, normalized size = 0.00

cos? (bz? + a)
——d
/ N

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x~(1/2),x)
[Out] int(cos(b*x~2+a)~2/x~(1/2),x%)
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Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 159 vs. 2(60) = 120.
time = 0.11, size = 159, normalized size = 1.66

2%(((\/\/5 42 (D(2,2iba?) + (L, ~2iba%) — \/—VE +2 (T2, 2iba?) —iI‘(%,—Zibzﬂ)) cos(2a) — (v VT 2 (N3, 20b0) + T(2,~2iba?)) + /v +2 (iD(2,2iba?) 711'(%.7211717))) sin(zﬂ))ﬂ “16-24 () ﬁ)

32 (ba?)}

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(1/2),x, algorithm="maxima")

[Out] -1/32%27(3/4)*(((sqrt(sqrt(2) + 2)*(gamma(1/4, 2*I*b*x~2) + gamma(l/4, -2+*I
*bxx~2)) - sqrt(-sqrt(2) + 2)*(Ixgamma(1/4, 2*I*bxx~2) - I*gamma(1/4, -2*Ix*
b*x~2)))*cos(2*a) - (sqrt(-sqrt(2) + 2)*(gamma(1/4, 2*xIxb*x~2) + gamma(1/4,
-2%I*b*x~2)) + sqrt(sqrt(2) + 2)*(I*gamma(1l/4, 2*I*b*x~2) - I*gamma(1/4, -
2xIxb*xx~2)) ) *sin(2*a) ) *sqrt(x) - 16%27(1/4)*(b*x~2)~(1/4)*sqrt(x))/(b*xx~2)~

(1/4)

Fricas [A]

time = 0.12, size = 50, normalized size = 0.52

i (2ib)7 20T (23 ba?) — i (—2ib)1 e®OT (L, —2bs?) + 16 by/T
165

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(1/2),x, algorithm="fricas")
[Out] 1/16%(I*(2xIxb)~(3/4)*e”(-2xIxa)*gamma(1/4, 2*I*bxx~2) - I*(-2%I*b)~(3/4)*e
~(2%Ixa)*gamma(1/4, -2xIxb*x~2) + 16%b*sqrt(x))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

cos? (a + bz?)
——F=d
/ Vi o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**(1/2),x)
[Out] Integral(cos(a + b*x**2)**2/sqrt(x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(1/2),x, algorithm="giac")



[Out] integrate(cos(b*x~2 + a)~2/sqrt(x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

2 2
/cos(bx +a) s
VT

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)~2/x~(1/2),x%)
[Out] int(cos(a + b*x"2)"2/x~(1/2), x)
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2 2
cos”(a+bx
Optimal. Leaf size=117

1 cos(2(a+bz?) ibe*z3?Gamma(2, —2ibz?) N ibe~%23%/2Gamma (3, 2ibz?)
\/; \/E 23/4 (_ib$2)3/4 23/4 (ibx2)3/4

[Out] -1/2*Ixbxexp(2*I*a)*x~(3/2)*GAMMA(3/4,-2*%Ixb*x"2)*2~(1/4)/(-I*xb*x~2)~(3/4)+
1/2*I*b*x~ (3/2) *GAMMA (3/4,2*%I*b*x~2)*2~(1/4) /exp(2*I*a) /(I*b*xx~2)~(3/4)-1/x
~(1/2)-cos(2%b*x~2+2%a) /x~(1/2)

Rubi [A]
time = 0.11, antiderivative size = 117, normalized size of antiderivative = 1.00, number of

number of rules _ 319
> integrand size ’

steps used = 7, number of rules used = 5, integrand size = 16
Rules used = {3483, 3485, 3469, 3470, 2250}
ie?9br®*Gamma/(3, —2ibz?)  ie~%°bz* 2 Gamma(3,2ibz?)  cos (2(a + bz?)) 1
23/4 (—iba2)*/ 23/4 (ibg2)*/* VT NG

Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x~2]"2/x~(3/2),x]

[Out] -(1/Sqrt[x]) - Cos[2*(a + b*x~2)]/Sqrt[x] - (I*bxE~((2*I)*a)*x"(3/2)*Gamma[
3/4, (-2xI)*b*x"2])/(27(3/4)*((-I)*bxx~2)~(3/4)) + (I*b*x~(3/2)*Gamma[3/4,
(2+I) *b*x~2]) /(27 (3/4) *E™ ((2+I) *a) * (I*¥b*x~2) ~(3/4))

Rule 2250
Int[(F_)~((a_.) + (b_)*((c_.) + (d_)*(x_)) " (n_))*((e_.) + (£_.)*(x_))"(m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl

F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[F1]l, x] /; FreeQ[{F
, a, b, c, d, e, £, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3469

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[(e*x)
“(m + 1)*(Cos[c + d*x"nl/(ex(m + 1))), x] + Dist[d*x(n/(e"nx(m + 1))), Int[(
exx)~(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &%
LtQ[m, -1]

Rule 3470

Int[((e_.)*(x_))"(m_.)*Sin[(c_.) + (d_.)*(x_)"(n_)], x_Symbol] :> Dist[I/2,
Int[(exx) "m*E~((-c)*I - d*xI*x"n), x], x] - Dist[I/2, Int[(exx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m}, x] && IGtQ[n, 0]
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Rule 3483

Int[((a_.) + Cosl[(c_.) + (d_.)*(x_)"(m_)I*(b_.))"(p_.)*x((e_.)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(k*(m + 1) - 1
)x(a + bxCos[c + d*x(x~(k*n)/e"n)]1)"p, x], x, (exx)~(1/k)], x1] /; FreeQ[{a,
b, c, d, e}, x] && IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rule 3485
Int[((a_.) + Cosl[(c_.) + (a_.)*(x_)" (@ )I*x(m_.))"(p)*((e_.)*(x D))" (m_.), x

_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 1] && IGtQ[n, O]

Rubi steps

2 2
/—COS (‘ZZ b )dx:2Subst(/ —COS (a+b2%) 4 o f)
X IL'
— ZSubst(/ (i | 908 (20 + 2ba” )) dz,x,\/ﬂ?)

222 22
= \/15 —|—Subst(/ o8 (2ax+ 2ba’ )dz z, f)
1 cos(2(a+ bx?)) 5 . 4
=— — (8b)Subst /9: sin (2a + 2bz*) dz,z, vz
N VT
1 cos (2(a + bx?)) , oia—2ibet 2 ,
=— — (44b)Subst /e a2t p2 dx, v, /T | + (4ib)Subst
vz o Vo
1 cos(2(a+bx?) ibe*ez®T (3, —2ibz?) N ibe=%g3/2T (3, 2ibx?)
N vz 93/4 (—ibz?)*/* 23/4 (ibz2)>/*

Mathematica [A]
time = 0.23, size = 137, normalized size = 1.17

—4(0%5*)** cos? (a + bz?) + V2 ba?(ibz?)*/* Gamma(2, —2ibz?) (—i cos(2a) + sin(2a)) + iv2' (—ibz?) 2y7/4 Gamma,(3, 2ibz?) (i cos(2a) + sin(2a))
2T (b2at)*/

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]"2/x"(3/2),x]

[Out] (-4x(b~2xx~4)~(3/4)*Cos[a + b*x"2]"2 + 27(1/4)*b*x"2* (I*b*x~2) ~(3/4) *Gamma [
3/4, (-2*I)*b*x~2]*((-I)*Cos[2*a] + Sin[2*a]) + I*2~(1/4)*((-I)*b*xx~2)~(7/4

) *Gamma [3/4, (2*I)#*b*x~2]*(I*Cos[2*a] + Sin[2*a]))/(2xSqrt [x]*(b~2*x~4)~ (3/

4))
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Maple [F]
time = 0.09, size = 0, normalized size = 0.00

cos?(bz®+a

/ cos” (ba” +a) 4,
T2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x~(3/2),x%)
[Out] int(cos(b*x~2+a)~2/x~(3/2),x%)

Maxima [A]
time = 0.13, size = 143, normalized size = 1.22

2% (ba?)t ((V V2 +2 (D(=},2iba?) + (=1, -2ib2?)) + \/ =v2 +2 (iT(-1,2iba?) — iI‘(—%,—%bw”))) cos (2a) + (XL\/T +2 (T(=1,2iba?) +T(=1,~2iba?)) + \/ VZ +2 (=iT(~1,2iba?) +iD(-1, —21‘!}1’))) sin(2u)> +16
16z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(3/2),x, algorithm="maxima")

[Out] -1/16%(27(1/4)*(b*xx~2)~(1/4)*((sqrt(sqrt(2) + 2)*(gamma(-1/4, 2*I*b*x~2) +
gamma (-1/4, -2*Ixbxx~2)) + sqrt(-sqrt(2) + 2)*(Ixgamma(-1/4, 2*I*b*x~2) - I
xgamma (-1/4, -2xIxb*xx~2)))*cos(2*a) + (sqrt(-sqrt(2) + 2)*(gamma(-1/4, 2*Ix*
b*x~2) + gamma(-1/4, -2%Ixb*x~2)) + sqrt(sqrt(2) + 2)*(-I*gamma(-1/4, 2*I*Db
*x72) + Ikxgamma(-1/4, -2*%I*b*x~2)))*sin(2*a)) + 16)/sqrt(x)

Fricas [A]

time = 0.11, size = 59, normalized size = 0.50

(26 b)4 ze~2%9T (2,21 bx?) + (—2 b)i 2e® 9T (3, ~2iba?) — 4 /7" cos (ba? + a)’
2z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(3/2),x, algorithm="fricas")

[Out] 1/2%((2*I*b)~(1/4)*x*e”(-2*I*a)*gamma(3/4, 2*xI*b*x~2) + (-2xIxb)~(1/4)*x*e”
(2xIxa)*gamma (3/4, -2*I*b*x~2) - 4xsqrt(x)*cos(b*x”2 + a)~2)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a-l—bx)dx
T

(ST

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x**2+a)**2/x**(3/2) ,x)



[Out] Integral(cos(a + b*x**2)**2/xx*(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x"(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x"2 + a)~2/x~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (ba? + a)’ i

13/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"2/x~(3/2),x%)
[Out] int(cos(a + b*x~2)"2/x~(3/2), x)
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cos2(a—%bx2)

3.34 | —sp—dz

Optimal. Leaf size=116

2cos? (a + br?)  ibe*+/z Gamma (7, —2ibz?) N ibe~%/z’ Gamma/(}, 2ibz?)
3z3/2 3v/2 v/ —iba? 3v/2 Viba?

[Out] -2/3*cos(b*x~2+a)~2/x7(3/2)-1/6*I*b*exp(2*I*a)*GAMMA(1/4,-2*xI*xb*x~2)*x~(1/2
Yx27(3/4) / (-I*%b*x"2) " (1/4)+1/6*xI*xb*xGAMMA (1/4,2*%I*b*x~2) *x~(1/2)*2~(3/4) /exp
(2%I%*a)/(Ixbxx~2)~(1/4)

Rubi [A]
time = 0.06, antiderivative size = 116, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.375,

steps used = 7, number of rules used = 6, integrand size = 16,
Rules used = {3483, 3475, 4669, 3454, 3436, 2239}

ie?®by/z Gamma(, —2iba?)  ie"*°b/z Gamma(},2ibz?)  2cos? (a + bx?)

32/ —ibx? 32 Vibz? 3x3/2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~2]"2/x~(5/2),x]

[Out] (-2*Cos[a + b*x~2]72)/(3*x~(3/2)) - ((I/3)*b*E~((2+I)*a)*Sqrt[x]*Gamma[1/4,
(-2*I)*b*x~2]) /(27 (1/4) *((-I)*b*xx~2)~(1/4)) + ((I/3)*b*Sqrt [x]*Gamma[1/4,
(2xI)*bxx~2]) /(27 (1/4)*E~ ((2*I)*a) * (I*b*xx~2)~(1/4))

Rule 2239

Int[(F_)~((a_.) + (b_.)*((c_.) + (@_.)*(x_))"(n))), x_Symbol]l :> Simp[(-F~a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Log[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x1 /; FreeQ[{F, a, b, c, d, n}, x] && !IntegerQ[2/n]

Rule 3436

Int[Sin[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)], x_Symbol] :> Dist[I/2, In
t[E"((-c)*I - d*Ix(e + f*x)"n), x], x] - Dist[I/2, Int[E~(c*I + d*xIx(e + f*
x)"n), x], x] /; FreeQl{c, d, e, f}, x] && IGtQ[n, 2]

Rule 3454

Int[((a_.) + (b_.)*Sin[u_])~(p_.), x_Symbol] :> Int[(a + b*Sin[ExpandToSum[
u, x]11)°p, x] /; FreeQ[{a, b, p}, x] && BinomialQ[u, x] && !BinomialMatchQ
[u, x]

Rule 3475
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Int[Cos[(a_.) + (b_.)*(x_)"(n )] (p_)*(x_)"(m_.), x_Symbol] :> Simp[x~(m +
1)*(Cos[a + b*x™n]"p/(m + 1)), x] + Dist[b*n*(p/(m + 1)), Int[Cos[a + b*x"n
17(p - D*Sin[a + b*x"n], x], x] /; FreeQ[{a, b}, x] && IGtQ[p, 1] && EqQ[m
+ n, 0] & NeQ[n, 1] && IntegerQ[n]

Rule 3483

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*((e_.)*(x_))"(m_), x
_Symbol] :> With[{k = Denominator[m]}, Dist[k/e, Subst[Int[x~(k*(m + 1) - 1
)*(a + b*Cos[c + d*(x~(k*n)/e"n)])"p, x], x, (exx)~(1/k)], x]1] /; FreeQ[{a,
b, c, d, e}, x] & IntegerQ[p] && IGtQ[n, 0] && FractionQ[m]

Rule 4669
Int[Cos[w_]~(p_.)*(u_.)*Sin[v_]~(p_.), x_Symbol] :> Dist[1/2"p, Int[u*Sin[2

*v]~p, x], x] /; EqQ[w, v] && IntegerQ[p]

Rubi steps

x5/ 2 SL’4

2 2 2 4
/de:%ubst(/wdx,x,ﬁ)

2 2
_ _2cos 35;; br’) _ %(16b)8ubst (/ cos (a + bz?) sin (a + bz*) dz, =, \/9?)
2 2
= —20083;/—; bz%) _ %(8b)Subst (/ sin (2(a + b)) dz, =, \/37)
2 2
_ _Zcos 35;; bo’) _ %(Sb)Subst ( / sin (2a + 2bz*) da, =, ﬁ)
2 0082 (a + b:I?z) 1 . —2ia,—2iba:4 1 . 2ia-
=— 2597 - §(4zb)Subst (/e dz, T, \/:T:) + §(4zb)Subst (/e
_2co8® (a+ba?)  ibe*\/x T'(3,—2ibs?) ibe”**y/zT(3,2iba’)

— +
313/2 3v/2' /—ibx? 3v/2 Vibz2

Mathematica [A]
time = 0.24, size = 137, normalized size = 1.18

—4Vb24 cos? (a + bz?) + 2%/4bz?V/iba? Gammal (L, —2ibz?) (—i cos(2a) + sin(2a)) + §93/4(—ibz?)*/* Gammal(3, 2ibz?) (i cos(2a) + sin(2a))

63/2V/ b2z

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~2]"2/x7(5/2),x]



176

[Out] (-4*x(b"2%x~4)~(1/4)*Cos[a + b*x"2]72 + 27(3/4)*bxx"2* (I*b*x~2) " (1/4)*Gamma [
1/4, (-2xI)*b*xx~2]*((-I)*Cos[2*a] + Sin[2*a]) + I*2~(3/4)*((-I)*b*xx~2)~(5/4
)*Gamma [1/4, (2*I)*bxx~2]*(I*Cos[2*a] + Sin[2*a]))/(6%x~(3/2)*(b~2xx~4)~(1/

4))
Maple [F]
time = 0.09, size = 0, normalized size = 0.00

2 (h 72
/cos (bﬂg +a) i
T2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(b*x~2+a)~2/x~(5/2),x%)
[Out] int(cos(b*x~2+a)~2/x~(5/2),x)

Maxima [A]
time = 0.13, size = 146, normalized size = 1.26

3.2%(ba?)t ((V-ﬁ +2 (D(=3,2iba?) + T(-2,-2iba?)) — \/VZ +2 (=il (-$,2iba?) +1l'(—%,—21b12))) cos (2a) + (\/ﬁ +2 (T(=3,2iba?) + T (-2, -2iba?)) — \/=V2 +2 (iD(-$,2iba?) — ir(-%.—zibﬂ))) sin(2a)> +16
483

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(5/2),x, algorithm="maxima")
[Out] -1/48%(3*27(3/4)*(b*x~2)~(3/4)*((sqrt(-sqrt(2) + 2)*(gamma(-3/4, 2xIxb*x"2)
+ gamma(-3/4, -2*Ixb*xx~2)) - sqrt(sqrt(2) + 2)*(-I*xgamma(-3/4, 2*I*b*x~2)
+ Ixgamma(-3/4, -2xIxb*x~2)))*cos(2*a) + (sqrt(sqrt(2) + 2)*(gamma(-3/4, 2*
I*¥b*x~2) + gamma(-3/4, -2*%I*b*x~2)) - sqrt(-sqrt(2) + 2)*(I*gamma(-3/4, 2xI
*xbxx~2) - I*gamma(-3/4, -2*I*b*x~2)))*sin(2*a)) + 16)/x"(3/2)
Fricas [A]
time = 0.11, size = 63, normalized size = 0.54
(2ib)4 2?29 (121 b2?) + (—24 b)1 22T (1 ~2ibz?) — 4 /z cos (bz? + a)’
6 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x~2+a)~2/x~(5/2),x, algorithm="fricas")
[Out] 1/6%((2%I*b)~(3/4)*x"2xe~(-2*%I*a)*gamma(1/4, 2*I*b*x~2) + (-2%I*b)~(3/4)*x"
2xe” (2%Ixa)*gamma (1/4, -2xIxb*x~2) - 4*sqrt(x)*cos(b*x~2 + a)~2)/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a+bx)dx

5
T2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(b*x*x2+a)**2/x**(5/2) ,x)
[Out] Integral(cos(a + b*x**2)**2/xx*(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(b*x~2+a)~2/x~(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~2 + a)~2/x~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (ba? + a)’ i

15/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~2)"2/x~(5/2),x)
[Out] int(cos(a + b*x~2)"2/x~(5/2), x)
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3.35 | cos (a + %) dz

Optimal. Leaf size=31

x cos (a + 2) + bCosIntegral (g) sin(a) + bcos(a)Si (ﬁ)

X

[Out] x*cos(a+b/x)+b*cos(a)*Si(b/x)+b*Ci(b/x)*sin(a)

Rubi [A]
time = 0.05, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.625,

steps used = 5, number of rules used = 5, integrand size = 8,
Rules used = {3443, 3378, 3384, 3380, 3383}

bsin(a)Coslntegral (2) + bcos(a)Si (g) + z cos (a + 2)

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x],x]

[Out] x*Cos[a + b/x] + b*CosIntegral[b/x]*Sin[a] + b*Cos[a]*SinIntegral [b/x]
Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, 4, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]
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Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )1*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + f*x)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps

/cos (a + é) dr = —Subst (/ M dz,x, 1)
x x x

= x Ccos (a + é) + bSubst (/ M dr,z, 1)
x x x

= x cos (a + 2) + (bcos(a))Subst ( / Smibx)

= zcos (a + 2) + bCi<§) sin(a) + bcos@sj(%)

Mathematica [A]
time = 0.02, size = 31, normalized size = 1.00

T Cos (a + ;) + bCosIntegral (;) sin(a) + bcos(a)Si (2)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x],x]
[Out] x*Cos[a + b/x] + b*CosIntegral[b/x]*Sin[a] + b*Cos[a]*SinIntegral [b/x]

Maple [A]
time = 0.12, size = 39, normalized size = 1.26

iz, 7, %) + (bsin(a))Subst ( /

cos(bx)

method result

Ccos| a b T
derivativedivides —b(—# — sinIntegral (%) cos (a) — cosinelntegral (2) sin (a))

COos | a b xr
default —b(—# — sinIntegral (2) cos (a) — cosinelntegral (2) sin (a))

b eprntegral(l,—%)ei“ s csgn(%)e_mb ieprntegral(l,—

ib

x

)e_iab

risch > — > + sinIntegral (2) e7"b — 5

+xC
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4x b“ cos (Lz ) 4 sinIntegral (Lb)
'\/ T cos(a \/ 1)2 —
( ) v2)2

( ) \/7? \/7? \/7?sin(a)b<47_4_4\l}(ﬂ2+4ln(h)+\/47?.
meijerg — - +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b/x),x,method=_RETURNVERBOSE)
[Out] -b*(-cos(at+b/x)/b*x-Si(b/x)*cos(a)-Ci(b/x)*sin(a))

Maxima [C] Result contains complex when optimal does not.
time = 0.32, size = 57, normalized size = 1.84

((m(22) wom(~22) Yot (5(22) 1 -22) Y s (222)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x),x, algorithm="maxima")

[Out] 1/2*x((-I*Ei(I*b/x) + I*Ei(-I*b/x))*cos(a) + (Ei(I*b/x) + Ei(-I*b/x))*sin(a)
)*xb + x*cos((a*x + b)/x)

Fricas [A]
time = 0.40, size = 45, normalized size = 1.45

beos (a) Si (2) + zcos (“””;b) +% (bCi (%) +bCi (-%)) sin (a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x),x, algorithm="fricas")

[Out] b*cos(a)*sin_integral(b/x) + x*cos((a*x + b)/x) + 1/2*(b*cos_integral(b/x)
+ bxcos_integral(-b/x))*sin(a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos <a—|— é) dx
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x),x)
[Out] Integral(cos(a + b/x), x)
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(31) =
62.
time = 0.41, size = 132, normalized size = 4.26

(az+b)b> Ci(—a+ ‘”‘H’) sin(a) (az+b)b? cos(a) Si (a—%‘*’b)

£

ab? Ci (—a + “=) sin (a) — ab® cos (a) Si (a — 2=t2) — + ~ — b? cos (2ztb)
o=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x),x, algorithm="giac")

[Out] (axb~2*cos_integral(-a + (a*x + b)/x)*sin(a) - a*b~2*cos(a)*sin_integral(a
- (a*x + b)/x) - (a*x + b)*b~2*cos_integral(-a + (a*x + b)/x)*sin(a)/x + (a

*X + b)*b~2*cos(a)*sin_integral(a - (a*x + b)/x)/x - b~ 2xcos((a*x + b)/x))/

((a - (a*x + b)/x)*Db)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/cos (a-}— é) dx
z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x),x)
[Out] int(cos(a + b/x), x)
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COoSs| a Q
3.36 | colots) g

X

Optimal. Leaf size=20
b _ (b
— cos(a)CosIntegral p + sin(a)Si .

[Out] -Ci(b/x)*cos(a)+Si(b/x)*sin(a)

Rubi [A]
time = 0.02, antiderivative size = 20, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3459, 3457, 3456}

sin(a)Si (g) — cos(a)Coslntegral (g)

Antiderivative was successfully verified.

[In] Int[Cosl[a + b/x]/x,x]

[Out] -(Cos[al*CosIntegrall[b/x]) + Sin[a]l*SinIntegral [b/x]
Rule 3456

Int[Sin[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral([d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int[Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

g

/ Cos (a+ ) do — cos (a) cos( sm / sm z
T T
b

=— cos(a)Ci(E) + sin(a (

SERS
N——
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Mathematica [A]
time = 0.03, size = 20, normalized size = 1.00

— cos(a)CosIntegral ( g) + sin(a)Si (g)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x,x]
[Out] -(Cos[al*CosIntegral[b/x]) + Sin[a]*SinIntegral[b/x]

Maple [A]

time = 0.07, size = 21, normalized size = 1.05

method result
derivativedivides | — cosinelntegral (2) cos (a) + sinIntegral (%) sin (a)
default — cosinelntegral (2) cos (a) + sinIntegral (2) sin (a)

risch _ et c2sgn (%) n ie_ia SinIntegral (g) n e—ta eprntngral (1,— %) n eta eprnteiral (1,— %)

\/7? cos(a,) (27—21n(:c)+ln(b2) 2y 2In@) 2 ln(g%) +200$ineIntegral(g) )

VT VT T T VT

meijerg - - + sinIntegral (2) sin (a,

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x,x,method=_RETURNVERBOSE)
[Out] -Ci(b/x)*cos(a)+Si(b/x)*sin(a)

Maxima [C] Result contains complex when optimal does not.
time = 0.33, size = 43, normalized size = 2.15

_% (El(%’) +Ei(—%)) cos (a) — % <’&El(%) = zE1<—%>) sin (a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x,x, algorithm="maxima")
[Out] -1/2%(Ei(I*b/x) + Ei(-I*b/x))*cos(a) - 1/2x(I*Ei(I*b/x) - I*Ei(-I*b/x))*sin
(a)

Fricas [A]
time = 0.38, size = 28, normalized size = 1.40

_% (Ci (;) +Ci (_g>) cos (a) + sin (a) Si (2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x,x, algorithm="fricas")

[Out] -1/2%(cos_integral(b/x) + cos_integral(-b/x))*cos(a) + sin(a)*sin_integral(

b/x)
Sympy [A]

time = 0.56, size = 15, normalized size = 0.75

sin (a) Si (2) _ c0s (@) Ci (2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x,x)
[Out] sin(a)*Si(b/x) - cos(a)*Ci(b/x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(20) = 40.
time = 0.45, size = 41, normalized size = 2.05
beos (a) Ci (—a + %Zt) + bsin (a) Si (a — 2=H2)
- b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x,x, algorithm="giac")

[Out] -(b*cos(a)*cos_integral(-a + (a*x + b)/x) + b*sin(a)*sin_integral(a - (a*x

+ b)/x))/b

Mupad [F]
time = 0.00, size = -1, normalized size = -0.05

sin (a) sinint (9) — cos (a) cosint (9)

T T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x,x)

[Out] sin(a)*sinint(b/x) - cos(a)*cosint(b/x)
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cos <a+%)

$2

3.37 |

Optimal. Leaf size=13

[Out] -sin(a+b/x)/b

Rubi [A]
time = 0.01, antiderivative size = 13, normalized size of antiderivative = 1.00, number of

number of rules _ 147
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2717}
sin (a + g)

b

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x]1/x72,x]

[Out] -(Sin[a + b/x]/b)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (A_.)*(x_)"(_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQLp, 11 || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

b
05 (942) 40— subst( [ cos(a+ be) dr.z, -
x2 T

_ sin (a+2)
=

Mathematica [A]
time = 0.00, size = 13, normalized size = 1.00
sin (a + %)
b



Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x"2,x]

[Out] -(Sin[a + b/x]/b)
Maple [A]

time = 0.04, size = 14, normalized size = 1.08

method result size
| ()

derivativedivides | ———* 14
sin(a+2

default —# 14
sin ( eztb

risch — <b“”+ ) 16

2tan<%+%)
norman — (1+tan2 <%+ - )) 34
. \/7? sin(a)( —ﬁ

Ccos(a) sin b

meijerg o )b < ) + VT 39

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x~2,x,method=_RETURNVERBOSE)

[Out] -sin(a+b/x)/b

Maxima [A]
time = 0.29, size = 13, normalized size = 1.00
sin (a + %)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"2,x, algorithm="maxima")

[Out] -sin(a + b/x)/b
Fricas [A]

time = 0.39, size = 15, normalized size = 1.15

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"2,x, algorithm="fricas")

_sin (%)

b

186
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[Out] -sin((a*x + b)/x)/b

Sympy [A]
time = 0.34, size = 15, normalized size = 1.15

_o («:f%) forb# 0

— %@ otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**2,x)
[Out] Piecewise((-sin(a + b/x)/b, Ne(b, 0)), (-cos(a)/x, True))

Giac [A]
time = 0.41, size = 15, normalized size = 1.15
sin (222
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"2,x, algorithm="giac")
[Out] -sin((a*x + b)/x)/b

Mupad [B]
time = 0.26, size = 13, normalized size = 1.00

sin (a + %)
-

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"2,x)
[Out] -sin(a + b/x)/b
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b
cos<w+5)
Optimal. Leaf size=30
cos(a+2) sin(a+?)
O
[Out] -cos(a+b/x)/b"2-sin(a+b/x)/b/x

Rubi [A]
time = 0.02, antiderivative size = 30, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3461, 3377, 2718}

cos(a+2) sin(a+?)
b2 bz

Antiderivative was successfully verified.

[In] Int[Cos[a + b/x]/x"3,x]

[Out] -(Cos[a + b/x]/b"2) - Sin[a + b/x]/(b*x)
Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)x*Co
sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x"(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])7p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps



b
/ €80+ 5) 4o — _Subst ( / z cos(a + bx) dz, , i)

3

_ sin(a+2) N Subst ( [ sin(a + bz) dz, z, 1)

bx
_ cos (a+2) sin(a+?)
T R bz

Mathematica [A]
time = 0.03, size = 29, normalized size = 0.97

_ & cos (a—l— g) + bsin (a—l— g)

b’x
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x"3,x]
[Out] -((x*Cos[a + b/x] + bxSin[a + b/x])/(b"2*x))

Maple [A]
time = 0.07, size = 42, normalized size = 1.40

b
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method result .
aztb in ( 2z+b
risch o (b; ) _° <b; ) .
derivativedivides | — () (+2) = (a+2)-asin(a+2) 42
defoult _e{er)tfos2)sn(ort)-esm(or?) 2
22 (§44)) _ein(§ 4
notman (1+tan2 (%Jr%))xz 61
b . b b ) b
2\/F cos(a) (‘ L +Cos(5)+bsm(§) > 2\/7? sin(a) (—bcos(m)+51n(z)
meijerg - 2\/75 2/ 2/T = + 22 T o 2¢/T 81

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x)/x"3,x,method=_RETURNVERBOSE)

[Out] -1/b~2*x(cos(a+b/x)+(a+b/x)*sin(a+b/x)-a*sin(a+b/x))

Maxima [C] Result contains higher order function than in optimal. Order 4 vs. order 3.

time = 0.32, size = 51, normalized size = 1.70

(T(2,2) +T(2,~2)) cos (a) — (iT(2, ) —iT(2, =1

)) sin (a)

22
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"3,x, algorithm="maxima")
[Out] -1/2%((gamma(2, I*b/x) + gamma(2, -I*b/x))*cos(a) - (I*gamma(2, I*b/x) - Ix
gamma (2, -I*b/x))#*sin(a))/b"2
Fricas [A]
time = 0.34, size = 33, normalized size = 1.10
reos (#224) + bsin (2252)
b’z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"3,x, algorithm="fricas")
[Out] -(x*cos((a*x + b)/x) + b*sin((a*x + b)/x))/(b"2*x)

Sympy [A]
time = 0.47, size = 31, normalized size = 1.03

_ sin (a—i—%) _ cos (a—i—%)

. 2 forb # 0
— %(f) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**3,x)

[Out] Piecewise((-sin(a + b/x)/(b*x) - cos(a + b/x)/b**2, Ne(b, 0)), (-cos(a)/(2x%
x*x*2), True))

Giac [A]

time = 0.45, size = 49, normalized size = 1.63

_ (az+b) sin < %‘*‘b)

az+b)

: “)

—COS( p

asin (

x
b2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"3,x, algorithm="giac")
[Out] (a*sin((a*x + b)/x) - (a*x + b)*sin((a*x + b)/x)/x - cos((a*x + b)/x))/b"2
Mupad [B]
time = 0.28, size = 30, normalized size = 1.00
cos(a+2) sin(a+2)
b2 bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"3,x)
[Out] - cos(a + b/x)/b"2 - sin(a + b/x)/(b*x)
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cos| a b
339 | —<x4+—) dz

Optimal. Leaf size=46

2cos (a+2) 2sin(a+2) sin(a+2)
B b%x + b3 o b2

[Out] -2*cos(a+b/x)/b~2/x+2*sin(a+b/x) /b~ 3-sin(a+b/x)/b/x"2

Rubi [A]
time = 0.03, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 4, number of rules used = 3, integrand size = 12,
Rules used = {3461, 3377, 2717}

2sin (a + g) 2 cos (a + g) sin (a + g)
b3 B b2z T b2

Antiderivative was successfully verified.

[In] Int[Cosl[a + b/x]/x"4,x]

[Out] (-2*Cos[a + b/x])/(b~2*x) + (2*Sin[a + b/x])/b~3 - Sin[a + b/x]/(b*x"2)
Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/nl, 01))

Rubi steps
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b
/M dx = —Subst (/ z” cos(a + br) dz, , i)

o
sin (a + 2) N 2Subst ([ zsin(a + bz) dz, z, 1)

bx? b
2cos (a+2) sin(a+2) N 2Subst( [ cos(a + bz) dz, z, 1)
b2x b2 b2
2 cos (a—i— %) 2sin (a—}-g) sin (a-l— g)
T b b3 T ba?

Mathematica [A]
time = 0.00, size = 46, normalized size = 1.00

_ 2cos (a+2) 2sin(a+2) _sin (a+2)
b’z b3 bx?2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x]/x"4,x]
[Out] (-2*Cos[a + b/x])/(b"2*x) + (2*Sin[a + b/x])/b~3 - Sin[a + b/x]/(b*x"2)

Maple [A]
time = 0.09, size = 92, normalized size = 2.00

method result
azth = in ( 2ztb
risch _20035230;’) @ 2’”22312( o )
_iz;+4m3tan£3%+2%)+ (tan( o ))_2mtan(b%+2%)
norman <1+tan2< +2L))
derivativedivides | — sin(at 7 ) ~2a(cos(a+3 )+ (at2) sin(a ) 53 +5) sin(a+2 ) —2sin(a+2)+2c0s (a2 ) (a+ )
default _ @sin(a+3)—2a(cos(at )+ (a+2 ) sinfar)) 53 7)2Sin(“%)_QSin(“Jr%)”cos(“JF%) (a+2)
2)3 (_ 32 +3) sin(2) 2 b
44/ T0 cos(a,)\/bT( Cos _(b) ( 222 z /T sin(a) (_ 1 +< ﬂZ'H) cos(w)
meijerg — 2\/—“2 o/ 58 + 2/ ; /T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b/x)/x"4,x,method=_RETURNVERBOSE)

[Out] -1/b~3*(a~2*sin(a+b/x)-2*a*(cos(a+b/x)+(at+b/x)*sin(a+b/x))+(a+b/x) "2*sin(a+
b/x)-2*sin(a+b/x)+2*cos (a+b/x) * (a+b/x))
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Maxima [C] Result contains higher order function than in optimal. Order 4 vs. order 3.
time = 0.31, size = 50, normalized size = 1.09
(iD(3,%) —iT(3,—%)) cos (a) + (I'(3, %) + I'(3,—)) sin (a)
203

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"4,x, algorithm="maxima")

[Out] 1/2*%((I*gamma(3, I*b/x) - Ixgamma(3, -I*b/x))*cos(a) + (gamma(3, I*b/x) + g
amma (3, -I*b/x))*sin(a))/b"3

Fricas [A]

time = 0.35, size = 43, normalized size = 0.93

_ 2bzcos (9ztt) + (b% — 22?) sin (2Zt0)
b3x?

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b/x)/x"4,x, algorithm="fricas")
[Out] -(2*%bxx*xcos((a*x + b)/x) + (b~2 - 2*x~2)*sin((a*x + b)/x))/(b~3%x~2)

Sympy [A]
time = 0.66, size = 46, normalized size = 1.00

sin <a+§) 2cos (a+§) 2sin (a—f-%)
bx2 - b2 b3
__cos (a)
3z3

forb #0

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x**4,x)

[Out] Piecewise((-sin(a + b/x)/(b*x**x2) - 2xcos(a + b/x)/(b**2%x) + 2*sin(a + b/x
)/b**3, Ne(b, 0)), (-cos(a)/(3*x**3), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 107 vs. 2(46) =

92.
time = 0.42, size = 107, normalized size = 2.33

2(ax+b)aiin(%+b) + 2 (az+b) c:s(%“’) n (am+b)2ij;(aw:b)

b3

a®sin (%2t2) — 2 cos (42tb) — — 2 sin (%2tt)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x)/x"4,x, algorithm="giac")



194

[Out] -(a"2*sin((a*x + b)/x) - 2*axcos((a*x + b)/x) - 2*(a*x + b)*a*sin((a*x + b)
/x)/x + 2x(axx + b)*cos((a*x + b)/x)/x + (axx + b) 2*sin((a*x + b)/x)/x"2 -

2*%sin((a*x + b)/x))/b"3

Mupad [B]
time = 0.37, size = 47, normalized size = 1.02

2sin(a+2) b?sin(a+2)+2bzcos(a+t?)
b B b3 22

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x)/x"4,x)
[Out] (2*sin(a + b/x))/b"3 - (b"2*sin(a + b/x) + 2*b*xx*cos(a + b/x))/(b"3*xx"2)
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3.40 | cos (a + x%) dx

Optimal. Leaf size=79
b VB2 VB2
x cos (a + ;) + Vb V21 cos(a)S Tﬁ + Vb /27 FresnelC Tﬂ sin(a)

[Out] x*cos(at+b/x"2)+cos(a)*FresnelS(b~(1/2)*2~(1/2)/Pi~(1/2)/x)*b~(1/2)*2~(1/2)*
Pi~(1/2)+FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x)*sin(a) *b~(1/2)*2~(1/2)*Pi~ (1/
2)

Rubi [A]
time = 0.04, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules — 0.625,
integrand size

steps used = 5, number of rules used = 5, integrand size = 8,
Rules used = {3441, 3469, 3434, 3433, 3432}

V271 Vb sin(a)FresnelC Q + V21 Vb cos(a) f[ +xcos( %)

T

Antiderivative was successfully verified.
[In] Int[Cosl[a + b/x"2],x]

[Out] x*Cos[a + b/x"2] + Sqrt[b]l*Sqrt[2*Pi]*Cos[a]*FresnelS[(Sqrt[b]*Sqrt[2/Pi])/
x] + Sqrt[bl*Sqrt[2*Pi]*FresnelC[(Sqrt [b]*Sqrt[2/Pi])/x]*Sin[al

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
; FreeQl{c, d, e, £}, x]

Rule 3441
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Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)]*(_.))"(p_.), x_S
ymbol] :> Dist[-f~(-1), Subst[Int[(a + b*Cos[c + d/x"n]) p/x"2, x], x, 1/(e
+ fxx)], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[p, 0] && ILtQ[n, 0] &%
EqQ[n, -2]

Rule 3469

Int[Cos[(c_.) + (d_.)*(x_)"(m_)]*((e_.)*(x_))"(m_), x_Symbol] :> Simp[(e*x)
“(m + 1)*(Cos[c + d*x"n]/(ex(m + 1))), x] + Dist[d*(n/(e"nx(m + 1))), Int[(
exx)"(m + n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] && IGtQ[n, 0] &&
LtQ[m, -1]

Rubi steps

2
/cos (a + %) dxr = —Subst (/ M—;—bx) dz,z, 1)
x x T

= T cos (a + %) + (2b)Subst (/ sin (a + bz?) dz, z, i)
= T cos (a + a%) + (2bcos(a))Subst (/ sin (bz?) dz, z, %) + (2bsin(a))Subst (/ CO*

_xcos(a—i— )—I—fﬁcos() \/ET?T +vbVor C fT\/: sin(a)

Mathematica [A]
time = 0.09, size = 80, normalized size = 1.01

xcos(a)cos( )+f b V21 | cos(a)S f\/: + FresnelC :}/? sin(a) | — zsin(a)sin (;)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2],x]

[Out] x*Cos[a]l*Cos[b/x~2] + Sqrt[b]*Sqrt[2#Pi]*(Cos[a]*FresnelS[(Sqrt[b]*Sqrt[2/P
i])/x] + FresnelC[(Sqrt[b]*Sqrt([2/Pi])/x]*Sin[a]) - x*Sin[a]l#*Sin[b/x~2]

Maple [A]
time = 0.11, size = 57, normalized size = 0.72
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method result

derivativedivides | zcos (a + %) + Vb V2 T (COS (a) S( Tz ) + sin (a) FresnelC (@F - ))
. AW v

default zeos(a+ %)+ Vb V2 1 (cos (a) S( Jr ) + sin (a) FresnelC ( e ))

ie—iab\/? erf(@) iei“b\/F erf< Y :Zb )

A . az?+b

risch b e + x cos ( )

1 4.7:\/5 cos( b )
VT cos(a)\/? ()1 - ?
VTo(»2)4

=
S
)

S

) J sm@ VT Vb (_ﬁ

meijerg — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2),x,method=_RETURNVERBOSE)

[Out] x*cos(a+b/x~2)+b~(1/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(b~(1/2)*2~(1/2) /Pi
~(1/2)/x)+sin(a) *FresnelC(b~(1/2)*2"(1/2)/Pi~(1/2)/x))

Maxima [C] Result contains complex when optimal does not.
time = 0.35, size = 127, normalized size = 1.61

V2 (290 [ L s =)+ G+ v (et //E —1)=(-1) V7 |ef /E —1) cos(a)+ | =(i=1) vV |erf 2 +(i+1) V| erf [ ) sin (a) b_ﬁfi% Vat'
Vot = Va2 V= Va2 V™
4bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*(2*sqrt(2)*b*x~2*sqrt(x~(-4))*cos((a*x"2 + b)/x72) + (((I + 1)x*
sqrt (pi)*(erf (sqrt(I*b/x~2)) - 1) - (I - 1)*sqrt(pi)*(erf(sqrt(-I*b/x"2)) -
1))*cos(a) + (-(I - 1)*sqrt(pi)*(erf(sqrt(I*b/x"2)) - 1) + (I + 1)*sqrt(pi
)*(erf (sqrt(-I*b/x"2)) - 1))*sin(a))*b*(b"2/x74)~(1/4))*sqrt(x~4)/(b*xx)

Fricas [A]
time = 0.35, size = 73, normalized size = 0.92

b b
b ﬁ\/‘ b ﬁ\/‘ az® +b
V2= cos(a)S | —" | +V2'my/= C| —2" | sin(a) + zcos
T x T x x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2),x, algorithm="fricas")
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[Out] sqrt(2)*pixsqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*sqrt(b/pi)/x) + sqrt(2)*pi
*xsqrt (b/pi) *fresnel_cos(sqrt(2)*sqrt(b/pi)/x)*sin(a) + xxcos((a*x”2 + b)/x~

2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos (a+ %) dz
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2),x)

[Out] Integral(cos(a + b/x**2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2),x, algorithm="giac")
[Out] integrate(cos(a + b/x72), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

b
/ cos (a + —2> dz
x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2),x)
[Out] int(cos(a + b/x72), x)
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3.41 [ ot g

Optimal. Leaf size=25
1 b 1
-5 cos(a)CosIntegral (ﬁ) + 3 sin(a)Si (%)

[Out] -1/2*Ci(b/x~2)*cos(a)+1/2%Si(b/x"2)*sin(a)

Rubi [A]
time = 0.02, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3459, 3457, 3456}

1. (b 1 b
5 sin(a)Si <ﬁ> ~5 cos(a)CosIntegral (:ﬁ)

Antiderivative was successfully verified.

[In] Int[Cosl[a + b/x"2]/x,x]

[Out] -1/2%(Cos[a]*CosIntegral[b/x~2]) + (Sin[al*SinIntegral[b/x~2])/2
Rule 3456

Int[Sin[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral([d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int[Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps




Mathematica [A]
time = 0.03, size = 24, normalized size = 0.96

% <_ cos(a)CosIntegral(; ) + sin(a)Si (%))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x,x]
[Out] (-(Cos[al*CosIntegral[b/x"2]) + Sin[al*SinIntegral[b/x~2])/2
Maple [A]

time = 0.07, size =

22, normalized size = 0.88
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method result
. . L. cosmeIntegral L cos(a) sinIntegral ( % ) sin(a)
derivativedivides (‘”2 ) 5“2 )
cosmeIntegral b ) cos(a) smIntegra,l b ) sin(a)
default (Fz) 5;2)
- b - b —i ib i ib
. ie " csgn( Y Integral ( =% va Integral ( 1,— 25 e Integral ( 1,— 23
risch _ . <z2> ie "% sin nze ra. (:1;2) e~ expIn e4ra ( z2> €' explnte 4ra ( 12>
\/7? Cos(a) (27 4ln(a:)+ln( ) 2y 2In(2) 21n (ﬁ) +2cosineIntegral(z%> )
.. VT T \ s T AT sinIntegral ( % ) sin(a)
meijerg — + 2( 2 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x,x,method=_RETURNVERBOSE)
[Out] -1/2*Ci(b/x"2)*cos(a)+1/2%Si(b/x"2)*sin(a)

Maxima [C] Result contains complex when optimal does not.
time = 0.31, size = 43, normalized size = 1.72

1
4

(==

b
12

)

?
2

)= (2

)-on(-

x2

' )) sin (a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x,x, algorithm="maxima")

[Out] -1/4*x(Ei(I*b/x"2) + Ei(-I*b/x"2))*cos(a) - 1/4*(I*Ei(I*b/x"2) - I*Ei(-I*b/x

~2))*sin(a)

Fricas [A]
time = 0.37, size = 29, normalized size = 1.16

() o) (2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x,x, algorithm="fricas")
[Out] -1/4%(cos_integral(b/x~2) + cos_integral(-b/x"2))*cos(a) + 1/2*sin(a)*sin_i
ntegral (b/x"2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos(a-l—m%)d
i S ST

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x,x)
[Out] Integral(cos(a + b/x**2)/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x,x, algorithm="giac")
[Out] integrate(cos(a + b/x"2)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

sin (a) sinint(%)  cos (a) cosint(%)

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x,x)
[Out] (sin(a)*sinint(b/x~2))/2 - (cos(a)*cosint(b/x~2))/2
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3.42 | # da

Optimal. Leaf size=74

\/? cos(a)FresnelC L\/? \/? S ﬁ—% sin(a)

2 T

Vo - Vo

[Out] -1/2%cos(a)*FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x)*2~(1/2)*Pi~(1/2)/b~(1/2)+1
/2xFresnelS(b~(1/2)*27(1/2) /Pi~(1/2)/x)*sin(a)*2~(1/2)*Pi~(1/2) /b~ (1/2)

Rubi [A]

time = 0.02, antiderivative size = 74, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
’ integrand size ’

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {3465, 3435, 3433, 3432}

T

Vb Vb

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x"2]/x"2,x]

[Out] -((Sqrt[Pi/2]*Cos[a]*FresnelC[(Sqrt[b]l*Sqrt[2/Pil)/x])/Sqrt[b]l) + (Sqrt[Pi/
2] #*FresnelS[(Sqrt [b]*Sqrt[2/Pi]) /x]*Sin[a])/Sqrt [b]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3435

Int[Cos[(c_) + (d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Dist[Cos[c], Int
[Cos[dx(e + f*xx)~2], x], x] - Dist[Sin[c], Int[Sin[dx*(e + f*xx)~2], x], x] /
; FreeQ[{c, d, e, f}, xl
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Rule 3465

Int[Cos[(a_.) + (b_.)*(x_)"(n_)]*(x_)~"(m_.), x_Symbol] :> Dist[2/n, Subst[I
nt[Cos[a + b*x~2], x], x, x~(n/2)]1, x] /; FreeQ[{a, b, m, n}, x] & EqQ[m,
n/2 - 1]

Rubi steps

b
[ o [ 0407 %)

T cos(a)C ﬁ—\/g \/? S ff sin(a)

Vb Vb

Mathematica [A]
time = 0.07, size = 62, normalized size = 0.84

: QARG
\/; cos(a)FresnelC| — T [ — § sin(a

Vb

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x"2,x]

[Out] -((Sqrt[Pi/2]*(Cos[al*FresnelC[(Sqrt[b]*Sqrt[2/Pi])/x] - FresnelS[(Sqrt[b]*
Sqrt[2/Pil)/x]*Sin[al))/Sqrt[b])

Maple [A]
time = 0.07, size = 48, normalized size = 0.65

method result size

) V2 (cos(a) FresnelC ( Vb V2 ) —sin(a)S ( Vb /2 ) )

48

derivativedivides
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R )
default —_ o A "
2V
cos(a) FreenelC ( \/57?\/5 ) \/? \/7? S < \/57?\/5 > sin(a)\/g \/F
meijerg — @ 4 . -
2\/}7 9 \/F
e~ ta \/F erf( \/? > eia \/7? erf< _sz >
isch B B |
risc 11/ib i/ —ib 56

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x~2)/x"2,x,method=_RETURNVERBOSE)
[Out] -1/2%2"(1/2)*Pi~(1/2) /b~ (1/2)*(cos(a)*FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x)-
sin(a)*FresnelS(b~(1/2)*2~(1/2)/Pi~(1/2)/x))

Maxima [C] Result contains complex when optimal does not.
time = 0.33, size = 98, normalized size = 1.32

ﬁm((f(ifl)\/7?<erf<\/ijg>—l>+(i+l)\/?(erf( —%)—1>>cos(a)+<—(i+l)ﬁ(erf( %)—1>+(i—1)\/7?<erf< —g)—l))mﬂ@)@%)%

8bx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"2,x, algorithm="maxima")

[Out] -1/8%sqrt(2)*((-(I - 1)*sqrt(pi)*(erf(sqrt(I*b/x"2)) - 1) + (I + 1)*sqrt(pi
)*(erf (sqrt(-Ixb/x"2)) - 1))*cos(a) + (-(I + 1)*sqrt(pi)*(erf(sqrt(I*b/x~2)
) = 1) + (I - 1)*sqrt(pi)*(erf(sqrt(-I*b/x"2)) - 1))*sin(a))*sqrt(x~4)*(b"2

/x74)"(1/4) / (bx*x)

Fricas [A]
time = 0.36, size = 65, normalized size = 0.88

ﬁW\/gcos(a)C ﬁ—g —\/2%\/?5 \/5—\/? sin (a)

T

2b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"2,x, algorithm="fricas")
[Out] -1/2%(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_cos(sqrt(2)*sqrt(b/pi)/x) - sqrt
(2)*pi*sqrt(b/pi)*fresnel_sin(sqrt(2)*sqrt(b/pi)/x)*sin(a))/b
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos(a+m%)d
— % dx

)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x**2,x)

[Out] Integral(cos(a + b/x**2)/x**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"2,x, algorithm="giac")
[Out] integrate(cos(a + b/x72)/x"2, x)

Mupad [B]
time = 0.41, size = 55, normalized size = 0.74

ﬁﬁs(\(}f) sin (a) ﬁﬁc(f\/f) cos (a)
2V - 2V

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x"2,x%)
[Out] (27(1/2)*pi~(1/2)*fresnels((2~(1/2)*b~(1/2))/(x*pi~(1/2)))*sin(a))/(2xb~(1/
2)) - (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b~(1/2))/(x*pi~(1/2)))*cos(a)) /(2

*b~(1/2))
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3.43 | cos(04) gy

Optimal. Leaf size=15

[Out] -1/2*sin(a+b/x"2)/b

Rubi [A]
time = 0.01, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules — 0.167
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2717}
sin (a + z%)

2b

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x"2]/x"3,x]
[Out] -1/2#Sin[a + b/x"2]/b

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQLp, 11 || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

b
/C()S(C;—:_mz)dx < Subst(/cos + bx) dz, z, 2>)

_sin ( )

2b

Mathematica [A]

time = 0.00, size = 15, normalized size = 1.00

sin (a + z%)
2b



Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x~2]/x"3,x]
[Out] -1/2*Sin[a + b/x"2]/b

Maple [A]
time = 0.04, size = 14, normalized size = 0.93

method result size
deri . L. sin (a+ m% )
erivativedivides | ———5*~ 14

sin(a+-%

default - % 14
sin ( 22 +b

risch — ( 5 ) 18

tan (% + %)
norman - (1+tan2 g2+ = )) 34
) b \/7? sin(a) ( 1 —CDS(;Q>>
meijerg el Zlbn () + \2/;? VT 40

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"~2)/x"3,x,method=_RETURNVERBOSE)
[Out] -1/2*sin(a+b/x"2)/b
Maxima [A]
time = 0.28, size = 13, normalized size = 0.87
sin (a + %)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x73,x, algorithm="maxima")
[Out] -1/2#sin(a + b/x"2)/b

Fricas [A]
time = 0.35, size = 17, normalized size = 1.13

. 2
T

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"3,x, algorithm="fricas")

207



208

[Out] -1/2*sin((a*x"2 + b)/x"2)/b

Sympy [A]
time = 0.67, size = 22, normalized size = 1.47

—% forb # 0

— % otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x**2)/x**3,x)
[Out] Piecewise((-sin(a + b/x*%*2)/(2*%b), Ne(b, 0)), (-cos(a)/(2*x**2), True))

Giac [A]
time = 0.45, size = 17, normalized size = 1.13

: az?+b
sin (x—2

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"3,x, algorithm="giac")
[Out] -1/2*sin((a*x"2 + b)/x"2)/b

Mupad [B]
time = 0.27, size = 13, normalized size = 0.87

sin (a+x%)
- 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x"3,x%)
[Out] -sin(a + b/x72)/(2%b)
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COoS| a b
3.44 | —<w4+l> da

Optimal. Leaf size=97

2 2
- VB2 . VB2
1/5 cos(a)S | — - 1/5 FresnelC | ——" [ sin(a)
in (a+ %
N _ sin (a+ %)

203/2 203/2 2bx

[Out] -1/2*sin(a+b/x"2)/b/x+1/4*cos(a)*FresnelS(b~(1/2)*2~(1/2)/Pi~(1/2)/x)*2~(1/
2)*Pi~(1/2) /b~ (3/2)+1/4*FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x) *sin(a)*2~(1/2)
*Pi~(1/2)/v~(3/2)

Rubi [A]
time = 0.04, antiderivative size = 97, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.417,

steps used = 5, number of rules used = 5, integrand size = 12
Rules used = {3491, 3467, 3434, 3433, 3432}

\/? sin(a)FresnelC @ \/? cos(a)S ﬁ—\/g

sin (a + x%)
253/2 2

2b3/2 +

Antiderivative was successfully verified.
[In] Int[Cos[a + b/x"2]/x"4,x]

[Out] (Sqrt[Pi/2]*Cos[a]l*FresnelS[(Sqrt[b]l*Sqrt[2/Pi])/x]1)/(2*%b~(3/2)) + (Sqrt[Pi
/2] *FresnelC[(Sqrt [b]l *Sqrt[2/Pi])/x]*Sin[a])/(2xb~(3/2)) - Sin[a + b/x"2]/(
2%b*x)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]1))*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3434

Int[Sin[(c_) + (d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Dist[Sin[c], Int
[Cos[d*x(e + fxx)~2], x], x] + Dist[Cos[c], Int[Sin[d*(e + f*x)~2], x], x] /
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; FreeQ[{c, d, e, f}, x]

Rule 3467

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- 1)x(exx)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e™n*((m - n + 1)/
(d*n)), Int[(e*x)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3491

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> -Subst[Int[(a + b*Cos[c + d/x"n])"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a
, b, ¢, d}, x] && IGtQ[p, 0] &% ILtQ[n, 0] && IntegerQ[m] && EqQ[n, -2]

Rubi steps

b
/de — —SubSt (/ .’L'2 COS (a+ b$2) dx7xa %)

o
_sin (a+ z—b2) Subst( [ sin (a + bz?) dz, z, 1)

2bz 2b
_ sin (a+ ) cos(a )Subst( [ sin (b2?) dz,z, 1) sm( )Subst( [ cos (bz?) dz,z, I)
T 2b 2b
7r Vb \/ 7r Vb \/
V3 cos(a 5 C sin(a

_ sin (a+ %)

203/2 2b3/2 2
Mathematica [A]
time = 0.11, size = 88, normalized size = 0.91
2
Vo[ = VAN
V2r zcos(a)S | —T— | + v2r zFresnelC | —— " | sin(a) — 2v/b' sin (a+ %)

4b3/2g
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b/x"2]/x74,x]

[Out] (Sqrt[2xPi]*x*Cos[a]*FresnelS[(Sqrt[b]l*Sqrt[2/Pi])/x] + Sqrt[2*Pi]*x*Fresne
1C[(Sqrt [b]l*Sqrt [2/Pi])/x]*Sin[a] - 2*Sqrt[b]l*Sin[a + b/x~2])/(4*b~(3/2)*x)
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Maple [A]
time = 0.09, size = 64, normalized size = 0.66
method result
“in (a—{—i) \/5 \/7? (cos(a)s ( \/57?\/5 +sin(a) FresnelC ( \/57?\/5 > )
derivativedivides | — Qbm””z + - e -
. b \/? \/7? (cos(a)S ( \/F \/E ) +sin(a) FresnelC ( \/F \/E ) )
default G VT V-
2bx a3
ie—i@ \/7? erf< \/Z? > ieta \/F erf< v :Zb Sin(az2+b)
isch . | . 2
T1SC 8b\/1? 8b\/—’ib 2bx
nis( Vb V2
1 ﬁ 2 %sin % (b )ZS< z ) ﬁfc
\/7? cos(a)\/? (v?)2 2(b )71' b(z ) - 2b§/7? \/7? sin(a)\/i —ﬁ
meijerg - 22 + 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b/x"2)/x"4,x,method=_RETURNVERBOSE)

[Out] -1/2*sin(a+b/x"2)/b/x+1/4/b~(3/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(b~(1/2)
*2°(1/2)/Pi~(1/2) /x)+sin(a)*FresnelC(b~(1/2)*2~(1/2)/Pi~(1/2)/x))

Maxima [C] Result contains complex when optimal does not.
time = 0.34, size = 74, normalized size = 0.76

3
2\ 4

VZ (@) ((~G+1) T (3, ) + (i = 1) T(3,—8)) cos (@) + (i = ) T(3, ) = G+1) T(3,~ %)) sin (@) (%)

2
8 b3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"4,x, algorithm="maxima")

[Out] 1/8*sqrt(2)*(x~4)~(3/2)*((-(I + 1)*gamma(3/2, I*b/x~2) + (I - 1)*gamma(3/2,
-Ixb/x"2))*cos(a) + ((I - 1)*gamma(3/2, I*b/x"2) - (I + 1)*gamma(3/2, -I*b
/x72))*sin(a))*(b~2/x74)~(3/4) / (b~3*x"3)

Fricas [A]
time = 0.37, size = 84, normalized size = 0.87

ﬁm:\/gcos(a)s ﬁ—\/g +\/5m\/§C \/2*_\/? sin (a) — 2sin (272

T2

4b%z
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"4,x, algorithm="fricas")

[Out] 1/4*(sqrt(2)*pixx*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*sqrt(b/pi)/x) + sqr
t (2) *pi*x*sqrt(b/pi) *fresnel_cos(sqrt(2)*sqrt(b/pi)/x)*sin(a) - 2*b*sin((a*
x"2 + b)/x72))/(b™2%x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos(a—l—w%)d
———* 2 dx

4
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b/x**2)/x**4,x)

[Out] Integral(cos(a + b/x**2)/x**4, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b/x"2)/x"4,x, algorithm="giac")
[Out] integrate(cos(a + b/x"2)/x"4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos(a+m%)d
— % dx

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b/x"2)/x"4,x)
[Out] int(cos(a + b/x"2)/x"4, x)



213

cosz(\/S?>

\/de

3.45 [

Optimal. Leaf size=19

Vz' +cos (v/z')sin (V')

[Out] cos(x~(1/2))*sin(x~(1/2))+x~(1/2)
Rubi [A]

time = 0.01, antiderivative size = 19, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {3461, 2715, 8}

Vz' +sin (V') cos (V')

Antiderivative was successfully verified.

[In] Int([Cos[Sqrt[x]]1~2/Sqrt[x],x]

[Out] Sqrt[x] + Cos[Sqrt[x]]*Sin[Sqrt([x]]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2715

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + d*
x]*((b*Sin[c + d*x])"(n - 1)/(d*n)), x] + Dist[b™2*((n - 1)/n), Int[(b*Sin[
c + d*x]1)"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2
*n]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rubi steps
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/de — 2Subst (/ cos®(z) dz, x, \/37)

N
= cos (v/z') sin (v/z') +Subst(/1da:,x,\/f)
=z +cos (v/z')sin (vz')

Mathematica [A]
time = 0.02, size = 18, normalized size = 0.95

1
v o+ 3 sin (2\/93 )
Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt[x]]~2/Sqrt[x],x]
[Out] Sqrt[x] + Sin[2*Sqrt[x]]/2

Maple [A]
time = 0.05, size = 14, normalized size = 0.74

method result size
derivativedivides | cos (v/z ) sin (vz') + vz | 14

default cos (vz')sin (vz') + vz | 14

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2/x~(1/2) ,x,method=_RETURNVERBOSE)
[Out] cos(x~(1/2))*sin(x~(1/2))+x~(1/2)

Maxima [A]
time = 0.28, size = 12, normalized size = 0.63

1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))"2/x~(1/2),x, algorithm="maxima")
[Out] sqrt(x) + 1/2*sin(2*sqrt(x))
Fricas [A]

time = 0.39, size = 13, normalized size = 0.68

cos(\/a?)sin(\/;)—|—\/94T
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))"2/x~(1/2),x, algorithm="fricas")
[Out] cos(sqrt(x))*sin(sqrt(x)) + sqrt(x)
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 39 vs.

2(17) = 34.
time = 0.08, size = 39, normalized size = 2.05

vz sin® (v/z') + vz cos® (v/z') +sin (v/z') cos (vz)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(x**(1/2))**2/x**x(1/2),x)
[Out] sqrt(x)*sin(sqrt(x))**2 + sqrt(x)*cos(sqrt(x))**2 + sin(sqrt(x))*cos(sqrt(x

))

Giac [A]
time = 0.40, size = 12, normalized size = 0.63

\/ﬂ?—l-%sin(Q\/a?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))~2/x~(1/2),x, algorithm="giac")
[Out] sqrt(x) + 1/2*sin(2*sqrt(x))

Mupad [B]
time = 0.37, size = 12, normalized size = 0.63

sin (22\/:? ) T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2/x~(1/2),x)
[Out] sin(2*xx~(1/2))/2 + x~(1/2)
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os(VE)

\/a_:da:

3.46 [

Optimal. Leaf size=8

2sin (\/E)

[Out] 2*sin(x~(1/2))

Rubi [A]
time = 0.01, antiderivative size = 8, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2717}

2sin (ﬁ)

Antiderivative was successfully verified.
[In] Int[Cos[Sqrt[x]]/Sqrt[x],x]
[Out] 2*Sin[Sqrt[x]]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

/COS\(/_—;/;) dz = 2Subst (/ cos(z) dz, , \/37)
= 2sin (\/:?)

Mathematica [A]
time = 0.00, size = 8, normalized size = 1.00

2sin (ﬁ)




Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt([x]]/Sqrt[x],x]
[Out] 2*Sin[Sqrt[x]]

Maple [A]
time = 0.02, size = 7, normalized size = 0.88

method result size
derivativedivides | 2sin (v/z') | 7
default 2sin (vz') | 7
meijerg 2sin (v/z') | 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))/x~(1/2),x,method=_RETURNVERBOSE)
[Out] 2*sin(x~(1/2))
Maxima [A]

time = 0.28, size = 6, normalized size = 0.75

2 sin (\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="maxima")
[Out] 2*sin(sqrt(x))
Fricas [A]

time = 0.42, size = 6, normalized size = 0.75

2 sin (\/:?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="fricas")
[Out] 2*sin(sqrt(x))

Sympy [A]
time = 0.09, size = 7, normalized size = 0.88

2sin (\/E)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(x**(1/2))/x**(1/2),x)
[Out] 2*sin(sqrt(x))

Giac [A]
time = 0.43, size = 6, normalized size = 0.75

2 sin (/z')
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))/x~(1/2),x, algorithm="giac")
[Out] 2*sin(sqrt(x))

Mupad [B]
time = 0.03, size = 6, normalized size = 0.75

2 sin (V)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))/x~(1/2),x)
[Out] 2*sin(x~(1/2))
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3.47 [cos (/') dz

Optimal. Leaf size=22

2cos (Vz') + 2+/z sin (v/z')

[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 22, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 3, number of rules used = 3, integrand size = 6,
Rules used = {3443, 3377, 2718}

2v/z sin (v/z') +2cos (v/z')

Antiderivative was successfully verified.

[In] Int[Cos[Sqrt(x]],x]

[Out] 2*Cos[Sqrt[x]] + 2*Sqrt[x]*Sin[Sqrt [x]]
Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )I*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + f*x)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps

[ os (&) o = 25ubs ( [ weoste) s, \/z)

= 24/z sin (v/z') — 2Subst (/ sin(z) dz, z, \/37)
=2cos (vz') + 2z sin (V)
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Mathematica [A]
time = 0.01, size = 22, normalized size = 1.00

2 cos (\/97) + 24/ sin (\/f)

Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt[x]],x]
[Out] 2*Cos[Sqrt[x]] + 2*Sqrt[x]*Sin[Sqrt [x]]

Maple [A]
time = 0.02, size = 17, normalized size = 0.77

method result size
derivativedivides | 2cos (v/z') + 2sin (vZ') /' 17
default 2cos (v/z') +2sin (vz') VT 17

meijerg 4/7 <_2\}F + COZ%E) + \/9?;\1;7(?\/37)) 33

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 2*cos(x~(1/2))+2*sin(x~(1/2))*x~(1/2)
Maxima [A]

time = 0.28, size = 16, normalized size = 0.73

2+/z sin (v/z') +2 cos (V)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2)),x, algorithm="maxima")

[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Fricas [A]

time = 0.38, size = 16, normalized size = 0.73
2+/z sin (v/z') +2 cos (V)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2)),x, algorithm="fricas")
[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))



Sympy [A]
time = 0.09, size = 20, normalized size = 0.91

2v/z" sin (v/z') + 2cos (Vz)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(x**(1/2)),x)

[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Giac [A]
time = 0.49, size = 16, normalized size = 0.73

2+/z sin (v/z') +2 cos (V)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(x~(1/2)),x, algorithm="giac")

[Out] 2*sqrt(x)*sin(sqrt(x)) + 2*cos(sqrt(x))

Mupad [B]
time = 0.28, size = 16, normalized size = 0.73

ZCOS(\/;)+2\/:? sin(\/a?)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2)),x)
[Out] 2*cos(x~(1/2)) + 2*x~(1/2)*sin(x~(1/2))
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3.48 [cos? (') dz

Optimal. Leaf size=36

§+%cos2(\/37)+\/:?cos(\/~’?)sm(\/ﬂ?)

[Out] 1/2*x+1/2*cos(x~(1/2)) " 2+cos(x”~(1/2))*sin(x~(1/2))*x~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.375

steps used = 3, number of rules used = 3, integrand size = 8
Rules used = {3443, 3391, 30}

2 4 o8’ (V) + V& sin (V) cos (V)

I

Antiderivative was successfully verified.

[In] Int([Cos([Sqrt[x]]~2,x]

[Out] x/2 + Cos[Sqrt[x]]1~2/2 + Sqrt([x]*Cos[Sqrt[x]]1*Sin[Sqrt[x]]
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3391

Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£f72*%n"2)), x] + (Dist[b”™2*((n - 1)/n), Int[(c
+ dxx)*(b*Sinf[e + f*x])~(n - 2), x], x] - Simp[b*(c + d*x)*Cos[e + f*xx]*((b
*Sinf[e + f*x])"(n - 1)/(f*n)), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )I*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])~7p, x], x
, (e + f*xx)°n], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
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/ cos? (V7' ) dz = 2Subst < / zcos?(z) de, , ﬁ)

— Loost (V&) + V& cos (V&) sn (V) +Subst</xdr,x, ﬁ)

=g+%cos2(ﬁ)+ﬁcos<\/;)51n(\/;)

Mathematica [A]
time = 0.02, size = 31, normalized size = 0.86

(cos (2v/Z ) +2(z + v/ sin (2v7)))

AN

Antiderivative was successfully verified.

[In] Integrate[Cos[Sqrt[x]]~2,x]
[Out] (Cos[2*Sqrt[x]] + 2*(x + Sqrt[x]*Sin[2*Sqrt[x]]))/4

Maple [A]
time = 0.03, size = 34, normalized size = 0.94

method result size
derivativedivides | 2/z <COS<\/3?);H(\/E) + \/f) -5 - m 34
default 20z (“’s(ﬁ);m(ﬁ) + \/f) _e_(PVT)) g,

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2,x,method=_RETURNVERBOSE)

[Out] 2*xx~(1/2)*(1/2*cos(x~(1/2))*sin(x~(1/2))+1/2*xx~(1/2))-1/2*x-1/2*sin(x~(1/2)

)72

Maxima [A]

time = 0.30, size = 23, normalized size = 0.64

% z sin(2\/:?)+%x+zllcos(2\/a?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))72,x, algorithm="maxima")
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[Out] 1/2*sqrt(x)*sin(2*sqrt(x)) + 1/2*x + 1/4*cos(2*sqrt(x))

Fricas [A]
time = 0.37, size = 24, normalized size = 0.67

\/fcos(\/a—:)sin(\/a?)—l—%cos(\/a?)2+%x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))"2,x, algorithm="fricas")
[Out] sqrt(x)*cos(sqrt(x))*sin(sqrt(x)) + 1/2*cos(sqrt(x))~2 + 1/2*x

Sympy [A]
time = 0.08, size = 51, normalized size = 1.42

\/;Sin(ﬁ)cos(ﬁ)+m81n 2(\/;) _|_xCOS 2(\/5) +COS (2\/3?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/2))**2,x)

[Out] sqrt(x)*sin(sqrt(x))*cos(sqrt(x)) + x*sin(sqrt(x))**2/2 + x*cos(sqrt(x))**2

/2 + cos(sqrt(x))**2/2

Giac [A]
time = 0.42, size = 23, normalized size = 0.64

% x sin(2\/:?)+%x+rllcos(2\/f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/2))~2,x, algorithm="giac")
[Out] 1/2*%sqrt(x)*sin(2*sqrt(x)) + 1/2*x + 1/4*cos(2*sqrt(x))

Mupad [B]
time = 0.35, size = 23, normalized size = 0.64

sin(\/E)Q_i_\/E sin(2\/5)

2 2

x
2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/2))"2,x)
[Out] x/2 - sin(x"(1/2))"2/2 + (x~(1/2)*sin(2*x~(1/2)))/2
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3.49 [z3?%cos (a+by/z ) dzx

Optimal. Leaf size=235

405405,/ = cos(a)S | Vb
135135y/z cos (a+b/z') 3861z7/®cos (a + b/z') +39x11/6 cos (a+by/z’) N 2
3266 a 8b? 22 64b15/2

[Out] -3861/8*x~(7/6)*cos(a+b*x~(1/3))/b~4+39/2*x~(11/6) *cos (a+b*x~(1/3))/b~2-405
405/64*x~(1/6) *sin(a+b*x~(1/3))/b~7+27027/16*x~ (5/6) *sin(a+b*x~(1/3))/b~5-4
29/4%x~(3/2)*sin(a+b*x~(1/3))/b~3+3*x~(13/6) *sin(a+b*x~(1/3)) /b+405405/128%
cos(a)*FresnelS(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ (15/2)
+405405/128*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))*sin(a)*2~(1/2)*Pi~ (1

/2) /b~ (15/2)+135135/32*cos (a+b*x~(1/3) ) *x~(1/2) /b"6

Rubi [A]

time = 0.27, antiderivative size = 235, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.438,

steps used = 13, number of rules used = 7, integrand size = 16
Rules used = {3497, 3377, 3387, 3386, 3432, 3385, 3433}

405405 \? sm(a)F\'ssnelC(\“f‘; \/IT{’/?) 405405\;‘? ms(a)s(ﬁ \% V?)
+

405405¢/7 sin (a + bv/z ) N 135135/ cos (a + by/z') " 270272 sin (a + by/z')  386127/%cos (a + by/z')  4292*7sin (a + bV/z') N 392"/ cos (a + b/z) N 323/ sin (a + by/z')
645572 645572 - 5 5 5 - -

64b7 320° 166° 8bt b 2% b

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x~(1/3)],x]

[Out] (135135%Sqrt[x]*Cos[a + b*x~(1/3)])/(32%b"6) - (3861*x~(7/6)*Cos[a + b*x~ (1
/3)1)/(8%b~4) + (39%x~(11/6)*Cos[a + b*x~(1/3)1)/(2%b~2) + (405405%Sqrt [Pi/

2] #Cos [a] #*FresnelS[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)]1)/(64%b~(15/2)) + (405405%Sqr

t [Pi/2] *FresnelC[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)]*Sin[a])/(64%b~(15/2)) - (40540
5¥x~(1/6)*Sin[a + b*x~(1/3)])/(64xb~7) + (27027*x~(5/6)*Sin[a + b*x~(1/3)]1)
/(16%b~5) - (429%x~(3/2)*Sin[a + b*x~(1/3)]1)/(4*xb~3) + (3*x~(13/6)*Sin[a +
b*x~(1/3)1) /b

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + £xx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x"2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386
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Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sinf(e_.) + (£_.)*(x_)1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
e - c*f)/d], Int[Cos[cx(f/d) + fxx]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Module[{k = Denominator[nl]}, Dist[k, Subst[Int[x~(k*(m + 1) - 1)*x(a +

b*Cos[c + d*x~(k*n)])~p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
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/z3/2 cos (a + b\?/a?) dxr = 3Subst (/ z13/2 cos(a + br) dz, x, \3/7:)
_ 3¢"/5sin (a+by/z")  39Subst([ z'/?sin(a + bx) dz, z, V")

b 2b
3976 cos (a + b/z')  3z'¥Csin(a+b¥/z’)  429Subst( [ %2 cos(a + bz
= + -
202 b 4b2
3956 cos (a + b/z')  4292%2sin (a+b/z')  32'¥/sin (a+by/z) ¢
= 252 13 * b *
3861276 cos (a +b/z')  39z'/Scos (a+bv/z')  429z%/2sin (a + b/z"
- 8t * 2b2 13
3861z7/%cos (a+ b5/z’)  39z'%cos (a+by/z') 27027z%/sin (a + b/
- 8bt 252 1665
1351354/ cos (a + b/z’)  3861x7/®cos (a+by/z)  39zM/6 cos (a + b
B 3265 8bt + 252

_ 135135+/z cos (a +bv/z')  3861z7/%cos (a+ bV/z) N 39z11/6 cos (a + b/
B 326 8b* 2b2

_ 135135y/z cos (a+bv/z')  3861z7/%cos (a + b¥/z) N 393116 cos (a + b/

32b5 8b4 2b2
_ 135135y/z cos (a +b/z')  3861x7/%cos (a + by/z) N 3916 cos (a + b/
B 3206 8b* 2b2

_ 135135+/z cos (a +bv/z')  3861z™/%cos (a+bV/z) N 39z11/6 cos (a + b/
B 3206 8b* 2b2

Mathematica [A]
time = 0.39, size = 165, normalized size = 0.70

405405+/2 cos(a)S(x/F \/? ﬁ) + 40540527 FresnelC <\/z? \/? ﬁ) sin(a) + 6V ¥/z (26(346565/7 — 3966 + 166°2%/3) cos (a + b¥/z") + (—135135 + 3603662223 — 2288b"'z"/® + 645°22) sin (a + bV/z'))

128b15/2

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)*Cos[a + b*x~(1/3)],x]

[Out] (405405%Sqrt[2#Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pil*x~(1/6)] + 405405%Sqr
t [2*xPi]*FresnelC[Sqrt [b]*Sqrt [2/Pil*x~(1/6)]1*Sin[a] + 6*Sqrt[bl*x~(1/6)*(26
*(3465*b*x~(1/3) - 396%b~3*x + 16*b~5*x~(5/3))*Cos[a + b*xx~(1/3)] + (-13513

5 + 36036*%b~2*x~(2/3) - 2288*b~4xx~(4/3) + 64%b~6*x"2)*Sin[a + b*x~(1/3)]))
/(128xb~(15/2))
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Maple [A]
time = 0.08, size = 196, normalized size = 0.83

method result

35| ——

5 1
7 1 6 si 3
z 6 cos <a+bz3> 72 sin <a+b$ )
+

4b
9 — P13

3 1
11 1 1122 si bx3
=6 cos <a+bz3> z 2 sin <a+ x >

b
39| — % + 4

derivativedivides
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35| —

5 1
7 1 726 sin| a+bx3
x6 cos|at+bx3

— 4b
99 25 +

=

3 1

11 1 11z 2 sin( a+bx3

x 6 cos|at+bzx3
- 4b

39 2% +

3z%§ sin (a—i—bz% )

default 5 —

15 4 2 15
v \/E (»?) 4 (3120353b4—77220;t§b2+675675) cos(bx%> z%\/g (»?) 4 (—960m2b6+34
1924/2 cos(a)y/ T —
12

614404/ T 6

meijerg 27

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a+b*x~(1/3)),x,method=_RETURNVERBOSE)

[Out] 3*x~(13/6)*sin(a+b*x”~(1/3))/b-39/b*x(-1/2/b*x~(11/6)*cos(a+b*x~(1/3))+11/2/b
*(1/2/b*x~(3/2)*sin(a+b*x~(1/3))-9/2/b*(-1/2/b*x~(7/6) *cos (a+b*x~(1/3))+7/2
/b*(1/2/b*x~(5/6)*sin(a+b*x~(1/3))-5/2/b*(-1/2/b*x~(1/2) *cos (a+b*x~(1/3))+3
/2/b*%(1/2*%x~(1/6)*sin(a+b*x~(1/3))/b-1/4/5~(3/2)*2~(1/2) *Pi~ (1/2) *(cos (a) *F
resnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))+sin(a) *FresnelC(x~(1/6)*b~(1/2) *2
~(1/2)/Pi~(1/2))))0))

Maxima [C] Result contains complex when optimal does not.
time = 0.30, size = 136, normalized size = 0.58

3 (135135 V2 V7 (((i+1) cos (@) — (i — 1) sin (@) exf (\/sz*) +(—(i— 1) cos () + (i + 1) sin (a)) exf (mﬁ))b% +208 (16 bz — 396 bzt + 3465 b'?\/a?) cos (ba¥ +a) +8 (64 bSo% — 22881%x + 36036 bzt — 135135 b%%) sin (bt + a))

5127

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~(3/2)*cos(a+b*x~(1/3)),x, algorithm="maxima")

[Out] 3/512%(135135%sqrt(2)*sqrt(pi)*(((I + 1)*cos(a) - (I - 1)*sin(a))*erf(sqrt(
Ixb)*x~(1/6)) + (-(I - 1)*cos(a) + (I + 1)*sin(a))*erf(sqrt(-I*b)*x~(1/6)))
*b~(3/2) + 208%(16*%b~7*x~(11/6) - 396xb~5xx~(7/6) + 3465%b~3*sqrt(x))*cos(b
*x~(1/3) + a) + 8%(64*b~8%x~(13/6) - 2288%b~6*x~(3/2) + 36036*b~4*xx~(5/6) -
135135%b~2*x~(1/6) ) *sin(b*x~(1/3) + a))/b~9

Fricas [A]
time = 0.36, size = 145, normalized size = 0.62

- I il I .
(135135 ﬁﬂ\/% cos (a) S (\/Tz% V% ) 4135135 \/?wv‘/% ¢ (ﬁz% \/; ) sin () + 52 (16 B — 306 bz + 3465 b?\/?) cos (bz% + a) —2 (2288b°z% — 36036 b%2% — (64b72% — 135135 b)z%) sin (bz% + a)>

128 6%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(a+b*x~(1/3)),x, algorithm="fricas")

[Out] 3/128%(135135%sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt
(b/pi)) + 135135%sqrt(2)*pi*sqrt(b/pi)*fresnel_cos(sqrt(2)*x~(1/6)*sqrt(b/p
i))*sin(a) + 52*%(16xb~6%x~(11/6) - 396*b~4*x~(7/6) + 3465*%b~2*sqrt(x))*cos(
b*x~(1/3) + a) - 2%(2288*b~5%x~(3/2) - 36036*%b~3*x~(5/6) - (64*b~7*x"2 - 13

5135%b) *x~(1/6) ) *sin(b*x~(1/3) + a))/b"8

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/:rgcos(a—kb{y?)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*cos(at+bxx**(1/3)),x)
[Out] Integral (x**(3/2)*cos(a + b*x**(1/3)), x)

Giac [C] Result contains complex when optimal does not.
time = 0.44, size = 241, normalized size = 1.03

u . : §)(oeteia) 2 opt N 1 _ a0a6isict - Bt s I ) 3 Fab (it 4 1)
3 (642 % — 4165°2% — 2288i bzt + 10206 b2 + 360361 bx¥ — 90090 by/T — 135135i ' ) | ) 3(—64ita® — 4165%0% + 2288ibe + 10296 6%F — 360361 b2F — 00000byE +135135ixt )el ) 4054051 VZ VA et (—L V2ot (=i 4 1) /T ) €69 405405i VZ VT erf (—4 V2t (8 4 1)y
\ _ ) N 2 i _ 3 wm+l)

85 25607 (3 +1) VIl 25607 (§ +1) VI

28

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(a+b*x~(1/3)),x, algorithm="giac")

[Out] -3/128*%(64*Ixb~6*x~(13/6) - 416%b~5xx~(11/6) - 2288*I*b~4*x~(3/2) + 10296%*Db
~3xx~(7/6) + 36036*%I*b~2xx~(5/6) - 90090*b*sqrt(x) - 135135%Ixx~(1/6))*e~ (I
*b*x~(1/3) + I*a)/b"7 - 3/128%(-64xI*b~6*x~(13/6) - 416%b~5*x~(11/6) + 2288
*Ixb~4*x~ (3/2) + 10296*b~3*x~(7/6) - 36036*I*xb~2*x~(5/6) - 90090*b*sqrt (x)

+ 135135%I*x~(1/6))*e” (-I*xb*x~(1/3) - I*a)/b~7 + 405405/256*I*sqrt(2)*sqrt(
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pi)*erf (-1/2*xsqrt(2)*x~(1/6)*(-I*b/abs(b) + 1)*sqrt(abs(b)))*e~(I*a)/(b~7*(
-I*b/abs(b) + 1)*sqrt(abs(b))) - 405405/256*I*sqrt(2)*sqrt(pi)*erf (-1/2*sqr
t(2)*x~(1/6)*(I*xb/abs(b) + 1)*sqrt(abs(b)))*e~(-I*a)/(b~7*(I*b/abs(b) + 1)*
sqrt(abs(b)))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/m3/2 cos (a+b:r1/3) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x~(1/3)),x)
[Out] int(x~(3/2)*cos(a + b*x~(1/3)), x)
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3.50 [ vz cos(a+byz) dz

Optimal. Leaf size=169

T 2 T
315,/ = cos(a)FresnelC Vb \/ = NG 315,/= S
315y/z" cos (a + by/z) +21:c5/6 cos (a+ by/z') N 2 (a) ( T \V 2

8b4 2b? 8b9/2

[Out] -315/8%x~(1/6)*cos(a+b*x~(1/3))/b~4+21/2*x~ (5/6)*cos (a+b*x~(1/3)) /b~ 2+3*x" (
7/6)*sin(a+b*x~(1/3))/b+315/16*cos(a)*FresnelC(x~(1/6)*xb~ (1/2)*2~(1/2) /Pi~(
1/2))*2~(1/2)*Pi~(1/2) /b~ (9/2)-315/16*FresnelS(x~(1/6) *b~ (1/2)*2~(1/2) /Pi~(
1/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (9/2)-105/4*sin(a+b*x~(1/3))*x~(1/2) /"3

Rubi [A]
time = 0.15, antiderivative size = 169, normalized size of antiderivative = 1.00, number of

e =16, number of rules _ 0.438,
integrand size

steps used = 10, number of rules used = 7, integrand siz
Rules used = {3497, 3377, 3387, 3386, 3432, 3385, 3433}

ks 2 T 2
315/ cos(a)FresnelC| /= Vo' ¥z 315, /= sin(a)S| Vb /= ¥z
2 (@) ( ™ 2 (@) ™ 315y/z cos (a+b¥/z) 105y sin (a +b/z') 4 212%/° cos (a + by/z) + 32"/%sin (a + by/z")
8b9/2 8b9/2 8bt 453 2b% b

Antiderivative was successfully verified.
[In] Int[Sqrt[x]*Cos[a + b*x~(1/3)],x]

[Out] (-315%x~(1/6)*Cos[a + b*x~(1/3)]1)/(8%b~4) + (21*x~(5/6)*Cos[a + b*x~(1/3)])
/(2xb~2) + (315xSqrt[Pi/2]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pil*x~(1/6)])/(8*
b~(9/2)) - (315%Sqrt[Pi/2]*FresnelS[Sqrt[b]l*Sqrt[2/Pi]l*x~(1/6)]1*Sin[a])/ (8%
b~(9/2)) - (105#Sqrt[x]*Sin[a + b*x~(1/3)])/(4*b~3) + (3*x~(7/6)*Sin[a + bx
x~(1/3)1) /b

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
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, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*xf)/d], Int[Sin[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - c*f)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +
bxCos[c + d*x~(k*n)1)~p, x], x, x~(1/k)]1, x]1] /; FreeQ[{a, b, ¢, d, m}, x]
&& IntegerQ[p] && FractionQ[n]

Rubi steps
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/ Vz' cos (a+ by/z") dz = 3Subst (/ z7/? cos(a + bx) dz, z, %)
_ 3z/%sin (a+b/z')  21Subst([ z°?sin(a + bz) dz, z, ¥/z)

b 2b
212%/6 cos (a+b/z') 3z"/Csin(a+by/z) 105Subst( [ %2 cos(a + bz) d
— + -
202 b 4b2
21z%C cos (a + b/z')  105y/z sin (a+byz') 3z7/%sin(a+byz’) 315
22 4b3 b
_ 315y/z cos (a+bvz) N 21z%/¢ cos (a + b/z')  105y/z sin (a + by/z') |
B 8b* 2b2 453
_ 315V/z cos (a+by/z) N 212%6 cos (a + b/x') 1054/ sin (a + by/z") |
B 8b* 2b2 453
_ 315v/z cos (a+bvx) N 21z%/C cos (a + b/z')  105y/z sin (a + b¥/z) |
B 8b* 2b2 453
s
315,/= cos(a)C| Vb
315y/z cos (a+by/z) +21x5/ﬁcos(a+b\3/37) N 2 (@) < \/
B 8b* 2b2 8b9/2

Mathematica [A]
time = 0.24, size = 141, normalized size = 0.83

31521 cos(a)FresnelC (\/17 \/?«“/f) - 315\/275(\/17 \/? {‘/:F) sin(a) + 6vb z (7(—15 + 4b*2%/3) cos (a + b{/z") + 2b(—35 + 4b*2*/3) /=" sin (a + b¢/z'))

1669/

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~(1/3)],x]

[Out] (315%Sqrt[2*Pi]*Cos[a]*FresnelC[Sqrt[b]*Sqrt[2/Pi]*x~(1/6)] - 315*Sqrt[2*Pi

1*FresnelS[Sqrt [b]*Sqrt [2/Pi]l*x~(1/6)]*Sin[a] + 6xSqrt[bl*x~(1/6)*(7*(-15 +
4xb~2*%x~(2/3))*Cos[a + b*xx~(1/3)] + 2%b*(-35 + 4xb~2*x~(2/3))*x~(1/3)*Sin[

a + b*x~(1/3)1))/(16%xb~(9/2))

Maple [A]
time = 0.06, size = 131, normalized size = 0.78

\ method \ result
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:vﬁ cos <a+b:c%> f \/ (cos(a) Fresn

15| — 25

1
5 1 54/ T si bx3
x6 cos <a+bx3> sin <a+ € >

4b
21| — 55 +

7 1
. . L. 3z6 sin(a+bw3>
derivativedivides 5 — b

26 cos <a+b:c3> f \/ (cos(a) Fresn
15

- 2b

5\/.7) sin<a+bx31§>

5 1
x6 cos|at+bx3
_ 4b —
21 2b + b

31?75 sin (a—i—b cc%’ )
default 5 — 5

x%\/g(b2)%(—252z%b2+945> cos< %> VI f b?2)4 < SGz%b2+315) sin(bw%) !
24\/7 cos(a)y/T | — O +-

11524/ T v%

meijerg oy

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a+b*x~(1/3)),x,method=_RETURNVERBOSE)

[Out] 3*x~(7/6)*sin(a+b*x~(1/3))/b-21/b*(-1/2/b*x~(5/6)*cos (a+b*x~(1/3))+5/2/b* (1
/2/bxx”(1/2)*sin(a+b*x~(1/3))-3/2/b*(-1/2/b*x~ (1/6) *cos (a+b*x~(1/3))+1/4/b~
(3/2)*%2~(1/2)*Pi~(1/2)*(cos(a) *FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))-s
in(a)*FresnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.30, size = 112, normalized size = 0.66

(105 ff( ) cos (a) — (i + 1) sin (a)) erf (\/1715) + ((i+1) cos (a) + (i — 1) sin (a)) erf (ME%>)b% +56 (41)41% - 15b2z%) cos (bz% + a) +16 <4b51% - 35b3\/§) sin (bx% + a))
64 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3)),x, algorithm="maxima")

[Out] 3/64+%(105*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(a) - (I + 1)*sin(a))*erf (sqrt(I*b
)*¥x~(1/6)) + ((I + 1)*cos(a) + (I - 1)#*sin(a))*erf(sqrt(-Ixb)*x~(1/6)))*b"~(

3/2) + 56%(4xb~4*x~(5/6) - 15%b~2xx~(1/6))*cos(b*xx~(1/3) + a) + 16%(4*b~5*x
~(7/6) - 35%b~3*sqrt(x))*sin(b*x~(1/3) + a))/b~6
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Fricas [A]
time = 0.38, size = 118, normalized size = 0.70

3 (105 ﬁﬂ\/? cos(a) C (ﬁx%\/?> —105 ﬁn\/? S (ﬁz%\/?> sin (a) + 14 (4b3x% - 15bz%) cos (bz% +a) +4 (4b“z% —35b2\/37) sin (bz% +u)>
K ™ ™ ™

166°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3)),x, algorithm="fricas")

[Out] 3/16%(105*sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_cos(sqrt(2)*x~(1/6)*sqrt(b/p
i)) - 105*sqrt(2)*pi*sqrt(b/pi)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))*sin

(a) + 14x(4xb~3*x~(5/6) - 16xb*x~(1/6))*cos(b*x~(1/3) + a) + 4*(4*xb~4*x"~(7/

6) - 35%b~2%sqrt(x))*sin(b*x~(1/3) + a))/b"5

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/fcos(a—l—b\%?)dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(a+bxx**(1/3)),x)

[Out] Integral(sqrt(x)*cos(a + bxx*x(1/3)), x)
Giac [C] Result contains complex when optimal does not.
time = 0.44, size = 193, normalized size = 1.14

3 (sitht — 288t — 100V + 10554 )l ) 3 (~gitiad 288k 4 70byE + 1055 )l ) 315 VB VAT ext (4 VBT (< 4 1) VI ) 69 315V VA erf (=3 V2 ok (1 +1) VIT ) el

o5 1607 a2 (— i+ 1) VT a2t (i + 1) VI

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3)),x, algorithm="giac")

[Out] -3/16%(8*I*b~3*x~(7/6) - 28xb~2+x~(5/6) - 7OxIxb*sqrt(x) + 105*%x~(1/6))*e"(
Ixbxx~(1/3) + I*a)/b"4 - 3/16%(-8*I*b~3xx"(7/6) - 28%b~2%x~(5/6) + TOxI*b*s
qrt(x) + 105*x~(1/6))*e” (-I*b*x~(1/3) - I*a)/b~4 - 315/32%sqrt(2)*sqrt(pi)*

erf (-1/2xsqrt (2) *x~(1/6)*(-I*b/abs(b) + 1)*sqrt(abs(b)))*e”(I*a)/(b~4*(-I*b
/abs(b) + 1)*sqrt(abs(b))) - 315/32xsqrt(2)*sqrt(pi)*erf (-1/2*sqrt(2)*x~(1/
6)*(Ixb/abs(b) + 1)#*sqrt(abs(b)))*e”(-I*a)/(b"4*(I*b/abs(b) + 1)*sqrt(abs(b

)))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/\/E cos (a+bz'?) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~(1/3)),x)
[Out] int(x~(1/2)*cos(a + b*x~(1/3)), x)
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cos <a+b\‘7{17> dx
Jz

3.51 |

Optimal. Leaf size=99

) \/jcos (fff) fmesnelc<fff>31n (B4 o)

b3/2 b3/2

[Out] 3*x~(1/6)*sin(a+b*x~(1/3))/b-3/2*cos(a)*FresnelS(x~(1/6)*b~(1/2)*2~(1/2) /Pi
~(1/2))*2~(1/2)*Pi~(1/2) /b~ (3/2)-3/2*FresnelC(x~(1/6)*xb~(1/2)*2~(1/2) /Pi~ (1
/2))*sin(a)*2~(1/2)*Pi~(1/2) /b~ (3/2)

Rubi [A]
time = 0.09, antiderivative size = 99, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.438,

steps used = 7, number of rules used = 7, integrand size = 16
Rules used = {3497, 3377, 3387, 3386, 3432, 3385, 3433}

_3\/§sin(a)Fresnelc<\/?ﬁW) _3\/jcos (fff) 3\/378111(&”\/_)

b3/2 b3/2 b

Antiderivative was successfully verified.
[In] Int([Cos[a + b*x~(1/3)]/Sqrt[x],x]

[Out] (-3*Sqrt[Pi/2]*Cos[al*FresnelS[Sqrt[b]l*Sqrt[2/Pi]l*x~(1/6)]1)/b~(3/2) - (3%Sq
rt[Pi/2] #*FresnelC[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)]1*Sin[a])/b~(3/2) + (3*x~(1/6)*
Sinfa + b*xx~(1/3)1)/b

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)x*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]]1, x] /; FreeQl{c, d, e, f}
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, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*xf)/d], Int[Sin[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - c*f)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))~2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(kx(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)]1)~p, x], x, x~(1/k)]1, x]1] /; FreeQ[{a, b, ¢, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
b 3
/ cos (a\;'_ Vz) dz = 3Subst (/ vz cos(a + bx) dz, x, W)
s

sin(a+bx) 3
_3WSin(a+b\3/;?) 3Subst(f—\/; dz,x,\/g?)
N b B 2

209 dz, z, Iz sin(a))Subs
:3%Sin(a+b%)_(SCos(a))Subst(f\/;d, ,f)_(g (a))S bt(f

b 2b

2

_ 3v/z sin (a + b/z") 3 cos(a))Subst( [ sin (b2?) dz, z, Vz') 3 sin(a))Subst

b

b3/2 p3/2

b
3\/§cos(a)s<ﬁ\/§%> 3@0(@@%) sin(a) . 397 sin

b
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Mathematica [A]
time = 0.11, size = 94, normalized size = 0.95

3(\/% cos(a)S(x/F \/?{’/3?) + \/ﬁFresnelC<\/g \/72?\6/?> sin(a) — 2vb ¥z sin (a+b€/5)>

20b3/2

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]1/Sqrt[x],x]

[Out] (-3*%(Sqrt[2*#Pi]*Cos[a]*FresnelS[Sqrt[b]*Sqrt[2/Pi]*x~(1/6)] + Sqrt[2#Pi]*Fr
esnelC[Sqrt [b]l *Sqrt [2/Pi]l*x~(1/6)]1*Sin[a] - 2*Sqrt[b]l*x~(1/6)*Sinl[a + b*x~(
1/3)1))/(2%b~(3/2))

Maple [A]
time = 0.05, size = 64, normalized size = 0.65

method result

3 & s ( +b %) 3\/5 \/7? (COS(G)S (ﬂli\/j_\/? +sin(a) FresnelC (W) )
derivativedivides ; — m s T

358 si ( +b %) 3\/5 \/7? (cos(a)S (W +sin(a) FresnelC (W) >
default ; _ 7T 4 T

1 9 % . % b2 %S m %
3cos(a)\/7?\/§ wﬁ\/g(b) Sm(bw >—( ) ( %\/7? ) 3sin(a)\/7T\/§ _”” \/5

24/ b 2b

meijerg oy —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))/x~(1/2),x,method=_RETURNVERBOSE)

[Out] 3*x~(1/6)*sin(a+b*x~(1/3))/b-3/2/b~(3/2)*2~(1/2)*Pi~(1/2)*(cos(a)*FresnelS(
x~(1/6)*xb~(1/2)*2~(1/2)/Pi~(1/2))+sin(a) *FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /P
i~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.29, size = 73, normalized size = 0.74

3 (\/fﬁ ((—(z +1) cos (a) + (¢ — 1) sin(a)) erf (\/ﬁx%> +((¢ —1) cos(a) — (¢ + 1) sin (a)) erf (m:ﬁ))b% + 8626 sin (bx% + a))
8b°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(1/2),x, algorithm="maxima")
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[Out] 3/8%(sqrt(2)*sqrt(pi)*((-(I + 1)*cos(a) + (I - 1)*sin(a))x*erf (sqrt (I*b)*x"~(
1/6)) + ((I - 1)*cos(a) - (I + 1)*sin(a))x*erf(sqrt(-I*b)*x~(1/6)))*b~(3/2)

+ 8%b~2xx~(1/6) *sin(b*x~(1/3) + a))/b~3

Fricas [A]

time = 0.38, size = 78, normalized size = 0.79

3 (ﬁﬂ\/zcos(a)s (V%ﬂ) +\/2“7r\/zc <ﬁx\/z> sin (a) — 2ba$ sin (bxé+a)>

202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(1/2),x, algorithm="fricas")

[Out] -3/2%(sqrt(2)*pi*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))
+ sqrt(2)*pi*sqrt(b/pi)*fresnel_cos(sqrt(2)*x~(1/6)*sqrt(b/pi))*sin(a) - 2%
b*x~(1/6)*sin(b*x~(1/3) + a))/b~2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
b 3
/ cos (a+by/xz) s
VT

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**(1/3))/x**(1/2),x)

[Out] Integral(cos(a + bkx**(1/3))/sqrt(x), x)

Giac [C] Result contains complex when optimal does not.

time = 0.49, size = 143, normalized size = 1.44

_3’L' V2 Vr erf (—% V2'zs (—ﬁ + 1) \/W) et N 3i V2 V7 erf (—% V2 zs (% + 1) \/W> e(=i) 3 xée(ibﬂv%ﬂ'a) . 3Z-$§e(*ibz%*ia)
ab(=i+1) VIl 4b(+1) Vo 2b 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(1/2),x, algorithm="giac")

[Out] -3/4%Ixsqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*x~(1/6)*(-I*b/abs(b) + 1)*sqrt(abs
(b)))*e~(I*a)/(b*(-I*b/abs(b) + 1)*sqrt(abs(b))) + 3/4*Ixsqrt(2)*sqrt(pi)*e

rf (-1/2*sqrt (2)*x~(1/6)*(I*xb/abs(b) + 1)*sqrt(abs(b)))*e”~(-I*a)/(b*(I*b/abs

(b) + 1)*sqrt(abs(b))) - 3/2xI*x~(1/6)*e” (Ixbxx~(1/3) + I*xa)/b + 3/2*I*x"(1
/6)*e~ (~I*b*x~(1/3) - I*a)/b

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

cos (a+ bx1/3)
d
/ N !
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*xx~(1/3))/x~(1/2),x)
[Out] int(cos(a + b*x~(1/3))/x~(1/2), x)
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3
Ccos <a+b/;/37 ) dx

3

3.52 |

Optimal. Leaf size=110

2cos (a+bv/z") o 2, 30 2, _ 4bsi
— NG —4b%2\/21" cos(a)FresnelC (\/F \/;ﬁ)+4b / \/ﬁs<\/17 \/;\/37> sin(a)+

[Out] 4*b*sin(a+b*x~(1/3))/x~(1/6)-4*b~(3/2)*cos(a)*FresnelC(x~(1/6)*b~(1/2)*2~ (1
/2)/Pi~(1/2))*2~(1/2)*Pi~ (1/2)+4xb~ (3/2) *FresnelS(x~(1/6)*b~(1/2)*2~(1/2) /P

i~ (1/2))*sin(a)*2~(1/2)*Pi~ (1/2) -2*cos (a+b*x~(1/3))/x~(1/2)

Rubi [A]

time = 0.11, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.438,

steps used = 8, number of rules used = 7, integrand size = 16
Rules used = {3497, 3378, 3387, 3386, 3432, 3385, 3433}

—4+/27 b%/? cos(a)FresnelC (\/? \/17\%?) + 427 b2 sin(a)S(x/l? \/?\‘7;) + 4bsin (?/; bVz’) _ 2cos (‘\l/l;b%>

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)]1/x~(3/2),x]

[Out] (-2*Cos[a + b*x~(1/3)])/Sqrt[x] - 4*b~(3/2)*Sqrt[2*Pi]*Cos[a]*FresnelC[Sqrt
[b]*Sqrt[2/Pi]*x~(1/6)] + 4%b~(3/2)*Sqrt[2+Pi] *FresnelS[Sqrt [b] *Sqrt [2/Pi]*
x~(1/6)]1*Sin[a] + (4*b*Sin[a + b*x~(1/3)1)/x"(1/6)

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && LtQ[m, -1
]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)]1, x], x, Sqrtlc + d*x]], x] /; FreeQl{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - c*f, 0]

Rule 3386

Int[sin[(e_.) + (£_.)*(x_)1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]1], x] /; FreeQl[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]
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Rule 3387

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrt[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[cx(f/d) + fx*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, 4,

e, f}, x] && ComplexFreeQ[f] && NeQ[d*e - cx*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]1))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)])~p, x], x, x~(1/k)], x]1] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps

23/2 5/2

/cos(a+b\‘7a7)dx:?)subst(/COS(a—l-bw)d xf)

_ _2cos (‘z/l;bf) — (2b)Subst ( / Sm(“gj; %) gz, f)

_ _Zcos %l;b%) 4 doein (;xi V) _ (442) Subst (/ wclx,x, \/a?:
__Zeos (‘\L/;b‘%) | dosin (?/; OVZ) (45 cos(a) Subst< CO\S/@”)

_ _Zeos <‘j/;b%) 4 dbsin (;‘/xi bVT) (8b% cos(a)) Subst ( / cos (bz?) dw, z,
_ 2008 (‘j/;b%) 46¥2/21 cos(a (f ff) +4b3/2FS<f\/

Mathematica [A]
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time = 0.17, size = 110, normalized size = 1.00

2cos (a+bv/z) 3/ 2, /2 2, ) 4bsin (a + by/z")
Y R — 4p% \/ﬁcos(a)FresnelC(\/g \/:\/27> + 4%/ \/ﬁS(\/l?\/:\/;) s1n(a)+T

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]1/x"(3/2),x]

[Out] (-2*Cos[a + b*x~(1/3)])/Sqrt[x] - 4*b~(3/2)*Sqrt[2*Pi]*Cos[a]*FresnelC[Sqrt
[b]*Sqrt[2/Pi]*x~(1/6)] + 4%b~(3/2)*Sqrt[2*Pi] *FresnelS[Sqrt [b] *Sqrt [2/Pi]*
x~(1/6)1*Sin[a] + (4*b*Sinl[a + b*x~(1/3)1)/x~(1/6)

Maple [A]
time = 0.05, size = 78, normalized size = 0.71

method result
derivativedivides _w _ 4b( sm(ﬁbm ) + Vb V2 T <cos ) FresnelC (M%) — sin
default —% - 4b( M +vb V2 T (cos ) FresnelC M%) — sin
, N\ amd 8v/b /2 )
cos| b 1 2 sinl b 32b2 FresnelC
3cos(a)f \/5 (bz)% - Sf <b 5T>3+ 6fb I <b 373>— 3\/7? 3sin(a)
sV AT (12)1 3/ 26 (12)4 3(v2)4
meijerg 5 —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))/x~(3/2),x,method=_ RETURNVERBOSE)

[Out] -2*cos(at+b*x~(1/3))/x~(1/2)-4*xbx(-1/x~(1/6)*sin(a+b*x~(1/3))+b~(1/2)*2~(1/2
Y*Pi~(1/2)*(cos(a) *FresnelC(x~(1/6)*b~(1/2)*2"(1/2)/Pi~(1/2))-sin(a)*Fresne
1S(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))))

Maxima [C] Result contains complex when optimal does not.
time = 0.58, size = 74, normalized size = 0.67

K (((z —1) V2T(=4ibat) = i+ 1) \/fr(—g,—ibx%» cos (@) + ((H— 1) \/ir(—g,ibz%) —-1) «/Er(—g,—ibz%)) sin (a) ) Vet b

1
415

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="maxima")

[Out] -3/4%(((I - 1)*sqrt(2)*gamma(-3/2, I*b*x~(1/3)) - (I + 1)*sqrt(2)*gamma(-3/
2, -Ixb*x~(1/3)))*cos(a) + ((I + 1)*sqrt(2)*gamma(-3/2, Ixb*x~(1/3)) - (I -

1) *sqrt (2) *gamma (-3/2, -I*b*x~(1/3)))*sin(a))*sqrt(b*xx~(1/3))*b/x~(1/6)
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Fricas [A]
time = 0.36, size = 96, normalized size = 0.87

2 <2ﬁwbz\/zcos(a)c (ﬁﬁﬁ) —Qﬁnbm\/gs (ﬁmé\/f>sin(a)—2bzésin(bzé+a) + V@ cos (bm§+a)>

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="fricas")

[Out] -2x(2*sqrt(2)*pi*b*x*sqrt(b/pi)*cos(a)*fresnel_cos(sqrt(2)*x~(1/6)*sqrt(b/p
i)) - 2xsqrt(2)*pi*b*x*sqrt(b/pi)*fresnel_sin(sqrt(2)*x~(1/6)*sqrt(b/pi))*s
in(a) - 2xbxx~(5/6)*sin(b*x~(1/3) + a) + sqrt(x)*cos(b*x~(1/3) + a))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/cos(a—l—b{“’/a?)

T3
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x**(1/3))/x**(3/2),x)
[Out] Integral(cos(a + bxx*x(1/3))/x*x(3/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)/x~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

cos (a+ bx1/3)
/ pp dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))/x~(3/2),x)
[Out] int(cos(a + b*x~(1/3))/x~(3/2), x)
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oS <a+b%) dx

2572

3.53 |

Optimal. Leaf size=184

_2cos (a+b\?’/3?)+8b2cos (a+b\3/5)_32b4cos (a+b\%7)_£b9/2 /o cos(a (f ff)
315

3z3/2 105z5/6 315z 315

[Out] -2/3%cos(a+b*xx~(1/3))/x~(3/2)+8/105%b~2*cos (a+b*x~(1/3))/x~(5/6)-32/315%b"4
xcos (a+b*x~(1/3))/x~(1/6)+4/21*b*xsin(a+b*x~(1/3))/x~(7/6)-32/315%b~(9/2) *co
s(a)*FresnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)-32/315%b"(
9/2)*FresnelC(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))*sin(a)*2~(1/2)*Pi~(1/2)-16/
315%b~3*sin(a+b*x~(1/3))/x~(1/2)

Rubi [A]

time = 0.18, antiderivative size = 184, normalized size of antiderivative = 1.00, number of

number of rules — 0.438,
' integrand size

steps used = 11, number of rules used = 7, integrand size = 16
Rules used = {3497, 3378, 3387, 3386, 3432, 3385, 3433}

32b cos (a + by/z 16b3 sin (a+by/z')  8b?cos(a+by/z)  4bsin(a+by/z) 2cos (a+by/z)
9/2 — Vor b2 -
3 27 b”? sin(a)Fr esnelC( Ve ) V21 b2 cos(a) <f = vz ) 315 = BTG + 1055576 + 214776 35372

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)1/x~(5/2),x]

[Out] (-2%Cos[a + b*x~(1/3)])/(3*x7(3/2)) + (8*b"2xCos[a + bxx~(1/3)])/(105%x~(5/
6)) - (32%b~4xCos[a + b*x~(1/3)]1)/(315%xx~(1/6)) - (32xb~(9/2)*Sqrt[2*Pi]*Co

s [a] #*FresnelS[Sqrt [b]l *Sqrt [2/Pi]l*x~(1/6)]1)/315 - (32*%b~(9/2) *Sqrt [2*Pi]*Fre
snelC[Sqrt [b] *Sqrt [2/Pi]*x~(1/6)]1*Sin[a]) /315 + (4*b*Sin[a + b*x~(1/3)]1)/(2
1xx~(7/6)) - (16%b~3+Sin[a + b*x~(1/3)]1)/(3156%Sqrt[x])

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)~“(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)]1, x], x, Sqrtlc + d*x]], x] /; FreeQl{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - c*f, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f}
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, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*xf)/d], Int[Sin[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - c*f)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(n_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

bxCos[c + d*x~(k*n)1)~p, x], x, x~(1/k)]1, x]1] /; FreeQ[{a, b, ¢, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
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cos (a+ bv/z") cos(a + bx)
/ 2 dx = 3Subst </ — dz, x, f)
2cos (a + bz 1 sin(a + bz
= (3x3/2 ) — §(2b)Subst (/ ( o/ )dz z, f)
2cos(a+by/z’) 4dbsin(a+byz) 1, , cos(a + bx)
= 55372 + 515776 21(4b)Sub t(/ — T, Jz
_ 2cos (a+ bv/z’) N 8b? cos (a + bv/z") N 4bsin (a + by/z") L L (8b3) Subst /
3x3/2 105z5/6 21x7/6 105
2cos (a+by/z') N 8b cos (a + bv/z") N 4bsin (a +by/z')  166%sin (a + bv/z
3z3/2 105z5/6 2127/6 315z
2cos (a+ bv/z") N 8b%cos (a+bv/z') 32b*cos(a+by/z) 4bsin (a+ bz
3z3/2 105z5/6 315z 2127/6
2cos (a+by/z') N 8b%cos (a+bv/z’)  32b*cos (a+by/z')  4bsin (a+ bz
3z3/2 1052°/6 315z 2127/6
2cos (a+ bv/z’) N 8b%cos (a+bv/z’) 32bcos(a+by/z) 4bsin (a+ bz
B 3x3/2 1055/6 315z 2127/6
_ 2cos (a+bv/z) N 8b? cos (a + by/z") _ 32b* cos (a + b{"/:?) 32 32 49/2 /5 con
3x3/2 10525/6 315z 315 )
Mathematica [A]
time = 0.16, size = 180, normalized size = 0.98
2<105005(a+b\“/;)—12bzzy/3cos(a+b\"/;)+16b“z"/“cos(a+b\‘/a?)+16b9/2\/271”2c ( = f>+16b/ V27 2%/ *Fresn, 1c<f ff) — 30b/z " sin (a+ b/z") + 8bzsin (a +bc/a?)>

Antiderivative was successfully verified.

31523/2

[In] Integratel[Cos[a + b*x~(1/3)]1/x~(5/2),x]

[Out] (-2%(105%Cos[a + b*x~(1/3)] - 12xb~2xx~(2/3)*Cos[a + b*x~(1/3)] + 16%b~4*x"
(4/3)*Cos[a + b*x~(1/3)] + 16xb~(9/2)*Sqrt [2xPi]*x~(3/2)*Cos [a] *FresnelS[Sq
rt [b]l*Sqrt [2/Pi]*x~(1/6)] + 16%b~(9/2)*Sqrt [2*xPi]*x~ (3/2) *FresnelC[Sqrt [b] *
Sqrt[2/Pi]*x~(1/6)]1*Sin[a] - 30*b*x~(1/3)*Sin[a + b*x~(1/3)] + 8*b~3*x*Sin[
a + bxx~(1/3)1))/(315*x~(3/2))

Maple [A]

time = 0.06, size = 129, normalized size = 0.70

’ method

‘ result
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derivativedivides

default

1
cos <a+b x3 )
2b

Vb V2 y

1 - 1
sin a+bz§) z6
2b| — +
3/
1
cos(a+bz§>
26| — s -
526
1
sin<a+ba:3>
4b| — 7 + 7
Tz 6
1
ZCos(a—i—be)
= —
3z2 3
(<4)
cos| a+bx
26 —ﬁi—\/l?\/?\/
sin a+bz3> x
2b| — +
34/ T
1
cos<a+bz§>
2b| — 5 -
526
1
sin<a+b13>
4b| — 7 + 7
7z 6
1
2cos(a+bx3)

3
3z2
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4 2 9
1623 b% _ 4x3b2 1 2 1 5 z
64\/5< %550 — 2550 +1> 605<bz3 1282 b(-423b2415 | sin( 23 | 2048028
+ -

94/ x%(b2)% 9454/ T :c%(bz)% 94

meijerg o1

o

3cos(a)\/7?\/§(b2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))/x~(5/2) ,x,method=_RETURNVERBOSE)

[Out] -2/3*cos(a+b*x~(1/3))/x~(3/2)-4/3*bx(-1/7/x~(7/6)*sin(a+b*xx~(1/3))+2/7*xb*x (-
1/5%cos (a+b*x~(1/3))/x~(5/6)-2/5%b* (-1/3/x~(1/2) *sin(a+b*x~ (1/3))+2/3*b* (-1
/x~(1/6)*cos(a+b*xx~(1/3))-b~(1/2)*2~(1/2)*Pi~ (1/2)*(cos(a) *FresnelS(x~(1/6)
*b~(1/2)*27(1/2) /Pi~(1/2))+sin(a) *FresnelC(x~ (1/6)*b~(1/2)*2~(1/2) /Pi~(1/2)

))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.59, size = 76, normalized size = 0.41

3((=G+1) v2T(=4ibwt ) + (G- 1) V2T (=3, ~ibat) ) cos(a) + (1 1) VZT(=3,ibat) - (i+1) V2 T(~3,~ibzt) ) sin(a)) Vb b

1
4zs

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="maxima")

[Out] 3/4*((-(I + 1)*sqrt(2)*gamma(-9/2, Ixb*x~(1/3)) + (I - 1)*sqrt(2)*gamma(-9/
2, -Ixb*x~(1/3)))*cos(a) + ((I - 1)*sqrt(2)*gamma(-9/2, I*bxx~(1/3)) - (I +

1) *sqrt (2) *gamma (-9/2, -I*b*x~(1/3)))*sin(a))*sqrt(b*x~(1/3))*b~4/x~(1/6)

Fricas [A]

time = 0.38, size = 134, normalized size = 0.73

2 (16 V2'mba?y | b cos (a) S (ﬁzé \/?) +16 ﬁﬂbAIz\/? [¢] <ﬁz%)/é > sin (a) + (161)"1% — 126%% + 105 \/J?) cos (bz% + a) +2 <4b32% - lsbﬁ) sin (bz% +a)>
™ ™ ™ ™

31522

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="fricas")

[Out] -2/315%(16*sqrt(2)*pi*b~4*x~2*sqrt(b/pi)*cos(a)*fresnel_sin(sqrt(2)*x~(1/6)
*xsqrt(b/pi)) + 16*sqrt(2)*pi*b~4*x~2*sqrt(b/pi)*fresnel_cos(sqrt(2)*x~(1/6)
xsqrt(b/pi))*sin(a) + (16%b~4xx~(11/6) - 12%b~2*x~(7/6) + 105*sqrt(x))*cos(
bxx~(1/3) + a) + 2%(4*b~3%x~(3/2) - 15%b*x~(5/6))*sin(b*x~(1/3) + a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos (a —l—sb\%?) "

xr2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x**(1/3))/x**(5/2),x)
[Out] Integral(cos(a + b*x**(1/3))/x**(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x~(1/3))/x~(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)/x~(5/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dx

/ cos (a + bz'/3)

25/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))/x~(5/2),x)
[Out] int(cos(a + b*x~(1/3))/x~(5/2), x)
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/T
COS <a:—vl—7/;/— ) dx

3.54 |

Optimal. Leaf size=250

256b1%/21/27 cos(a)]
2cos (a+by/z") +8b2 cos (a+by/z) 32bcos (a+by/z) +128b6 cos (a+by/z) N
5x5/2 T15211/6 45045x7/6 675675/ 6

[Out] -2/5*cos(a+b*x~(1/3))/x~(5/2)+8/715*%b~2*cos (a+b*x~(1/3))/x~(11/6)-32/45045%
b~4xcos (a+b*x~(1/3))/x~(7/6)+4/65xbxsin (a+b*x~(1/3))/x~(13/6)-16/6435%b"3*s
in(a+b*x~(1/3))/x~(3/2)+64/225225%b~5*xsin(a+b*x~(1/3)) /x~(5/6)-256/675675%b
~7*xsin(a+b*xx~(1/3))/x~(1/6)+256/675675*%b~(15/2) *cos (a) *FresnelC(x~(1/6)*b~ (
1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2)-256/675675%b~ (15/2) *FresnelS(x~(1/6
)*b~(1/2)*27(1/2) /Pi~(1/2))*sin(a)*2~ (1/2)*Pi~(1/2)+128/675675*%b~6*cos (a+b*
x~(1/3))/x~(1/2)

Rubi [A]
time = 0.25, antiderivative size = 250, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.438,

steps used = 14, number of rules used = 7, integrand size = 16,
Rules used = {3497, 3378, 3387, 3386, 3432, 3385, 3433}

I3 ox

25627 b2 cos(a)FresnelC ( \é \/FJF) 2562 b/ sin(a) S («/F \; ﬁ)

256V sin (o +b5) | 128 cos (a+bYF) | 4 sin(a+bVE) 3% cos (a+byT) 168 sin(a+bVE) | 8¥cos (a+byT) | dbsin(a+byT) 2eos(atbyT)
675675 675675 - 675675v/z 675675/ R 450452776 - 64352572 * 71521178 6521570 - 252

5:

Antiderivative was successfully verified.
[In] Int([Cos[a + b*x~(1/3)]1/x~(7/2),x]

[Out] (-2*Cos[a + b*x~(1/3)]1)/(5*%x~(5/2)) + (8*b~2*Cos[a + b*x~(1/3)])/(715xx~ (11
/6)) — (32*%b~4xCos[a + b*x~(1/3)])/(45045*x~(7/6)) + (128%b~6*Cos[a + b*x™(
1/3)1)/(675675%Sqrt [x]) + (256%b~(15/2)*Sqrt [2¥Pi]*Cos [a]*FresnelC[Sqrt [b]*

Sqrt [2/Pi]*x~(1/6)]1) /675675 - (256%b~(15/2)*Sqrt [2*Pi] *FresnelS[Sqrt [b]*Sqr
t[2/Pi]*x~(1/6)1*Sin[a]) /675675 + (4*b*Sin[a + b*x~(1/3)])/(65*x~(13/6)) -
(16xb~3*Sin[a + b*x~(1/3)])/(6435*x~(3/2)) + (64*b~5xSin[a + bxx~(1/3)])/(2
25225xx~(5/6)) - (256%b~7*Sin[a + b*x~(1/3)])/(675675*x~(1/6))

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int([(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, 4, e, £}, x] && LtQ[m, -1
]

Rule 3385

Int[sin[Pi/2 + (e_.) + (£f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]1], x] /; FreeQl{c, d
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, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sinl(e_.) + (£_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3387

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[cx(f/d) + f*x]/Sqrtlc + dx*x], x], x] /; FreeQ[{c, d,

e, f}, x] && ComplexFreeQ[f] && NeQ[d*e - cx*f, 0]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

bxCos[c + d*x~(k*n)])~p, x], x, x~(1/kK)], x]]1 /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps



7/2 dx

/cos(a—!—bf)

Mathematica [A]

217/2

— 3Subst < / cos(a+bz) ;o f)

2cos (a+by/z')

51175/2

_ 2cos (a+by/z)

~ £(2)Subst ( / Sm(“l;/;bx) dz,z, /7 )

+4bsin (a—l—bf/f) 1 L (4?) Subs t(/ cos(a + bx)

254

dz,x, J/x

time = 0.22, size = 238, normalized size = 0.95

2( 135135 cos (a + b¥/T ) + 37800z

/3 cos (a+ b/z") — 2406'2*/% cos (a +

csmxc(\/:?\f?:/?) 123»‘3’2/27z5'=s(ﬂvf?v7) sin(a) + 2079

515/2 65113/6 65 r13/2
2cos (a+bv/z')  8b*cos(a+by/z') 4bsin (a—i—bf) 25%) Subst
T s 7 7isg T eseBé 75 15 (89" Subs /
2cos (a+bv/z') 8b*cos(a+by/z') 4bsin(a+bv/z’) 16b°sin (a+by/z
B 525/2 * 715411/6 65213/6 a 643513/
2cos (a+by/z') N 8b%cos (a+bv/z’)  32b*cos (a+by/z')  4bsin (a+ bz
a 525/2 715211/6 450457/ 65213/6
2cos (a+by/z')  8b?cos(a+by/z') 32b%cos(a+bv/z) 4bsin(a+ bz
- 525/2 * 715411/6 450457/6 65213/6
2cos (a+ by/z’) N 8b%cos (a+by/z’)  32b'cos(a+by/z) 12865 cos (a + b-
B 525/2 715z11/6 4504527/6 675675/
2cos (a+by/z') N 8b%cos (a+bv/z’)  32b*cos (a+by/z")  128b° cos (a + b-
5a5/2 715711/6 4504527/6 675675/
2cos (a+ bv/z’) N 8b%cos (a+bv/z’) 32b*cos(a+by/z) 12865 cos (a + b-
N 515/2 715z11/6 4504527/6 675675/
2cos (a+ bv/z’) N 8b%cos (a+by/z’) 32b*cos(a+by/z) 12865 cos (a + b-
525/2 715z11/6 4504527/6 675675/
2cos (a+ bv/z’) N 8b%cos (a+by/z’) 32b*cos(a+by/z) 12865 cos (a + b-
N 525/2 715z11/6 4504527/6 675675/
BYT) + 648927 cos (a + by/T') + 1285%/23/21 27/2 cos(a) Fra 0b5/7 sin (a+ by/z) — 840b°z sin (a + bY/T ) + 96b°z"sin (a + b¥/z' ) — 1285727/ sin (a + b\V?])

Antiderivative was successfully verified.

[In] Integratel[Cos[a + bxx~(1/3)]1/x~(7/2),x]
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[Out] (2%x(-135135*Cos[a + b*x~(1/3)] + 3780*b~2*x~(2/3)*Cos[a + b*x~(1/3)] - 240%
b~4xx~(4/3)*Cos[a + bxx~(1/3)] + 64*b~6*x~2*Cos[a + b*x~(1/3)] + 128*b~(15/

2) *Sqrt [2%Pi]*x~(5/2) *Cos [a] *FresnelC[Sqrt [b] *Sqrt [2/Pi]l*x~(1/6)] - 128%b~(

15/2) *Sqrt [2*xPi] *x~(5/2) *FresnelS [Sqrt [b] *Sqrt [2/Pi] *x~(1/6)]*Sin[a] + 2079
0*b*x~(1/3)*Sin[a + b*x~(1/3)] - 840*b~3*x*Sin[a + b*x~(1/3)] + 96%b~5*x~ (5
/3)*Sin[a + b*x~(1/3)] - 128%b~7*x~(7/3)*Sin[a + b*x~(1/3)]))/(675675*x~(5/

2))

Maple [A]
time = 0.06, size = 180, normalized size = 0.72

’ method ‘ result
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2b

1
cos <a+b z3 >

2b

1
sin{ a+bx 3
+

2b

1
cos <a+b z3 )

2b

1
sin( a+bx3

5
526

7
Tx6

3
9z 2

11
11z 6



2b

1
cos| a+bz3 >

2b

1
sin <a+b x3 )

2b

257

1
cos <a+b z3 )

2b

sin <a+b:

7
7x6

3 +
92

11
112 6
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-

6 5.4 2.2 ,
5 512\/7 (—%4.%_%4—1) cos(bz§> 1024f ( 64z b6+481:3 b4 420z
3cos(a)y/ T \/g(bQ)T — +

154/ zﬁ(b2)T 2027025/ 70 zT(k

meijerg 512

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))/x~(7/2),x,method= RETURNVERBOSE)

[Out] -2/5%cos(a+b*xx~(1/3))/x~(5/2)-4/5%bx(-1/13/x~(13/6) *sin(a+b*x~(1/3))+2/13*b
*(-1/11*cos(a+b*x~(1/3))/x~(11/6)-2/11xb*x(-1/9/x~(3/2) *sin(a+b*x~(1/3))+2/9

*bx (-1/7/x~(7/6)*cos (a+b*x~(1/3))-2/7*b*(-1/5/x"(5/6) *sin (a+b*x~ (1/3) ) +2/5%

b* (-1/3*cos (a+b*x~(1/3))/x~(1/2)-2/3*b*(-1/x~(1/6) *sin(a+b*x~(1/3))+b~(1/2)
*27(1/2)*%Pi~ (1/2)*(cos(a)*FresnelC(x~(1/6)*b~(1/2)*2~(1/2) /Pi~(1/2))-sin(a)
*FresnelS(x~(1/6)*b~(1/2)*2~(1/2)/Pi~(1/2))))))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.57, size = 76, normalized size = 0.30

3 (((z— 1) ﬁF(—%,ibﬁs) —(E+1) fp(_, —zb18>> cos (a) + ((z+ 1) ﬁF(—%,ibz%) (t—1) \/ﬁl"(—f —zb18>> sin (a)) Vo 57

1
4%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(7/2),x, algorithm="maxima")

[Out] 3/4*(((I - 1)*sqrt(2)*gamma(-15/2, Ixbxx~(1/3)) - (I + 1)*sqrt(2)+*gamma(-15
/2, -Ixb*x~(1/3)))*cos(a) + ((I + 1)*sqrt(2)*gamma(-15/2, Ixb*x~(1/3)) - (I

- 1)*sqrt(2)*gamma(-15/2, -I*b*x~(1/3)))*sin(a))*sqrt(b*x~(1/3))*b~7/x~(1/

6)

Fricas [A]

time = 0.37, size = 164, normalized size = 0.66

- ; .
2 (128 V2 mbTa? \// % cos (a)C (\/i zt V/ ) 128 V2 b \, s ( \// ) (a)— (240 b — 3780 0%0F — (646522 — 135135)ﬁ) cos (bw% + u) +2 (48bﬁz% — 4206%2% — (64b72% — 10395 b)zi) sin (bz% + a))

675675 2%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))/x~(7/2),x, algorithm="fricas")
[Out] 2/675675%(128*sqrt (2)*pi*b~7*x"3*sqrt (b/pi)*cos(a)*fresnel_cos(sqrt(2)*x~ (1
/6)*sqrt(b/pi)) - 128*sqrt(2)*pixb~7*x"3*sqrt(b/pi)*fresnel_sin(sqrt(2)*x~(
1/6)*sqrt(b/pi))*sin(a) - (240%b~4*x~(11/6) - 3780xb~2*x~(7/6) - (64*b~6xx"
2 - 135135)*sqrt(x))*cos(b*x~(1/3) + a) + 2*(48xb~5%x~(13/6) - 420%b~3*x~ (3
/2) - (64%b~7*x"2 - 10395%b)*x~(5/6))*sin(b*x~(1/3) + a))/x"3
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
cos (a + bv'z
/ (a+bVa)

7
T2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x**(1/3))/x**(7/2),x)
[Out] Integral(cos(a + b*x**(1/3))/x**(7/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x~(1/3))/x~(7/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)/x~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dx

/ cos (a + bz'/3)

27/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))/x~(7/2),x)
[Out] int(cos(a + b*x~(1/3))/x~(7/2), x)
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3.55 [ 3% cos? (a+by/z') dz

Optimal. Leaf size=310

_ 135135V +3861x7/6 _39x11/6+x5/2 N 135135v/2" cos® (a +bv/z")  386127/% cos® (a + by/z) +39x11/6(
40965 2566 166> 5 204805 128b*

[Out] 3861/256%x~(7/6)/b~4-39/16%x~(11/6)/b"2+1/5%x~(5/2)-3861/128*x"(7/6) *cos (a+
b*x~(1/3))"2/b74+39/8*x~(11/6) *cos (a+b*x~(1/3)) ~2/b"2+27027/512*x~ (5/6) *cos
(a+b*x~(1/3)) *sin(a+b*x~(1/3))/b~5-429/32*x~ (3/2) *cos (a+b*x~(1/3) ) *sin (a+b*
x~(1/3))/b"3+3/2%x~(13/6) *cos (a+b*x~ (1/3) ) *sin(a+b*x~(1/3) ) /b-405405/16384*
x~(1/6)*sin(2*xa+2xbxx~(1/3)) /b~ 7+405405/32768*cos (2*a) *FresnelS (2*xx~ (1/6) *b
~(1/2)/Pi~(1/2))*Pi~(1/2) /b~ (15/2)+405405/32768*FresnelC(2*x~ (1/6)*b~(1/2)/
Pi~(1/2))*sin(2*a)*Pi~(1/2) /b~ (15/2)-135135/4096*x~(1/2) /b~ 6+135135/2048%*co
s(a+b*x~(1/3))"2*x~(1/2)/b~6

Rubi [A]

time = 0.25, antiderivative size = 310, normalized size of antiderivative = 1.00, number of

_ _ ; P number of rules __
steps used = 15, number of rules used = 10, integrand size = 18, integrand size 0.556,

Rules used = {3497, 3392, 30, 3393, 3377, 3387, 3386, 3432, 3385, 3433}

403405/ sin(2a)Fres u‘( ol ) 405405 7 cos(2a)5' OB05YF s (20 +007)) | 1I5U5VT o a+b9F) | 21027 sin (a-+ T) con o+ 07 _ 396127 cos (a+ b/F) _ 4290 sin a7 con (0 +00F) | 302 oo (a+00F) | 30 sin o+ YT cos 0+ b9T) _ IBSIBVE | gselTE_gorte
i TR e 01 Be T8 o = a 135 oo o

Antiderivative was successfully verified.
[In] Int[x~(3/2)*Cos[a + b*x~(1/3)]1°2,x]

[Out] (-135135%Sqrt[x])/(4096*b~6) + (3861xx~(7/6))/(256%b~4) - (39*x~(11/6))/(16
*b~2) + x~(5/2)/5 + (135135%Sqrt[x]*Cos[a + b*x~(1/3)]172)/(2048%b~6) - (386
1xx~(7/6)*Cos[a + b*x~(1/3)]172)/(128*b~4) + (39*x~(11/6)*Cos[a + b*x~(1/3)]
~2)/(8%b"2) + (405405%Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x~(1/6))/Sqrt[P
i11)/(32768xb~(15/2)) + (405405%Sqrt [Pi]*FresnelC[(2*Sqrt[bl*x~(1/6))/Sqrt([
Pi]]*Sin[2%a])/(32768%b~(15/2)) + (27027*x~(5/6)*Cos[a + b*x~(1/3)]*Sin[a +

b*xx~(1/3)1)/(512%xb~5) - (429%x~(3/2)*Cos[a + b*x~(1/3)]*Sin[a + b*xx~(1/3)]
)/(32%b~3) + (3*x~(13/6)*Cos[a + bxx~(1/3)]*Sin[a + b*x~(1/3)])/(2%b) - (40
5405%x~(1/6)*Sin[2*(a + b*x~(1/3))])/(16384*b"7)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
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sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3385

Int[sin[Pi/2 + (e_.) + (£_.)*(x_)1/Sqrt[(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3387

Int[sinl(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
e - c*f)/d], Int[Cos[cx(f/d) + fxx]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3392

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + fx*x])"n/(£"2*n"2)), x] + (Dist
[b72%x((n - 1)/n), Int[(c + d*x) m*x(b*Sin[e + f*x])~(n - 2), x], x] - Distl[d
~2xmx((m - 1)/(f°2%n"2)), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])“n, x], x]
- Simp[b*(c + d*x) m*Cos[e + f*x]*((bxSin[e + f*x])~(n - 1)/(f*n)), x]) /;
FreeQ[{b, c, 4, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]
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Rule 3497

Int[((a_.) + Cos[(c_.) + (a_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)])~p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps

/x3/2 cos® (a+ by/z") dz = 3Subst </ z'%/? cos’(a + bx) dz, z, </ >
3926 cos? (a+ b¢/z )  3z'3/%cos (a+ b¥/z ) sin (a + b¥/z) N 3S bet </
= —Subs
2

N 8b2 + 2b
25/ 3861276 cos? (a+by/z')  39z'/Ccos? (a+by/z’)  4297%2cos (a -
T 5 128b* 8b2 -
39z1/6  g5/2  135135y/z cos? (a+by/z’)  3861z7/Ccos? (a+ by/z)
=T e T T 204865 - 128b" N
386127/ 39z'/6 252 135135/z cos® (a+bv/z')  3861z7/¢ cos® (a-
= Tosebt 162 | 5 204855 B 128b%
135135/ 3861z7/6  3941/6  g5/2  135135y/7 cos® (a+ bz )
= a0966 | 2560 1662 | 5 T 204805 -
135135z 3861z7/6  3941/6  g5/2  135135y/7 cos® (a+ bz )
= 400606 | 2s6b% 1662 | 5 T 204805 -
135135/ 386127/  39z'Y/6 252 135135+/z cos® (a+bv/z')
=T a006b¢ | 2m6b 1662 | 5 204856 B
135135/z°  386127/6  39z'Y/6 %2  135135+/z cos? (a4 b/z’)
= a096 | 2566 1662 | 5 T 204856 B

_ 135135V |, 3861a7/° 30s1/° | 4P | 135135V cos’ (a+b¥/z)
409658 25601 1662 5 204856

Mathematica [A]
time = 0.43, size = 174, normalized size = 0.56

2027025/ cos(?a)S(%) +2027025y/7 FresnelC (%) sin(2a) + 2Vb V' (163846727/% + 780(3465b/z — 1584b°z + 2566°5°/°) cos (2(a + by/z')) + 15(—135135 + 1441446%2%/ — 36608b'c"/* + 40966°2*) sin (2(a + b¥/z)))
16384061572

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)*Cos[a + b*x~(1/3)]°2,x]
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[Out] (2027025%Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x~(1/6))/Sqrt[Pi]l] + 2027025
*Sqrt [Pi] #*FresnelC[(2#Sqrt [b]*x~(1/6))/Sqrt [Pi]]*Sin[2*a] + 2xSqrt[b]l*x~(1/
6)*(16384*b~7*x~(7/3) + 780%(3465%b*x~(1/3) - 1584*b~3*x + 256%b~5%x~(5/3))
*Cos[2x(a + b*x~(1/3))] + 16%(-135135 + 144144*b~2%x"(2/3) - 36608*b~4*x" (4

/3) + 4096xb~6*x~2)*Sin[2*(a + b*x~(1/3))]1))/(163840%b~(15/2))

Maple [A]
time = 0.08, size = 219, normalized size = 0.71

method result

7
x 6 cos (2a+2b T

Wl
Ne———
+

99| — 5

3 1
1 11z 2 sin| 2a+2bxz 3

=

11 1
x 6 cos (2a+2bz3)
+ 16b —

39| — 15

33:%§ sin <2a+2b m%‘ )

5
derivativedivides —””5 + T
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7 1
6 cos| 2a+2bx3

5
7z 6 sin| 20
16

99| — 5

3 1
11z 2 sin| 2a4+2bz 3

+

11 1
z 6 cos| 2a+2bz3

16b
39| — 15 +

13 1
3z 6 sin <2a-|—2b 3 )

5
default % + 77 —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a+b*x~(1/3))~2,x,method=_RETURNVERBOSE)

[Out] 1/5%x~(5/2)+3/4/b*x~(13/6)*sin(2*a+2xbxx~(1/3))-39/4/b*x(-1/4/b*xx~(11/6)*cos

(2*a+2*b*x~(1/3))+11/4/b*(1/4/b*x~(3/2) *sin(2*a+2xb*x~ (1/3))-9/4/b* (-1/4/b*
x~(7/6)*cos (2*%a+2xbxx~(1/3))+7/4/b*(1/4/b*x” (5/6) *sin(2*a+2*b*x~(1/3))-5/4/
b* (-1/4/bxx~ (1/2) *cos (2*a+2*b*xx~ (1/3) ) +3/4/b* (1/4*x~ (1/6) *sin(2*a+2*xb*x~ (1/
3))/b-1/8/b"(3/2)*Pi~ (1/2)*(cos (2*a) *FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2))+s
in(2*a)*FresnelC(2*x~(1/6)*b~(1/2)/Pi~(1/2)))))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.52, size = 161, normalized size = 0.52

2621445z + 2027025 44 VZ VA (((i-+ 1) cos (2) - (i — 1) sin (2a)) exf (vaiw 1‘) +(~(i— 1) cos (2a) + (i + 1) sin (2a)) erf (v—m zr))bi‘ +12480 (25672 — 15845°F + 34655V ) cos (sz% +2a) +240 (40965 ¥ — 36608021 + 144144 b'aF — 1351361t ) sin (2171.’\ + 2.1)
1107200

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(a+b*x~(1/3))"2,x, algorithm="maxima")

[Out] 1/1310720%(262144*b~9%x~(5/2) + 2027025%4~(1/4)*sqrt (2)*sqrt (pi)*(((I
cos(2xa) - (I - 1)*sin(2xa))x*erf(sqrt(2*xI*b)*x~(1/6)) + (-(I - 1)*cos(2xa)
+ (I + 1)*sin(2%a))*erf (sqrt(-2xIxb)*x~(1/6)))*b~(3/2) + 12480%*(256*b~7*x"(

+ 1)%*
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11/6) - 1584*b~5xx~(7/6) + 3465%b~3*sqrt(x))*cos(2xb*x~(1/3) + 2%a) + 240%(
4096*b~8*x~(13/6) - 36608*b~6*x~(3/2) + 144144%b~4xx~(5/6) - 135135%b~2*x"(
1/6) ) *sin(2xb*x~(1/3) + 2%a))/b~9

Fricas [A]

time = 0.39, size = 184, normalized size = 0.59

D

39936062 — 2471040 bzF — znz?nzsxv“k cos(2a)S (z z%v ) - 2(»27()25”& c (2 z% \53 ) sin (2a) - 3120 (zsﬁhu‘f‘ — 1584b'zf + 1{4h5h‘ﬂ) cos (fn,% +a) +60 (:xeimx Bz} — 144144525 — (40966722 — 135135 b),,%) cos (br% + .z) sin (br% + .z) — (4096 b5? — 675675 5%)/z'
T T V=

163840 5%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(a+b*x~(1/3))"2,x, algorithm="fricas")

[Out] -1/163840%(399360*b~6*x~(11/6) - 2471040%b~4xx~(7/6) - 2027025*pi*sqrt(b/pi
)*cos(2*a)*fresnel_sin(2*x~(1/6)*sqrt(b/pi)) - 2027025%pi*sqrt(b/pi)*fresne

1 cos(2*x~(1/6)*sqrt(b/pi))*sin(2*a) - 3120%(256*%b~6*x~(11/6) - 1584%b~4x*x"

(7/6) + 3465%b~2xsqrt(x))*cos(bxx~(1/3) + a)~2 + 60*(36608*b~5*x~(3/2) - 14
4144%b~3*x~(5/6) - (4096*%b~7*x~2 - 135135%b)*x~(1/6))*cos(b*x~(1/3) + a)*si
n(b*x~(1/3) + a) - 8%(4096xb~8%x"2 - 675675%b~2)*sqrt(x))/b"8

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xg cos® (a4 by/z') dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**(3/2)*cos(a+b*x**(1/3))**2,x)
[Out] Integral(x**(3/2)*cos(a + b*xx**x(1/3))*x2, x)

Giac [C] Result contains complex when optimal does not.
time = 0.42, size = 224, normalized size = 0.72

1y 8(t006i0er? — 1331208 — 30608ibia? + 829680 + 144144 st — 1801800V — 13513502 )0 g (—aomeinhr® — 133120°0% + 30608ibst + 82368¥1a% — a1ttt — 1801800VF + 1351350 a})el ) q0sa05i VF et (~vEat (—h 41
L 2 4 ) N u .
5 TR TG

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*cos(a+b*x~(1/3))"2,x, algorithm="giac")

[Out] 1/5%x~(5/2) - 3/32768+*(4096*I*b~6*x~(13/6) - 13312+#b~5xx~(11/6) - 36608*I*Db
~4xx~(3/2) + 82368*%b~3*x~(7/6) + 144144xIxb~2*x~(5/6) - 180180*b*sqrt(x) -
135135%I*x~(1/6)) *e” (2xI*b*x~(1/3) + 2xI*a)/b"7 - 3/32768*(-4096*I*b~6*x~ (1

3/6) - 13312xb~5xx~(11/6) + 36608*I*b~4*x~(3/2) + 82368*b~3*x~(7/6) - 14414
4xIxb~2%x~(5/6) - 180180%b*sqrt(x) + 135135%I*x~(1/6))*e” (-2xI*b*xx~(1/3) -
2xI*a)/b~7 + 405405/65536*I*sqrt(pi)*erf (-sqrt(b)*x~(1/6)*(-I*b/abs(b) + 1)

)*e” (2+I*a)/(b~(15/2)*(-I*b/abs(b) + 1)) - 405405/65536*I*sqrt(pi)*erf (-sqr
t(b)*x~(1/6)*(I*b/abs(b) + 1))*e~(-2xIxa)/(b~(15/2)*(I*xb/abs(b) + 1))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/x3/2 cos (a + bx1/3)2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*cos(a + b*x~(1/3))"2,x)
[Out] int(x~(3/2)*cos(a + b*x~(1/3))"2, x)
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3.56 [ vz cos® (a+by/z') dz

Optimal. Leaf size=218

2v/
315z 21x5/6+m3/2 315y/z" cos® (a+ by/z") +21x5/6 cos? (a+by/z) +315\/7? cos(2a)FresnelC <_\
256b* 162 3 128b* 8b2 51269/2

[Out] 315/256*x~(1/6)/b"4-21/16%x"~(5/6)/b"2+1/3*x~(3/2)-315/128*x~ (1/6) *cos (a+b*x
~(1/3))°2/b"4+21/8%x~ (5/6) *cos (a+b*x~(1/3) ) ~2/b"2+3/2*xx~ (7/6) *cos (a+b*x~ (1/
3))*sin(a+b*x~(1/3)) /b+315/512*cos (2*a) *FresnelC(2*xx~(1/6)*b~(1/2) /Pi~(1/2)
)*Pi~(1/2)/b~(9/2)-315/512*FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2)) *sin(2*a) *Pi
~(1/2)/v"(9/2)-105/32*cos (a+b*x~(1/3) ) *sin(a+b*xx~(1/3) ) *x~(1/2) /b~3

Rubi [A]

time = 0.17, antiderivative size = 218, normalized size of antiderivative = 1.00, number of

_ —0Q ; e number of rules _
steps used = 12, number of rules used = 9, integrand size = 18, integrand size 0.500,

Rules used = {3497, 3392, 30, 3393, 3387, 3386, 3432, 3385, 3433}

b Yz . o' Iz
35V °°S<2“>“95“elc< Jr) BBV snCaS(FEEE | s ok (a4 bYF) 105y sin (at Y ) cos (a4 bYF) | 205 cost (at WYE)  3a70sin (at bYE) cos (a4 bYF) | BI5YE 2 o
B12H72 - BYRE - 1280 - 3260 + 862 + % 260t 1607 T 3

Antiderivative was successfully verified.
[In] Int[Sqrt([x]*Cos[a + b*x~(1/3)]72,x]

[Out] (315%x~(1/6))/(256%b~4) - (21*x~(5/6))/(16%b~2) + x~(3/2)/3 - (316*x~(1/6)*
Cos[a + b*x~(1/3)]172)/(128+%b"4) + (21*x~(5/6)*Cos[a + b*x~(1/3)]172)/(8%b"2)

+ (315%Sqrt [Pi] *Cos [2*a] *FresnelC[(2xSqrt [b]*x~(1/6))/Sqrt[Pil])/(512%b~(9

/2)) - (315*%Sqrt[Pi]*FresnelS[(2*Sqrt [b]*x~(1/6))/Sqrt[Pil]l*Sin[2*a])/(512x%
b~(9/2)) - (105%Sqrt[x]*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)])/(32%b~3) + (
3*x~(7/6)*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)])/(2%Db)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQl{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - c*f, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]1], x] /; FreeQ[{c, d, e, f}
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, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*xf)/d], Int[Sin[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - c*f)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3392

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~"(m - 1)*((b*Sin[e + fx*x])"n/(£f"2*n"2)), x] + (Dist
[b72%((n - 1)/n), Int[(c + d*x) mx(b*Sin[e + f*x])~(n - 2), x], x] - Dist[d
~2«mx((m - 1)/(f"2*%n"2)), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x]
- Simp[b*(c + d*x) m*Cos[e + fxx]*((bxSin[e + f*x])~(n - 1)/(f*n)), x1) /;
FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3393

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)~m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, 4, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(@_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)])~p, x1, x, x~(1/k)], x]1] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps



269

/ vz cos® (a+by/z") dz = 3Subst (/ z7/% cos?(a + bx) dz, z, %)

5/6 9 5 7/6 3 : 3
_ 21z cos8b(2a—|—b\/a?) N 3z7/6 cos (a+b\/2a?b)s1n (a+bvz) +gSubst(/

232 315¢/x cos? (a+bv/x’)  212%Ccos? (a+bv/z’) 105/z cos(a-
3 128b* 8b2

T 16h2 3 128b% 8h2

9125/6 N 232 315y/z cos® (a+by/z') N 212%/6 cos? (a + by/z) 105

_ 315y’ 212%/6 N z3/%  315y/z cos? (a+ b/z’) N 212%/6 cos? (a + b/
25664 16B2 3 128b% 8h2

315¢/x 21256 232 315y/z cos’ (a+bv/z')  21z%/6cos? (a + bi/a

2560  16b2 3 128b% 8b2
_ 315y’ 21256 N z%/?  315y/z cos?® (a+ bv/z’) N 212%/6 cos? (a + by/
© 256b% 1602 3 1284 852

_ 315y’ 212%/6 N 23/ 315y/z cos? (a+ b/z’) N 212%/6 cos? (a + by/
T 256b% 16b2 3 128b% 8b2

Mathematica [A]
time = 0.29, size = 148, normalized size = 0.68

945+/7 cos(2a)FresnelC (%) —945y/7'S (%) sin(2a) + 2Vb /z (63(~15 + 16622/3) cos (2(a + by/z)) + 46z (64b°z + 9(—35 + 165°23) sin (2(a + b¥/z))))
1536672

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*Cos[a + b*x~(1/3)]°2,x]

[Out] (945%Sqrt[Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]*x~(1/6))/Sqrt[Pi]] - 945%Sqrt[Pi
1*FresnelS[(2*Sqrt [bl *x~(1/6))/Sqrt [Pi]]1*Sin[2*a] + 2*Sqrt[b]*x~(1/6)*(63*(

-15 + 16%b~2*x~(2/3))*Cos[2*(a + b*x~(1/3))] + 4xb*x~(1/3)*(64xb~3*x + 9*(-

35 + 16%b~2*x~(2/3))*Sin[2*x(a + b*x~(1/3))]1)))/(1536%b~(9/2))

Maple [A]
time = 0.07, size = 145, normalized size = 0.67

\ method \ result
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:1:% cos <2a+2b x%) \% T (COE
15| — b +
1
z% cos<2a+2bz%> 54/ X sln<2a+2bz§>
16b -
21| - 4b + b
7 1
3 6 si 3
derivativedivides | Z= + 3o sin(2a+202" -
3 4b 4b
z% cos <2a+2b z%) \% T (COE
15| = 15 +
1
5 ( L) 54/ L sin 2a+2bz§)
x6 cos| 2a+2bx3
. _
21| — TS + 16 5
7 1
3 3g6sin (2a+2bx§)
xr2
default -+ n T3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a+b*x~(1/3))~2,x,method=_RETURNVERBOSE)

[Out] 1/3*x~(3/2)+3/4/b*x~(7/6)*sin(2*a+2*bxx~(1/3))-21/4/b*(-1/4/b*x~ (5/6) *cos (2
*a+2xbxx~ (1/3))+5/4/ox(1/4/b*x~ (1/2) *sin (2*xa+2xb*x~(1/3) )-3/4/b* (-1/4/b*x" (

1/6) *cos (2*a+2*b*x~(1/3))+1/8/b~(3/2) *Pi~ (1/2) *(cos (2*a) *FresnelC(2*xx~ (1/6)
*b~(1/2) /Pi~(1/2))-sin(2+*a)*FresnelS(2*xx~(1/6)*b~(1/2)/Pi~(1/2))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.51, size = 137, normalized size = 0.63

4096 60% + 945 - 43v/2 /7 ((7(1’ — 1) cos (2a) — (i + 1) sin (2a)) erf (\/Zib ﬁ) +((i+1) cos(2a) + (i — 1) sin (2a)) erf (\/—Zib zi))b% +1008 (mmé —15 z#z%) cos (zw + 2u) +576 (16 ok — 35&/?-) sin (zm-% + Zu)
12288 b6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3))"2,x, algorithm="maxima")

[Out] 1/12288%(4096*b~6*x~(3/2) + 945%4~(1/4)*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(2*a
) - (I + 1)*sin(2*a))*erf(sqrt(2*xIxb)*x~(1/6)) + ((I + 1)*cos(2%a) + (I - 1
)*sin(2*a))*erf (sqrt (-2*I*b)*x~(1/6)))*b~(3/2) + 1008+ (16*%b~4*x~(5/6) - 15%
b~2%x~(1/6) ) *cos (2*b*x~(1/3) + 2*a) + 576%(16*xb~5*x~(7/6) - 35%b~3*sqrt(x))

*sin (2*¥b*x~(1/3) + 2*a))/b"6

Fricas [A]

time = 0.38, size = 144, normalized size = 0.66

5 1 1 1 2 1 1
5126523 — 2016 6%3 + 9451@ cos(2a) C (ua,/% ) - 9451r\/§ s <2m/§ ) sin (2a) + 252 (164%% — 15b0% ) cos (bwt +a) +144 (164458 — 3562V ) cos (bo +a) sin (bo¥ +a) + 1890 bat

1536 b°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3))"2,x, algorithm="fricas")

[Out] 1/1536%(512%b"5%x"~(3/2) - 2016%b~3%x~(5/6) + 945*pixsqrt(b/pi)*cos(2*a)*fre
snel_cos(2*x~(1/6)*sqrt(b/pi)) - 945*pixsqrt(b/pi)*fresnel_sin(2*x~(1/6)*sq
rt(b/pi))*sin(2%a) + 252%(16%b~3*x~(5/6) - 15%b*x~(1/6))*cos(b*xx~(1/3) + a)

"2 + 144x(16%b"4*x”(7/6) - 35%b~2xsqrt(x))*cos(b*x~(1/3) + a)*sin(bxx~(1/3)

+ a) + 1890%b*x~(1/6))/b"5

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/Ecos2 (a+b¥/z') dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(1/2)*cos(a+b*xx**(1/3))**2,x)
[Out] Integral(sqrt(x)*cos(a + b*x**(1/3))**x2, x)

Giac [C] Result contains complex when optimal does not.
time = 0.46, size = 176, normalized size = 0.81

1, 3 (641',&3.1,-‘; — 112828 — 140ibv/a + 105/1,%)6(2“’”“‘“) 3 (—641',1131:5 — 1126%2% + 140iby/z + 105:%)4’””’””‘9 315 /7 erf (7\/171% (—ﬁ + 1)) i) 315 /7 erf (7\/271% (ﬁ + 1)) e(-2ia)

8" 5126 s128¢ 102463 (% +1) 102464 (32 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)*cos(a+b*x~(1/3))"2,x, algorithm="giac")

[Out] 1/3*x~(3/2) - 3/512%(64*I*b~3*x~(7/6) - 112%b~2*x~(5/6) - 140*I*b*sqrt(x) +
105*x~(1/6) ) *e~ (2xIxbxx~(1/3) + 2xI*a)/b~4 - 3/512%(-64*I*b~3*x~(7/6) - 11
2%b~2xx~(5/6) + 140*I*b*sqrt(x) + 105*%x~(1/6))*e”~ (-2*I*b*x~(1/3) - 2xI*a)/b

~4 - 315/1024xsqrt (pi)*erf (-sqrt (b)*x~(1/6)*(-I*b/abs(b) + 1))*e~(2xIxa)/(b
~(9/2)*(-I*b/abs(b) + 1)) - 315/1024*sqrt(pi)*erf (-sqrt(b)*x~(1/6)*(I*b/abs

(b) + 1))*e~(-2*I*a)/(b~(9/2)*(I*b/abs(b) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ vz cos (a+ bx1/3)2d:c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)*cos(a + b*x~(1/3))"2,x%)
[Out] int(x~(1/2)*cos(a + b*x~(1/3))"2, x)
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am2(a+b<y5?>

3.57 | /L dx
VT
Optimal. Leaf size=102
M 7 Fresne 2\/17—6\/:? sin(2a
\/—_3\/7?008(261)5( i )_3fFr IC( i ) (2 )+3Wsin(2(a+b\?/5))
v 865/ 865/ 4b

[Out] 3/4*x~(1/6)*sin(2*a+2*b*x~(1/3))/b-3/8*cos(2*a)*FresnelS(2*xx~(1/6)*b~(1/2)/
Pi~(1/2))*Pi~(1/2) /b~ (3/2)-3/8*FresnelC(2*x~(1/6)*b~(1/2) /Pi~(1/2))*sin(2*a
)*xPi~(1/2) /v~ (3/2)+x~(1/2)

Rubi [A]

time = 0.12, antiderivative size = 102, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.444,

steps used = 9, number of rules used = 8, integrand size = 18
Rules used = {3497, 3393, 3377, 3387, 3386, 3432, 3385, 3433}

3V sin(2a)FresnelC(2\/\F/%7;> 3V cos(2a)S<2\/5%ﬁ/E) 39z sin (2(a+ b))
B 8b3/2 - 8b3/2 * 4b *

VT

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x~(1/3)]72/Sqrt[x],x]

[Out] Sqrt[x] - (3%Sqrt[Pi]*Cos[2*a]*FresnelS[(2*Sqrt[b]*x~(1/6))/Sqrt[Pi]])/(8%b
~(8/2)) - (3xSqrt[Pi]*FresnelC[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]]l*Sin[2*a])/(8*b
~(38/2)) + (3*x~(1/6)*Sin[2x(a + b*x~(1/3))])/(4*b)

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)x*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3385

Int[sin[Pi/2 + (e_.) + (£_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*x(x"2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]1], x] /; FreeQl[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]
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Rule 3387

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrt[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[cx(f/d) + fx*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, 4,

e, f}, x] && ComplexFreeQ[f] && NeQ[d*e - cx*f, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Module[{k = Denominator[nl]}, Dist[k, Subst[Int[x~(k*(m + 1) - 1)*x(a +

b*Cos[c + d*x~(k*n)]1)~p, x], x, x~(1/k)]1, x1] /; FreeQ[{a, b, ¢, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
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/COS2 (c:/—;b\%?) dz = 3Subst (/ Vz' cos®(a + br) dr, x, \3/3?)
= 3Subst (/ (ﬁ + %\/a? cos(2a + be)) dz, z, %)

2
=z + gSubst (/ vz’ cos(2a + 2bzx) dz, =, \%7)
) ubs sin(2a+2bx) dz. = %
B 3/z sin (2(a+b\3/:?)) 38 bt(f Jz e )
=V 1 - 8
B 39 sin (2(a +b¥/T)) (3 cos(2a))Subst (f —Sii’%m) dz, z, {’/g?) (3sin
Ve 4b - ( 8b ;
3vz sin (2(a+bv/z"))  (3cos(2a))Subst( [ sin (2b2?) dz,z, /z° (3s
=z + 10 - 7 _
T cos(2a —2\/5\6/; T —2\/5% sin(2a
_\/;_3\/‘ (2)5( N >_3f0( 7 ) (2)+3%Sm(2(‘
B 8b3/2 8b3/2 4t

Mathematica [A]
time = 0.12, size = 103, normalized size = 1.01

-3/ cos(2a)S(2\/:b/%(y;> — 34/7 FresnelC (2\/:1)/%6/3?) sin(2a) 4+ 2Vb ¥z’ (4by/z" + 3sin (2(a + b¥/z')))

86/
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]172/Sqrt[x],x]

[Out] (-3*Sqrt[Pi]*Cos[2*al*FresnelS[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]] - 3*Sqrt[Pi]*F
resnelC[(2+Sqrt [b]*x~(1/6))/Sqrt [Pi]l]*Sin[2*a] + 2xSqrt[b]l*x~(1/6)* (4*b*x~(
1/3) + 3*Sin[2x(a + b*x~(1/3))]1))/(8%b~(3/2))

Maple [A]
time = 0.07, size = 67, normalized size = 0.66

method result size
1 1
1, 1 3/ <cos(2a)S (2“”6 \/F > +sin(2a) FresnelC <2x6 \/F ) >
326 sin(2a+2bx3 ./ ./
derivativedivides | v/x + e ( 4: ? ) — T o T 67
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1

34/ T | cos(2a)S (2”36 \/F > +sin(2a) FresnelC <M> >
default VT + aab sin (2a+2bx ’ ) — vr < VT VT 67

8b3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))"2/x~(1/2),x,method=_RETURNVERBOSE)

[Out] x~(1/2)+3/4*x~(1/6)*sin(2*a+2*b*x~(1/3))/b-3/8/b~(3/2)*Pi~(1/2)*(cos(2*a) *F
resnelS(2xx~(1/6)*b~(1/2)/Pi~(1/2))+sin(2*a) *FresnelC(2*x~(1/6)*b~(1/2) /Pi~
1/2)))

Maxima [C] Result contains complex when optimal does not.

time = 0.50, size = 96, normalized size = 0.94

3.4 ff( (G+1) cos(2a) — (i — 1) sin(2a))erf( 2ibx%)+(f(i71) cos (2a) + (i +1) sin(2a))erf(\/72ib x%))b%764b3f748b2x%sin(2bz%+2a)
6407

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(1/2),x, algorithm="maxima")

[Out] -1/64*(3%4"(1/4)*sqrt(2)*sqrt(pi)*(((I + 1)*cos(2*a) - (I - 1)*sin(2%a))*er
f(sqrt (2*xIxb)*x~(1/6)) + (-(I - 1)*cos(2*a) + (I + 1)*sin(2%a))*erf (sqrt(-2
*Ixb)*x~(1/6)))*b~(3/2) - 64*b~3*sqrt(x) - 48*%b~2xx~(1/6)*sin(2*b*x~(1/3) +

2*a)) /b~3
Fricas [A]
time = 0.38, size = 90, normalized size = 0.88

37r\/? cos (2a)S (Q:Efls\/b ) +3m/9 C <2a:é\/?> sin (2a) — 12bzs cos (bx% +a) sin (bac% +a) -8z
Y ™ ™ T

82

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))72/x7(1/2),x, algorithm="fricas")

[Out] -1/8*(3*pi*sqrt(b/pi)*cos(2*a)*fresnel_sin(2*x~(1/6)*sqrt(b/pi)) + 3*pi*sqr
t(b/pi)*fresnel_cos(2*x~(1/6)*sqrt(b/pi))*sin(2*a) - 12xb*x~(1/6)*cos (b*x~(
1/3) + a)*sin(b*x~(1/3) + a) - 8%b~2*sqrt(x))/b~2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos? (c:/—is—?b\:’/a?) s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**(1/3))**2/x*x(1/2),x)
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[Out] Integral(cos(a + b*x**(1/3))**2/sqrt(x), x)
Giac [C] Result contains complex when optimal does not.
time = 0.44, size = 124, normalized size = 1.22

1 (2ibad+2ia) 3”%6(—2“1%—21@) B 3i /7 erf <_\/Fzé <_|le? + 1)) e(2i) N 3i /7 erf (_\/1733

dizse +
Ve 8b " 8b 166 (~ i +1) 16} (if +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(1/2),x, algorithm="giac")

[Out] sqrt(x) - 3/8%Ixx~(1/6)*e” (2xIxbxx~(1/3) + 2xI*a)/b + 3/8*I*x~(1/6)*e” (-2*I
*xbxx~(1/3) - 2*I*a)/b - 3/16*I*xsqrt(pi)*erf(-sqrt(b)*x~(1/6)*(-Ixb/abs(b) +
1))*e~ (2*I*a)/(b~(3/2)*(-Ixb/abs(b) + 1)) + 3/16xI*sqrt(pi)*erf (-sqrt(b)*x
~(1/6)*(I*b/abs(b) + 1))*e”(-2*xI*a)/(b~(3/2)*(I*b/abs(b) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

dz

/ cos (a + bx1/3)2
V'

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))"2/x~(1/2) ,x)
[Out] int(cos(a + b*xx~(1/3))~2/x~(1/2), x)
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3
358 [ (;;/5 ) do

Optimal. Leaf size=116

_2cos2(a+b\?/a?)_ 32 = os(2a)Frosie 2vb ¥z 32/ 2vb /z Gin(2a 8bcos (a-
NG 8b*/% /1" cos(2a)Fr 10(—\5 >+8b V'S — I (20)+————

[Out] 8*b*cos(a+b*x~(1/3))*sin(a+b*x~(1/3))/x~(1/6)-8%*b~(3/2)*cos(2*a)*FresnelC(2
*x~(1/6)*b~(1/2)/Pi~(1/2))*Pi~(1/2)+8*b~(3/2) #*FresnelS(2*x~(1/6)*b~(1/2) /Pi
~(1/2))*sin(2*a)*Pi~ (1/2) -2*cos (a+b*x~(1/3))"2/x~(1/2)

Rubi [A]

time = 0.13, antiderivative size = 116, normalized size of antiderivative = 1.00, number of

steps used = 10, number of rules used = 9, integrand size = 18, number of rules _ ) 5
integrand size

Rules used = {3497, 3395, 30, 3393, 3387, 3386, 3432, 3385, 3433}

Vb Vz

N 8bsin (a + bv/z') cos (a + b¥/z )
Vo

Ve a

—8/7' 6% cos(2a)FresnelC <

> +8\/7?b3/2sin(2a)5<2\/5‘%?> 3 2cos? (a+by/z")

VT
Antiderivative was successfully verified.
[In] Int[Cos[a + bxx~(1/3)]1°2/x"(3/2),x]

[Out] (-2xCos[a + b*x~(1/3)]172)/Sqrt[x] - 8*b~(3/2)*Sqrt[Pi]*Cos[2*a]*FresnelC[(2
*Sqrt [b] *x~(1/6))/Sqrt[Pi]l] + 8%b~(3/2)*Sqrt [Pi]*FresnelS[(2*Sqrt [b]*x~(1/6
))/Sqrt[Pi]]*Sin[2*a] + (8*b*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)])/x~(1/6)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 3385

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)]1, x], x, Sqrtlc + d*x]], x] /; FreeQl{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - c*f, 0]

Rule 3386

Int[sin[(e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]], x] /; FreeQl{c, 4, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387
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Int[sinl(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - cxf)/d], Int[Cos[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,

e, f}, x] &% ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£f_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)~m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3395

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[(c + d*x)"(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (Dist[b
~2%f"2%nx((n - 1)/(@ 2x(m + 1)*(m + 2))), Int[(c + d*x)"(m + 2)*(b*Sin[e +

f*xx])"(n - 2), x], x] - Dist[£f™2«(n"2/(@"2*(m + 1)*x(m + 2))), Int[(c + d*xx)
“(m + 2)*(b*Sin[e + f*x])"n, x], x] - Simp[b*f*n*(c + d*x)~(m + 2)*Cos[e +

fxx]*((bxSinfe + f*x])~(n - 1)/(d"2%(@m + 1)*(@m + 2))), x]) /; FreeQ[{b, c,

d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_ )" (0 )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x~(k*(m + 1) - 1)*(a +

b*Cos[c + d*x~(k*n)])~p, x], x, x~(1/k)], x]] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
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2 b 2
/COS (a'_'_ \/;) dz=3subst(/wdx,w,%>

232 1572
2cos? (a+bv/z') 8bcos(a+by/z)sin(a+by/z) ) 1
= — NG + Iz +(8b)Subst(/ﬁa
2cos® (a+by/z’)  8bcos (a+ by/z')sin (a+ by/z)
_ 26 _
= 16b°/x NG + oz
2 cos? (a+by/z") 8bcos (a+ bz )sin (a+by/z') _ (86?) Subst (/ cos(2¢

- Jr 7z :

— (1662) Subst

__2cos2 (a+bv/z')  8bcos(a+bv/z )sin(a+by/z) — (8b? cos(2a)) Subs
= N + Jr (Sb 2 ))S bt(J

T
2cos? (a+bv/z') 8bcos(a+by/z )sin(a+by/z)

= _2cos’ (a+bV7) — 86%2\/1r cos(2a)0<2ﬁw) +8b3/2\/7?s<

— (16b” cos(2a)) Subst(

AR
VT

B

VT

3

Mathematica [A]
time = 0.17, size = 116, normalized size = 1.00

o reanl N —1—cos (2(a+ b\g/:?)) +8b3/2\/7?\/g?5’<2\/§7§/;> sin(2a) + 4b/ sin (2(a+b\3/a7))
—8b%2\/m" cos(2a)Fresne ( r ) + VT

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]172/x~(3/2),x]

[Out] -8xb~(3/2)*Sqrt [Pi]*Cos[2*a]*FresnelC[(2*Sqrt[b]l*x~(1/6))/Sqrt[Pi]] + (-1 -
Cos[2*(a + b*x~(1/3))] + 8*b~(3/2)*Sqrt [Pi] *Sqrt [x]*FresnelS[(2*Sqrt [b]*x~
(1/6))/Sqrt[Pi]]*Sin[2*a] + 4*bxx~(1/3)*Sin[2*(a + b*x~(1/3))])/Sqrt [x]

Maple [A]
time = 0.07, size = 87, normalized size = 0.75

method result
. . L. 1 oos <2a+2b m%> _ _ sin <2a+2bz%) 21% \/F
derivativedivides /5 7 4b ( ——g 2vb /7 | cos (2a) FresnelC Jr
1 cos <2a-|—2b x%) _ _ sin (2a+2bx%) 2$% \/F
default 7/ NG b ( — 1+ 2vb /7 ( cos (2a) FresnelC N

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(a+b*x~(1/3))~2/x~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/x~(1/2)-1/x"(1/2) *cos(2*%a+2*xbxx~(1/3))-4*b* (-1/x~(1/6) *sin(2*xa+2xbxx~(1/
3))+2%b~(1/2)*Pi~(1/2) *(cos (2*a) *FresnelC(2*x~ (1/6)*b~(1/2) /Pi~(1/2))-sin(2
*a) *FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2))))

Maxima [C] Result contains complex when optimal does not.
time = 0.57, size = 88, normalized size = 0.76

3v2 ((—-1) V2 (=%, 2ib0%) + (i+1) V2T (=, ~2ibz? ) ) cos (2a) + (—(i+1) V2T (=3, 20bat) + (i~ 1) V2T (=3, ~2ibz? ) ) sin (20)) Voo bt — 4
47

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(3/2),x, algorithm="maxima")

[Out] 1/4*%(3*sqrt(2)*((-(I - 1)*sqrt(2)*gamma(-3/2, 2*xIxb*x~(1/3)) + (I + 1)*sqrt
(2) *gamma (-3/2, -2*I*b*x~(1/3)))*cos(2*a) + (-(I + 1)*sqrt(2)*gamma(-3/2, 2
*I*b*x~(1/3)) + (I - 1)*sqrt(2)*gamma(-3/2, -2xIxb*x~(1/3)))*sin(2*a))*sqrt
(b*x~(1/3) ) *bxx~(1/3) - 4)/sqrt(x)

Fricas [A]

time = 0.38, size = 100, normalized size = 0.86

/ / / / 5 . 2
2 (47rbx b cos(2a)C (2 s b > —47bx b S <2 s b ) sin (2a) — 4 bxs cos (b;v% + a) sin (bz% + a) + /T cos (bw§ + a) >
™ T ™ ™

x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(3/2),x, algorithm="fricas")

[Out] -2x(4*pix*b*x*sqrt(b/pi)*cos(2*a)*fresnel_cos(2*x~(1/6)*sqrt(b/pi)) - 4*pix*b
*xx*sqrt (b/pi)*fresnel_sin(2*x~(1/6)*sqrt(b/pi))*sin(2*a) - 4*b*x~(5/6)*cos(
bxx~(1/3) + a)*sin(b*x~(1/3) + a) + sqrt(x)*cos(b*x~(1/3) + a)~2)/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos® (a + by/z)

3 dz
T2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x**(1/3))**2/x**(3/2),x)

[Out] Integral(cos(a + bkx**(1/3))*x2/x**(3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x~(1/3))"2/x~(3/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)~2/x~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

T

/ cos (a+ bacl/3)2 p

73/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*xx~(1/3))"2/x~(3/2),%)
[Out] int(cos(a + b*x~(1/3))~2/x~(3/2), x)
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3
350 [ (;;/5 ) do

Optimal. Leaf size=228

1652 256b*  2cos? (a + by/z") +32b2 cos? (a+ by/z) B 512b* cos® (a + bv/z") 512

- - b9/2 9
10526 " 3159/z 33/? 10525/6 315y/z 3150 VT cos(2a

[Out] -16/105%b~2/x~(5/6)+256/315%b"4/x~(1/6)-2/3*cos (a+b*x~(1/3))~2/x~(3/2)+32/1
05*b~2*cos (a+b*x~(1/3))"2/x~(5/6)-512/315*xb"4*cos (a+b*x~(1/3))~2/x~(1/6)+8/
21*bxcos (a+b*x~(1/3)) *sin(a+b*x~(1/3))/x~(7/6)-512/315%b~ (9/2) *cos (2*a) *Fre
snelS(2*xx~(1/6)*b~(1/2) /Pi~(1/2))*Pi~(1/2)-512/315%b~(9/2) *FresnelC(2*x~(1/
6)*b~(1/2)/Pi~(1/2))*sin(2*a)*Pi~(1/2)-128/315*xb"3*cos (a+b*x~(1/3) ) *sin(a+b
*x~(1/3))/x~(1/2)

Rubi [A]

time = 0.17, antiderivative size = 228, normalized size of antiderivative = 1.00, number of

steps used = 12, number of rules used = 10, integrand size = 18, Zumber of rules _ ( 556
integrand size

Rules used = {3497, 3395, 30, 3394, 12, 3387, 3386, 3432, 3385, 3433}

512 o2 . . 32b% cos? (a+bv/@')  2cos® (a+by/z’)  8bsin (a+by/x')cos (a+bVz’) | 256b* 166
bty sm(ZIJ)FreanelC( + - 7 + 21276 + 35YE 10657

315V 3157z 1052576 325

315

2«/1?%7) 512 (2\/:?\@/?) _ 512btcos® (a+byYa)  1286"sin (a+ b¥/a") cos (a +bYa)
315 NG

- 22 /762 cos(2a)S
G

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x~(1/3)]1°2/x~(5/2),x]

[Out] (-16%b~2)/(105%x~(5/6)) + (256%b~4)/(315*xx~(1/6)) - (2xCos[a + b*x~(1/3)]1"2
)/ (3*x~(3/2)) + (32*xb~2*Cos[a + b*x~(1/3)]172)/(105*%x~(5/6)) - (512*xb~4x*Cos[

a + b*x~(1/3)172)/(315*x~(1/6)) - (512*b~(9/2)*Sqrt [Pi]*Cos [2*a]*FresnelS[(
2%Sqrt [b]*x~(1/6))/Sqrt[Pil]1) /315 - (512xb~(9/2)*Sqrt [Pi] *FresnelC[(2*Sqrt [
bl*x~(1/6))/Sqrt [Pi]]*Sin[2*a]) /315 + (8*b*Cos[a + b*x~(1/3)]*Sin[a + b*x~(
1/3)1)/(21%x~(7/6)) - (128%b~3*Cos[a + b*x~(1/3)]1*Sin[a + b*x~(1/3)])/(315*

Sqrt [x]1)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] & N
eQm, -1]

Rule 3385

Int[sin[Pi/2 + (e_.) + (£f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]1]1, x] /; FreeQl{c, d



283

, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3386

Int[sin[(e_.) + (£_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)]1, x], x, Sqrtlc + d*x]]1, x] /; FreeQl{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3387

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*xe - cxf)/d], Int[Sin[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - cxf)/d], Int[Cos[cx(f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,

e, f}, x] &% ComplexFreeQ[f] && NeQ[dxe - cxf, 0]

Rule 3394

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f*x]"n/(d*(m + 1))), x] - Dist[f*(n/(d*(m + 1
))), Int[ExpandTrigReduce[(c + d*x)~(m + 1), Cos[e + f*x]*Sin[e + f*x]~(n -
1), x], x1, x] /; FreeQl{c, d, e, £, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 3395

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(c + d*x)"(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (Dist[b
“2xf 2%k ((n - 1)/(@72%(m + 1D*(m + 2))), Int[(c + d*x)"(m + 2)*(b*Sin[e +

fxx])"(n - 2), x], x] - Dist[f™2*(n"2/(d"2x(m + 1)*(m + 2))), Int[(c + d*x)
“(m + 2)*(b*Sin[e + f*x])"n, x], x] - Simp[b*f*n*(c + d*x)~(m + 2)*Cos[e +

fxx]*((bxSinfe + f*xx])~(n - 1)/(d"2x(m + 1)*(m + 2))), x]) /; FreeQ[{b, c,

d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(o_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +
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bxCos[c + d*x~(k*n)])"p, x], x, x~(1/k)], x]1]1 /; FreeQ[{a, b, c, d, m}, x]
&& IntegerQ[p] && FractionQ[n]

Rubi steps

/ cos? (a+bv/z) dz = 3Subst (/

15/2

cos?(a + bx)

711/2

dx,x,%)

2cos? (a + by/z 8bcos (a + bv/x ) sin (a + bv/x
=— ga::/; Vo) + Chi \2;)7/6 (a+bVz) +2—11(862) Subst(/#
. 162 B 2cos® (a+by/x") N 32b% cos? (a + bv/z") N 8bcos (a+ by/z') sin (a-
10525/6 3x3/2 10525/6 217/6
1652 256b*  2cos® (a+by/z’)  32b%cos? (a+by/z')  512b%cos® (a
= 105556 T 315¢z 373/ 10525/6 B 315/
1662 256b*  2cos® (a+bv/z’)  326%cos? (a+bv/x')  512b*cos? (a
= 10555 T 3159 33/2 10525/6 B 315/
1652 256b*  2cos® (a+by/z’)  32b%cos? (a+by/z')  512b%cos® (a
= 105556 T 315¢z 373/2 10525/6 B 315/
1642 2560*  2cos’ (a+bv/z')  32b%cos? (a+by/z’)  512b*cos? (a
= 10555 T 315 373/2 10525/6 B 315/
162 2560*  2cos? (a+bv/z’)  32b%cos? (a+b¥/z) 512b*cos? (a
= 10555 T 3159 3732 10525/6 B 315/
Mathematica [A]
time = 0.18, size = 185, normalized size = 0.81
105 — 105 08 (2(a + bYF")) +4852% cos (2(a -+ BY)) — 256612 cos (2(a -+ b)) — 51272/ 252 cos@a)s(’@ﬁ ) - st et (204 Jin(2a) + 6009 sin (20 + 097~ 63 (20 + 09

315232

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x~(1/3)]172/x~(5/2),x]
[Out] (-105 - 105%Cos[2*(a + b*x~(1/3))] + 48%b~2*x~(2/3)*Cos[2*(a + b*x~(1/3))]

- 256xb~4*x~(4/3)*Cos[2x(a + b*x~(1/3))] - 512%b~(9/2)*Sqrt [Pi]*x~(3/2)*Cos

[2*#a] *FresnelS [(2*Sqrt [b]*x~(1/6))/Sqrt[Pi]] - 512xb~(9/2)*Sqrt [Pi]*x~(3/2)
*FresnelC[(2*Sqrt [b]*x~(1/6))/Sqrt[Pil]*Sin[2*a] + 60*b*x~(1/3)*Sin[2x(a +
bxx~(1/3))] - 64*b~3*xxSin[2*(a + b*x~(1/3))]1)/(315*%x~(3/2))

Maple [A]

time = 0.07, size = 146, normalized size = 0.64
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method result
1
cos <2a+2b 3
1 4b| — T
sin (2a+2bx§> z6
4b| — +
3/ T
1
cos <2a+2b z3 )
4b| — 5 -
526
1
sin <2a+26 3 )
4b| — - +
7z 6
1
. . L. cos (2a,+2b:1:3>
derivativedivides | ——5 — 3 - 3
3xz2 3x2
1
cos (2a+2b z3
1 4b| — T
sin (2a+2bm§> z6
4b| — +
34/ T
1
cos <2a+2b 3 )
4b| — 5 -
526
1
sin <2a+2b z3 )
4b| — ” +
Tx6
1 cos <2a+2bz%>
default ——3 — 3 - 3
3x2 3x2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))~2/x~(5/2),x,method=_RETURNVERBOSE)

[Out] -1/3/x"(3/2)-1/3/x"(3/2)*cos (2*a+2xbxx~(1/3))-4/3*b*(-1/7/x~(7/6) *sin(2*a+2
*b*x~(1/3))+4/7*b*x(-1/5/x" (5/6) *cos (2xa+2xbxx~ (1/3))-4/5*b* (-1/3/x~(1/2) *si
n(2*a+2*bxx~ (1/3))+4/3*%bx(-1/x~(1/6) *cos (2*a+2xb*x~(1/3) ) -2*b~(1/2) *Pi~(1/2
)Y*x(cos(2*a)*FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2))+sin(2*a) *FresnelC(2*xx~(1/6
)*b~(1/2)/Pi~(1/2)))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.58, size = 90, normalized size = 0.39

18vZ (((14r 1) ﬁr(-g,Qibz%) —(-1) \/Er(-g,—zibz%)) cos (2a) + (—(i - 1) ﬁr(—g,zm%) T+ ﬁf(—g,—Zibz%)) sin (Za)) Vbah bzt +1

3z2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(5/2),x, algorithm="maxima")

[Out] -1/3%(18*sqrt(2)*(((I + 1)*sqrt(2)*gamma(-9/2, 2*I*b*x~(1/3)) - (I - 1)*sqr
t(2)*gamma (-9/2, -2*I*b*x~(1/3)))*cos(2*%a) + (-(I - 1)*sqrt(2)*gamma(-9/2,
2%Ixb*x~(1/3)) + (I + 1)*sqrt(2)*gamma(-9/2, -2*I*b*x~(1/3)))*sin(2*a))*sqr

t (b*x~(1/3))*b~4*x~(4/3) + 1)/x7(3/2)

Fricas [A]

time = 0.37, size = 154, normalized size = 0.68

o' [v' [ 1 /b 1 1 1 2 5 1
2 (256 e/ % cos(2a)$ (2 zt \/ % ) + 256 whta? \/ % ¢ (2 ot \/ % ) sin (2a) — 128 bia % + 24020 + <256 bio¥ — 4882% + 105 ﬁ) cos (bz: + a) +4 (161731% ~15 m) cos (bzz + a) sin (bz% + a)>

31522

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(5/2),x, algorithm="fricas")

[Out] -2/315%(256%pi*b~4*x~2*sqrt(b/pi)*cos(2*a)*fresnel_sin(2*x~(1/6)*sqrt(b/pi)
) + 256%pi*b~4*x"2*sqrt(b/pi)*fresnel_cos(2*x~(1/6)*sqrt(b/pi))*sin(2*a) -
128*%b~4*x~(11/6) + 24xb~2xx~(7/6) + (256%b~4xx~(11/6) - 48*b~2*x~(7/6) + 10
Bxsqrt (x))*cos(b*x~(1/3) + a)~2 + 4x(16xb~3*x~(3/2) - 15%b*x~(5/6))*cos(b*x
~(1/3) + a)*sin(b*x~(1/3) + a))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/0032 (a+b¥/z") p
. T

xrz
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bxx**(1/3))**2/x*x(5/2) ,%x)



[Out] Integral(cos(a + bxx*x(1/3))*x2/x*x(5/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(5/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)~2/x~(5/2), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/ cos (a + bxl/?')2 p

T
25/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x~(1/3))"2/x~(5/2) ,x)
[Out] int(cos(a + b*x~(1/3))"2/x~(5/2), x)
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am2(a+b<y5?>

3.60 [— - tda

Optimal. Leaf size=328

1652 N 256b* 409666  2cos® (a+by/x’)  32b%cos® (a+by/z') 512b*cos® (a+bv/z') 81
715211/6 © 4504527/  675675+/x 525/2 715211/6 45045x7/6

[Out] -16/715*xb"2/x~(11/6)+256/45045%b~4/x~(7/6)-2/5*cos (a+b*x~(1/3))~2/x~(5/2)+3
2/715%b"2*cos (a+b*x~(1/3))"2/x~(11/6)-512/45045xb"~4*cos (a+b*x~(1/3)) ~2/x~ (7
/6)+8/65*%b*cos (a+b*x~(1/3) ) *sin(a+b*x~(1/3))/x~(13/6)-128/6435*%b"3*cos (a+b*
x~(1/3))*sin(a+b*x~(1/3)) /x~(3/2)+2048/225225*b"5*cos (a+b*x~ (1/3) ) *sin(a+b*
x~(1/3))/x"(5/6)-32768/675675*b~T*cos (a+b*x~(1/3) ) *sin(a+b*x~(1/3))/x~(1/6)
+32768/675675%b~ (15/2) *cos (2*a) *FresnelC(2*xx~(1/6)*b~(1/2) /Pi~(1/2))*Pi~(1/
2)-32768/675675%b~ (15/2) *FresnelS(2*x~(1/6)*b~(1/2) /Pi~(1/2)) *sin(2*a) *Pi~(
1/2)-4096/675675*%b"6/x~(1/2)+8192/675675xb"6*cos (a+b*x~(1/3))~2/x~(1/2)

Rubi [A]
time = 0.24, antiderivative size = 328, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 16, number of rules used = 9, integrand size = 18,
Rules used = {3497, 3395, 30, 3393, 3387, 3386, 3432, 3385, 3433}

765 5% con(aa Fresnel( VESE  sar68 /=y WEYT)
sno /et “*‘”""“""((Tw ) sssvEy sna)S (I ) i i (o 07 cos (0 60F)  S10005 o (0 69F) 2008 sin (a4 5 ) cos (a4 09F) 5128 cort (a+0F) 1289 (a+ WT) cos o+ 0VF) | Bcos a4 0VT) _ 2eor(a+ ) | Shoin (a+ 0 ) cos a+00F) 00256
675675 - G75675 B 6756757 B75675T 2252252770 - 15045270 6435277 Ti5z e B 65 675675z | 45045z TI5zIe

Antiderivative was successfully verified.
[In] Int[Cos[a + bxx~(1/3)]1°2/x~(7/2),x]

[Out] (-16%b~2)/(715%x~(11/6)) + (256%b~4)/(45045%x~(7/6)) - (4096%*b~6)/(675675%S
qrt[x]) - (2xCos[a + b*x~(1/3)]172)/(5*%x~(5/2)) + (32*b~2*Cos[a + b*x~(1/3)]
~2)/(715*x~(11/6)) - (512*b~4*Cos[a + b*x~(1/3)]172)/(45045*x~(7/6)) + (8192
*b~6+Cos[a + b*x~(1/3)]172)/(675675*Sqrt[x]) + (32768*b~(15/2)*Sqrt[Pil*Cos[
2xa]*FresnelC[(2+Sqrt [bl *x~(1/6))/Sqrt [Pil]) /675675 - (32768*b~(15/2)*Sqrt[
Pi]*FresnelS[(2*Sqrt [b]*x~(1/6))/Sqrt[Pi]l]*Sin[2*a]) /675675 + (8*b*Cos[a +
b*x~(1/3)]1*Sin[a + b*x~(1/3)])/(65*%x~(13/6)) - (128*b~3*Cos[a + b*x~(1/3)]*

Sin[a + b*x~(1/3)])/(6435*x~(3/2)) + (2048*b~5*Cos[a + b*x~(1/3)]*Sin[a + b
*x~(1/3)]1)/(225225%x~(5/6)) - (32768*b~7*Cos[a + b*x~(1/3)]*Sin[a + b*x~(1/
3)1)/(675675*xx~(1/6))

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3385
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Int[sin[Pi/2 + (e_.) + (f_.)*(x_)1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[f*(x~2/d)], x], x, Sqrtlc + d*x]1], x] /; FreeQl{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - c*f, 0]

Rule 3386

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[f*(x~2/d)], x], x, Sqrtlc + d*x]]1, x] /; FreeQl[{c, d, e, f}
, X] && ComplexFreeQ[f] && EqQ[d*e - c*f, 0]

Rule 3387

Int[sin[(e_.) + (£f_.)*(x_)]1/Sqrtl[(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*xf)/d], Int[Sin[c*(f/d) + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
*e - c*f)/d], Int[Cos[cx(£f/d) + f*x]/Sqrtlc + d*x], x], x] /; FreeQl{c, 4,

e, £}, x] &% ComplexFreeQ[f] && NeQ[dxe - c*f, 0]

Rule 3393

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sinl[e + f*x]~n, x], x] /; FreeQ[{c, 4, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rule 3395

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(c + d*x)"(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (Dist[b
“2xf 2%k ((n - 1)/(@72%(m + 1D*(m + 2))), Int[(c + d*x)"(m + 2)*(b*Sin[e +

fxx])"(n - 2), x], x] - Dist[f™2*(n"2/(d"2x(m + 1)*(m + 2))), Int[(c + d*x)
“(m + 2)*(b*Sin[e + f*x])"n, x], x] - Simp[b*f*n*(c + d*x)~(m + 2)*Cos[e +

f*x]*((b*Sinfe + £*x])"(n - 1)/(d"2*(m + 1)*x(m + 2))), x]) /; FreeQ[{b, c,

d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3497

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(o_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Module[{k = Denominator[n]}, Dist[k, Subst[Int[x"(k*(m + 1) - 1)*(a +
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bxCos[c + d*x~(k*n)])~p, x], x, x~(1/k)], x1] /; FreeQ[{a, b, c, d, m}, x]

&& IntegerQ[p] && FractionQ[n]

Rubi steps
cos? (a + by/z") cos®(a + bx)
/ 7P dx = 3Subst (/ g dz,z, \3/5>

_ _ZCOS2 (a+by/z") N 8bcos (a+ by/z") sin (a + by/z) N i(8b2) Subst 1 r
5x5/2 65x13/6 65 x13/

B 16b° 2cos? (a+by/z')  32b%cos® (a+bv/z’)  8bcos (a+by/z ) sin(a

T 7152116 525/2 715z11/6 65113/6

_ 162 256b* 2cos? (a+bv/z') 32b%cos® (a+bv/z')  512b* cos?

~ T15z!Y/6 © 4504527/6 5x5/2 715511/6 4504

o 16p? N 256b* 4096b° 2cos? (a+by/z')  32b%cos? (a + by/z

~ 715z11/6 4504527/ 6756757 5x5/2 715511/6

R N 256b"  4096b°  655366°y/z  2cos’ (a+bVz) 320

© T1521/6 4504527/ 675675+/x 675675 55/2

1602 N 256" 40965° 2cos? (a+bv/z')  32b%cos? (a+ b/

~ T15x11/6 T 4504527/6 675675z 5x5/2 715511/6

o 1ep? N 256b* 4096b° 2cos? (a+b¢/z")  32b%cos? (a+ b/z

© T15x11/6 © 45045x7/6 675675/ 5x5/2 715211/6

o 1ep? N 256b* 4096b° 2cos? (a+b¢/z')  32b%cos? (a + by/z

© T15x11/6 4504527/ 675675/ 55/2 715211/6

16y N 256b* 4096b° 2cos? (a+by/z')  32b%cos? (a + bv/z’

~ T15x1Y/6 4504527/ 675675/ 5x5/2 715211/6

Mathematica [A]

time = 0.25, size = 249, normalized size = 0.76

135135 — 135135 cos (2(a + YT ) + 15120

1725 cos (2(a-+ b)) — 302 cos (2(a +

bY/E)) + 409602 cos (2(a+ bYE)) + 3276852 25/ cos(2a) FresnelC|

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

Antiderivative was successfully verified.

[In] Integratel[Cosl[a + bxx~(1/3)]1°2/x~(7/2),x]
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[Out] (-135135 - 135135*Cos[2*(a + b*x~(1/3))] + 15120*b~2xx~(2/3) *Cos[2*(a + b*x
~(1/3))] - 3840*b~4*x~(4/3)*Cos[2*(a + b*x~(1/3))] + 4096*b~6*x"2*Cos [2*(a

+ bxx~(1/3))] + 32768*b~(15/2)*Sqrt [Pil*x~(5/2) *Cos [2*a] *FresnelC[(2*Sqrt [b
1%x~(1/6))/Sqrt [Pi]] - 32768%b~(15/2)*Sqrt [Pi]*x~(5/2)*FresnelS[(2*Sqrt [b] *
x~(1/6))/Sqrt[Pil]*Sin[2*a] + 41580*b*x~(1/3)*Sin[2*(a + b*x~(1/3))] - 6720
*b~3*x*Sin[2%(a + b*x~(1/3))] + 3072%b~5*x~(5/3)*Sin[2*(a + b*xx~(1/3))] - 1
6384*b~7*x~(7/3)*Sin[2x(a + b*x~(1/3))1)/(675675*x"(5/2))

Maple [A]
time = 0.07, size = 207, normalized size = 0.63

’ method ‘ result
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4b

1
cos <2a+2b z3 )

4b

1
sin <2a+2b z3 )
+

4b

1
cos <2a+2b z3 )

-
7x6

3
9z 2

11
11z 6



4b

1
cos <2a+2b z3

4b

293

4b

1
cos <2a+2b z3

7
7x 6

1
sin <2a+26 x3 >
3 +

922

11
112 6
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x~(1/3))"2/x"(7/2),x,method=_RETURNVERBOSE)

[Out] -1/5/x"(5/2)-1/5/x"(5/2) *cos (2*%a+2xbxx~(1/3))-4/5%b*(-1/13/x~(13/6) *sin(2*a
+2%b*x~(1/3))+4/13*xbx(-1/11/x~(11/6) *cos (2*xa+2*xb*x~ (1/3) ) -4/11%b*x(-1/9/x~ (3
/2)*sin(2*%a+2*b*xx~(1/3))+4/9*bx (-1/7/x~(7/6) *cos (2*xa+2xb*xx~ (1/3) ) -4/7*b* (-1

/5/x” (56/6)*sin(2*xa+2xb*xx~ (1/3) ) +4/5%b*x (-1/3/x~(1/2) *cos (2*a+2*b*x~ (1/3)) -4/
3xbx(-1/x~(1/6) *sin(2*a+2%b*xx~ (1/3))+2xb~ (1/2) *Pi~ (1/2) * (cos (2*a) *FresnelC(
2xx~(1/6)*b~(1/2) /Pi~(1/2))-sin(2*a) *FresnelS(2*xx~(1/6)*b~(1/2) /Pi~(1/2))))

))))))

Maxima [C] Result contains complex when optimal does not.
time = 0.60, size = 90, normalized size = 0.27

240vZ ((=(i-1) V2T (=%, 2ib0%) + (i +1) V2 T(=%,~2ibat) ) cos (2a) + (=(G+1) VET (=4, 2ibat) + (i = 1) V2 T(-¥,~2ibz}) ) sin 2a)) Vb bzt +1

5
S5x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(7/2),x, algorithm="maxima")

[Out] -1/5%(240%sqrt(2)*((-(I - 1)*sqrt(2)*gamma(-15/2, 2*I*b*x~(1/3)) + (I + 1)x*
sqrt(2) *gamma (-15/2, -2*%I*bxx~(1/3)))*cos(2*a) + (-(I + 1)*sqrt(2)*gamma(-1

5/2, 2xIxbxx~(1/3)) + (I - 1)*sqrt(2)*gamma(-15/2, -2*I*b*xx~(1/3)))*sin(2*a
))*sqrt (bxx~(1/3))*b~7*x~(7/3) + 1)/x~(5/2)

Fricas [A]

time = 0.38, size = 192, normalized size = 0.59

v v 8ol [0 . u : . : Ly i ; | R ;
2 (1(5384 nh’r*\;‘g cos(2a)C <2T% \g ) — 16384 nh’rﬂ\;g s (2 ot \% )sm (20) — 2048107 + 19200%% — 756087 — (3840bt0 — 151200 — (40960 — 135135)v/7 ) cos (bt +a) +4 (T68%°¥ — 16800 — (40961702 — 10395)at ) cos (bat +a) sin (bt + a))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x~(1/3))"2/x~(7/2),x, algorithm="fricas")

[Out] 2/675675%(16384*pi*b~7*x~3*sqrt(b/pi)*cos(2*a)*fresnel_cos(2*x~(1/6)*sqrt (b
/pi)) - 16384*pi*b~7*x"3*sqrt(b/pi)*fresnel_sin(2*x~(1/6)*sqrt(b/pi))*sin(2

*xa) - 2048xb~6*x~(5/2) + 1920%b~4*x~(11/6) - 7560*xb~2*xx~(7/6) - (3840*b~4*x
~(11/6) - 15120%b~2*x~(7/6) - (4096*b~6xx~2 - 135135)*sqrt(x))*cos(b*x~(1/3

) + a)”2 + 4x(768*b~5xx~(13/6) - 1680*b~3*x~(3/2) - (4096%b~7*x~2 - 10395*b
)*x~(5/6))*cos(b*x~(1/3) + a)*sin(b*x~(1/3) + a))/x"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 3
/cos (a—};b\/a?) .

xr2
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x**(1/3))**2/x*x(7/2) ,x)
[Out] Integral(cos(a + bkxx**(1/3))**x2/x**x(7/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*x~(1/3))~2/x~(7/2),x, algorithm="giac")
[Out] integrate(cos(b*x~(1/3) + a)~2/x~(7/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

X

/ cos (a + bar:l/?’)2 p

2772

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*xx~(1/3))"2/x~(7/2) ,%)
[Out] int(cos(a + b*x~(1/3))~2/x~(7/2), %)
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3.61 [cos® (Yz') dz

Optimal. Leaf size=86

41" cos (\%?)—I—g\%? cos® ({’/f)—%l sin (%)+2m2/3 sin (\"/5)7%'2/3 cos’ (¢/z') sin (W)ng sin® (¥z"
[Out] 4*xx~(1/3)*cos(x~(1/3))+2/3*x~(1/3)*cos(x~(1/3))"3-14/3*sin(x~(1/3))+2xx~(2/
3)*sin(x~(1/3))+x~(2/3)*cos (x~(1/3)) ~2*sin(x~(1/3))+2/9*sin(x~(1/3))"3

Rubi [A]
time = 0.05, antiderivative size = 86, normalized size of antiderivative = 1.00, number of

number of rules _ ( go5
' integrand size ’

steps used = 7, number of rules used = 5, integrand size = 8
Rules used = {3443, 3392, 3377, 2717, 2713}

2%/ sin (V) + 0% sin (V) cos* (V) + Ssin® (V&) = 5 sin (V&) + SV cos® (Y77) + 43 cos (V7))

Antiderivative was successfully verified.
[In] Int[Cos[x~(1/3)]73,x]

[Out] 4*x~(1/3)*Cos[x~(1/3)] + (2*x~(1/3)*Cos[x~(1/3)]17°3)/3 - (14xSin[x~(1/3)]1)/3
+ 2xx~(2/3)*Sin[x~(1/3)] + x~(2/3)*Cos[x~(1/3)]1"2*Sin[x~(1/3)] + (2*Sin[x~
(1/3)1°3)/9

Rule 2713

Int[sin[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
nd[(l - XAQ)A((n - 1)/2)3 X]’ X]s X, COS[C + d*X]], X] /; FreeQ[{C’ d}s X]
&& IGtQ[(n - 1)/2, 0]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Co
sle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3392

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((bxSin[e + f*x])"n/(£f"2*n"2)), x] + (Dist
[b~2%((n - 1)/n), Int[(c + d*xx) mx(bxSin[e + f*x])~(n - 2), x], x] - Dist[d
~2s«m*((m - 1)/(f"2*xn"2)), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x]
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- Simp[b*(c + d*x) m*Cos[e + f*x]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x1) /;
FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(m_)I*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + f*x)"n], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps

/0053 (Vz') dz = 3Subst (/ x? cos®(x) dr, x, \3/9?)

= g 9z cos® (\7117) +x2/3 cos? (\3/;17) sin (\3’/.?) — ;Subst (/ COS3(.’E) dz, ., \3/;> 1 9t

_2 V7 cos® (¢/z) +22*%sin (¢z) + %% cos® (V) sin (V7' ) + gSubst(/ (1-2*

3
=49z cos(\?’/ﬂ?)ﬁ-g\"'/a? cos® (Vz') —gsin(\%?)+2x2/3sin(%)+x2/3cos2 (V="
= 4+/x" cos (V/z') +§\3/37 cos® (V/z) —13—4sin(\‘°/5) + 22?3 sin (Vz) + 1%3 cos? (Vz

Mathematica [A]
time = 0.07, size = 66, normalized size = 0.77

316(162\3/? cos (\3/:?) +6/z cos (3\3/5) + 81(—2 + x2/3) sin (\3/;) + (—2 + 9x2/3) sin (3\3/5))

Antiderivative was successfully verified.

[In] Integrate[Cos[x~(1/3)]73,x]

[Out] (162%x~(1/3)*Cos[x~(1/3)] + 6xx~(1/3)*Cos[3*x~(1/3)] + 81%(-2 + x7(2/3))*8i
n[x~(1/3)] + (-2 + 9*x~(2/3))*Sin[3*x~(1/3)])/36

Maple [A]
time = 0.04, size = 58, normalized size = 0.67

method result

2.116l cos3 zl 2( 24cos? ( 3
derivativedivides | 3 (2 + cos? (:ﬁ)) sin (:c%> — 4sin <z%) + 425 cos (:ﬁ) + 3( ( 3)> — ( i (

3
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29:% cos3 :1:% 2( 2+cos? m%
default 3 (2 + cos? (x%» sin <x%> — 4sin (mé> + 423 cos (x%> + ( 3 ( >> — < al ( 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/3))~3,x,method=_RETURNVERBOSE)

[Out] x~(2/3)*(2+cos(x~(1/3))"2)*sin(x~(1/3))-4*xsin(x~(1/3))+4*x~(1/3) *cos(x~(1/3
))+2/3%x~(1/3) *cos(x~(1/3))~3-2/9% (2+cos (x~(1/3)) "2) *sin(x~(1/3))

Maxima [A]
time = 0.30, size = 47, normalized size = 0.55

3_16 (93:% — 2) sin (3x%) + ?l (x% - 2) sin (aﬁ) + %xé CcoS (3.%%) + gxé Ccos (x%>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))"3,x, algorithm="maxima")

[Out] 1/36%(9%x~(2/3) - 2)*sin(3*x~(1/3)) + 9/4x(x~(2/3) - 2)*sin(x~(1/3)) + 1/6%
x~(1/3)*cos(3*x~(1/3)) + 9/2*x~(1/3)*cos(x~(1/3))

Fricas [A]
time = 0.35, size = 48, normalized size = 0.56

2 3 1 2
gx% cos (ﬁ) + 9 ((9x§ — 2) cos (ﬁ) + 18x§ — 40> sin (x%> + 4x% cos (x%>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))"3,x, algorithm="fricas")

[Out] 2/3*%x~(1/3)*cos(x~(1/3))73 + 1/9%((9%x~(2/3) - 2)*cos(x~(1/3))"2 + 18*x~(2/
3) - 40)*sin(x~(1/3)) + 4*x~(1/3)*cos(x~(1/3))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 513 vs.
2(85) = 170.
time = 0.97, size = 513, normalized size = 5.97

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/3))**3,x)

[Out] 54*x*x(2/3)*tan(x**(1/3)/2)*x5/(9*%tan (x**(1/3)/2)**6 + 27*tan(x**(1/3)/2)**
4 + 27xtan(x**(1/3)/2)**2 + 9) + 36*xx**x(2/3)*tan (x**(1/3)/2) **3/ (9*tan (x** (
1/3)/2)*x6 + 27*tan(x**(1/3)/2)**4 + 27+ tan(x**(1/3)/2)**2 + 9) + Bldxx**(2/
3)*xtan(x**(1/3)/2)/ (9*tan(x*x*(1/3) /2)**x6 + 27*tan(x**(1/3)/2)**x4 + 27*tan(x
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*x(1/3)/2)*%x2 + 9) - 42xx*x*x(1/3)*tan(x**(1/3)/2)**6/ (9*tan(x*x*(1/3)/2)**6 +
27xtan (x** (1/3) /2) **4 + 27xtan(x**(1/3)/2)**2 + 9) - 18*x**(1/3)*tan(x**(1
/3)/2)*x4/ (9xtan (x**(1/3) /2)**6 + 27xtan(x**x(1/3)/2)**x4 + 27*tan(x**(1/3)/2
Y*k2 + 9) + 18*kx*k*(1/3)*xtan(x**(1/3)/2)**2/(9xtan(x**(1/3)/2)**6 + 27xtan(x
*x%(1/3)/2)**x4 + 27xtan(x**(1/3)/2)**2 + 9) + 42%x**x(1/3)/(9*tan(x**x(1/3)/2)
*x6 + 27*tan(x*x*x(1/3)/2)*x4 + 27*tan(x**(1/3)/2)**2 + 9) - 84xtan(x**(1/3)/
2)*x5/ (9*%tan (x*x*(1/3) /2)**x6 + 27*tan(x**(1/3)/2)**x4 + 27*tan(x**x(1/3)/2)**2
+ 9) - 152%tan(x**(1/3)/2)**3/(9*tan(x**(1/3)/2)**6 + 27*tan(x**(1/3)/2) **
4 + 27xtan(x**(1/3)/2)**2 + 9) - 84xtan(x**x(1/3)/2)/(9*tan(x**(1/3)/2)**6 +
27xtan (x**(1/3) /2) *x*4 + 27xtan(x**x(1/3)/2)**2 + 9)

Giac [A]
time = 0.42, size = 47, normalized size = 0.55

% <9x§ — 2) sin <3x%> + Z <x§ — 2) sin (x%> + éxflf cos (330%) + gxé cos (ac

=

)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/3))"3,x, algorithm="giac")

[Out] 1/36%(9%x~(2/3) - 2)*sin(3*x~(1/3)) + 9/4*(x~(2/3) - 2)*sin(x~(1/3)) + 1/6%
x~(1/3)*cos(3*x~(1/3)) + 9/2xx~(1/3)*cos(x~(1/3))

Mupad [B]

time = 0.50, size = 62, normalized size = 0.72

2cos (x1/3)2 sin (z1/3) 40 sin (z'/?)
9 9

2213 cos (x1/3)3

3

433 cos (:1;1/3) +22%3 sin (z1/3) + + z2/3 cos (x1/3)2 sin (11/3)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/3))"3,x)

[Out] 4*x~(1/3)*cos(x~(1/3)) - (2*cos(x~(1/3)) "2*sin(x~(1/3)))/9 - (40*sin(x~(1/3
)))/9 + 2%x~(2/3)*sin(x~(1/3)) + (2*x~(1/3)*cos(x~(1/3))"3)/3 + x~(2/3)*cos
(x~(1/3))~2*sin(x~(1/3))
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e

Optimal. Leaf size=8

6sin (v/z')
[Out] 6*sin(x~(1/6))

Rubi [A]
time = 0.01, antiderivative size = 8, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 2, number of rules used = 2, integrand size = 12,
Rules used = {3461, 2717}

6sin (Vz)

Antiderivative was successfully verified.
[In] Int[Cos[x~(1/6)1/x~(5/6),x]
[Out] 6*Sin[x~(1/6)]

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d4, x] /;
FreeQ[{c, d}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQ[p, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rubi steps

/ cosm(g)—j\{?) dx = 6Subst (/ cos(x) dz, x, {75)
= 6sin (v/z')

Mathematica [A]
time = 0.00, size = 8, normalized size = 1.00

6 sin (%)




Antiderivative was successfully verified.

[In] Integratel[Cos[x~(1/6)]1/x~(5/6),x]
[Out] 6*Sin[x~(1/6)]

Maple [A]
time = 0.02, size = 7, normalized size = 0.88

method result size

derivativedivides | 6sin <x%> 7

)7

meijerg 6 sin <x%> 7

[

default 6 sin (x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/6))/x~(5/6) ,x,method=_RETURNVERBOSE)
[Out] 6*sin(x~(1/6))

Maxima [A]
time = 0.28, size = 6, normalized size = 0.75

6 sin (mé)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x~(5/6),x, algorithm="maxima")
[Out] 6*sin(x~(1/6))

Fricas [A]
time = 0.38, size = 6, normalized size = 0.75

6 sin (mé>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x~(5/6),x, algorithm="fricas")
[Out] 6*sin(x~(1/6))

Sympy [A]
time = 7.56, size = 7, normalized size = 0.88

6sin (v/z)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x**(1/6))/x**(5/6) ,x)
[Out] 6*sin(x**(1/6))

Giac [A]
time = 0.42, size = 6, normalized size = 0.75

6 sin (mé>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x~(1/6))/x~(5/6),x, algorithm="giac")
[Out] 6*sin(x~(1/6))
Mupad [B]

time = 0.43, size = 6, normalized size = 0.75

6 sin (xl/G)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x~(1/6))/x~(5/6),x)
[Out] 6*sin(x~(1/6))
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3.63 [(ex)™ (beos (¢ + dz™))’ dx

Optimal. Leaf size=21
Int((ex)™ (beos (c + dz™))?, x)

[Out] Unintegrable((e*x) “m*(b*cos(c+d*x"n)) p,x)

Rubi [A]

time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of
steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ 0.000,
integrand size

Rules used = {}

/(ex)m (beos (¢ + dz™))? dz

Verification is not applicable to the result.
[In] Int[(e*x) m*(b*Cos[c + d*x"n]) p,x]
[Out] Defer[Int] [(e*x) “m*(b*Cos[c + d*x"nl])~p, xI]

Rubi steps

/ (ez)™ (beos (c + da™))? da = / (ez)™ (beos (c + da™))? da

Mathematica [A]
time = 0.65, size = 0, normalized size = 0.00

/(ex)m (becos (c+ dz™))? dz

Verification is not applicable to the result.

[In] Integrate[(e*x) “m*(b*Cos[c + d*x"n]) p,x]
[Out] Integratel[(e*x) m*(b*Cos[c + d*x"n]) p, x]

Maple [A]
time = 0.07, size = 0, normalized size = 0.00

/ (ex)™ (beos (c+dz™))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) m*(b*cos(c+d*x"n)) p,x)



[Out] int((e*x) “m*(b*cos(c+d*x"n)) p,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((b*cos(d*x"n + c)) p*(x*e) m, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x) “m*(b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x"n + c)) px(x*e) m, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ (bcos (¢ + dz™))? (ex)™ dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**m* (b*cos (c+d*x**n))**p,x)
[Out] Integral((b*cos(c + d*x**n))**p*(e*x)**m, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((b*cos(d*x"n + c)) “p*(x*e) m, x)
Mupad [A]
time = 0.00, size = -1, normalized size = -0.05
/ (ex)™ (b cos (c+ dz™))’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) m*(b*cos(c + d*x"n)) p,x)

[Out] int((e*x) “m*(b*cos(c + d*x"n)) p, x)
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3.64 [(ex)™ (a+ beos (¢ + dz™))’ dx

Optimal. Leaf size=23

Int((ex)™ (a + beos (¢ + dz™))? , x)

[Out] Unintegrable((e*x) “m*(a+b*cos(c+d*x"n)) p,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(ex)m (a+bcos (c+ dz™)) dz

Verification is not applicable to the result.

[In] Int[(e*x)"m*x(a + bxCos[c + d*x"n]) p,x]

[Out] Defer[Int] [(e*x) m*(a + b*Cos[c + d*x"n]) p, xI]
Rubi steps

/(ex)m (a+bcos(c+dz"™))P dx = /(em)m (a+bcos (c+ dz™))P dx

Mathematica [A]
time = 0.88, size = 0, normalized size = 0.00

/(em)m (a+beos (c+ dz™)) dz

Verification is not applicable to the result.

[In] Integrate[(e*x) m*x(a + b*Cos[c + d*x"n]) p,x]
[Out] Integrate[(e*x) m*(a + b*Cos[c + d*x"n]) p, x]

Maple [A]
time = 0.07, size = 0, normalized size = 0.00

/ (ex)™ (a+beos(c+dz™)) dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((e*x) m*(a+b*cos(c+d*x"n)) p,x)
[Out] int((e*x) “m*(a+b*cos(c+d*x"n)) p,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(a+b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((bxcos(d*x™n + c) + a) px(x*e)”m, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(a+b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x"n + c) + a) p*(x*e)”m, x)

Sympy [A]

time = 0.00, size = 0, normalized size = 0.00

/ (ex)™ (a + beos (¢ + dz™))? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**m*(atb*cos(c+d*x**n))**p,x)
[Out] Integral((e*x)**m*(a + bxcos(c + d*x**n))**p, Xx)
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x) “m*(a+b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((b*cos(d*x™n + c) + a) p*(x*e)”m, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

/ (ex)™ (a+bcos(c+dz")) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)"m*(a + bxcos(c + d*x"n)) p,x)

[Out] int((e*x) m*(a + b*cos(c + d*x"n)) p, x)
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3.65 [(ex)~*" (beos (¢ + dz™))* dx

Optimal. Leaf size=93

a2 (ex)" (beos (c + dz™)'"P o F1 (3, 125 322, cos? (c + da™)) sin (¢ + dz™)

bden(1 + p)y/sin? (¢ + dz")

[Out] -(e*x) n*(bxcos(c+d*x~n))~ (1+p)*hypergeom([1/2, 1/2+1/2%p], [3/2+1/2%*p],cos(
c+d*x"n) ~2) *sin(c+d*x"n) /b/d/e/n/(1+p)/(x"n) /(sin(c+d*x"n) ~2)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 93, normalized size of antiderivative = 1.00, number of

number of rules _ 15
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 20,
Rules used = {3463, 3461, 2722}

_ z7"(ex)" sin (c + da™) (beos (c + dz™)"* o Fy (L, 25 2E3 s cos? (da” + ¢))
bden(p + 1) y/sin? (¢ + dz™)

Antiderivative was successfully verified.
[In] Int[(e*x)~ (-1 + n)*(b*Cos[c + d*x"n]) p,x]
[Out] -(((e*x) n*(b*Cos[c + d*x"n])~(1 + p)*Hypergeometric2F1[1/2, (1 + p)/2, (3

+ p)/2, Cosl[c + d*x"n]~2]*Sin[c + d*x"n])/(b*d*exn*x(1 + p)*x~n*Sqrt[Sin[c +
d*x"n]~2]))

Rule 2722

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[Cos[c + d*x]*((
b*Sin[c + d*x])~(n + 1)/(bxd*(n + 1)*Sqrt[Cos[c + d*x]~2]))*Hypergeometric?2
F1[1/2, (n + 1)/2, (o + 3)/2, Sinlc + d*x]172], x] /; FreeQ[{b, c, d, n}, x]
&% !IntegerQ[2+*n]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rule 3463

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(o_.))"(p_.)*((e )*(x_))"(m_ ), x_
Symbol] :> Dist[e”IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]), Int[x"m*(a
+ bxCos[c + d*x"n])"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, x] && Inte



309

gerQ[Simplify[(m + 1)/n]]

Rubi steps

(z7"(ex)") [z~ (bcos (c + dz™))’ dz
e
(z7"(ex)™) Subst( [ (bcos(c + dz))P dz, z, z")
en
z~"(ex)" (bcos (¢ + dz™)) P L Fy (3,122, 342: cos? (c + dz™) ) sin (c +

/(ex)_H" (bcos (¢ + dz™))? dz =

bden(1 + p)4/sin? (c + dz™)

Mathematica [A]
time = 0.12, size = 89, normalized size = 0.96

27" (ex) 7" (beos (¢ + dz™))P cot (¢ + da™) o F1 (%, H2; 222, cos? (c + dz™)) \/sin? (¢ + dzm)

Antiderivative was successfully verified.

[In] Integrate[(e*x)~ (-1 + n)*(b*Cos[c + d*x"n]) p,x]

[Out] -((x~(1 - n)*(exx)~ (-1 + n)*(b*Cos[c + d*x"n]) “p*Cot[c + d*x"n]*Hypergeomet
ric2F1[1/2, (1 + p)/2, (3 + p)/2, Cos[c + d*x"n]~2]*Sqrt[Sin[c + d*x"n]~2])
/(d*nx(1 + p)))

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/ (ex) """ (beos (c+ dz™))” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x)
[Out] int((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((bxcos(d*x™n + c)) p*(x*e)~(n - 1), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x™n + c)) p*(x*e)~(n - 1), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (beos (¢ + dz™))P (ex)" " dzx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)**(-1+n)*(b*cos(c+d*x**n))**p,x)
[Out] Integral((b*cos(c + d¥x*#*n))**p*(e*x)**(n - 1), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+n)*(b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((b*cos(d*x™n + c)) p*(x*e)~(n - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (ex)™ ™" (b cos (c + dz™))” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(n - 1)*(b*cos(c + d*x"n)) p,x)
[Out] int((e*x)~(n - 1)*(b*cos(c + d*x"n)) p, x)
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3.66 [(ex)~**" (bcos (c + dz™))! dx

Optimal. Leaf size=39

z72(ex)?Int(z 712" (bcos (c + dz™))? , x)

e

[Out] (e*x)~(2*n)*Unintegrable(x~(-1+2*n)*(b*cos(c+d*x"n)) p,x)/e/(x~(2%n))

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, Bumber of rules _ ) o0

integrand size
Rules used = {}

)

/(ex)_1+2” (bcos (c+ dz™))’ dzx

Verification is not applicable to the result.
[In] Int[(e*x)~(-1 + 2#n)*(b*Cos[c + d*x"n]) p,x]
[Out] ((e*xx)~(2#n)*Defer[Int] [x~ (-1 + 2*n)*(b*Cos[c + d*x"n]) p, x])/(e*x”(2*n))

Rubi steps

(z72"(ez)®) [z~ 1+ (bcos (c + dz™))” dz

/(ex)_“rz" (bcos (c+ dz™))? dx =

Mathematica [A]
time = 0.60, size = 0, normalized size = 0.00

/(ex)_1+2n (bcos (c + dz™))? dz

Verification is not applicable to the result.

[In] Integrate[(e*x)~(-1 + 2*n)*(b*Cos[c + d*x"n]) p,x]
[Out] Integratel[(exx)~(-1 + 2*n)*(bxCos[c + d*x"n]) p, x]

Maple [A]
time = 0.06, size = 0, normalized size = 0.00

/(ea:)_1+2” (beos (c+ dz™))? dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((e*x)~(-1+2#*n)*(b*cos(c+d*x"n)) p,x)
[Out] int((e*x)~(-1+2*n)*(b*cos(c+d*x"n)) p,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((bxcos(d*x™n + c)) p*(x*e)~(2%n - 1), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x"n + c)) px(x*e)”~(2%n - 1), x)

Sympy [A]

time = 0.00, size = 0, normalized size = 0.00

/(bcos (c+ dz™))P (ex)™ " dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**(-1+2%n)* (b*cos(c+d*x**n))**p,x)
[Out] Integral((b*cos(c + d¥x**n))*xp*(e*x)**(2*n - 1), x)
Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2%n)*(b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((b*cos(d*x™n + c)) px(x*e)~(2*n - 1), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.03

/ (ex)*™ ' (b cos (c+ dz™)) dzx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(2*%n - 1)*(b*cos(c + d*x"n)) p,x)
[Out] int((e*x)~(2*n - 1)*(bxcos(c + d*x"n)) p, x)
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3.67 [(ex)™*" (a + beos (¢ + dz™))’ dzx
Optimal. Leaf size=131

n " P
VEa"(ea)Fi (44— 5 (0L~ cos (e da™), =59 (a4 boos (o 4 da”)P (22554) T sin

den+/1 + cos (c + dzm)

[Out] (ex*x) n*AppellF1(1/2,-p,1/2,3/2,b*(1-cos(c+d*x"n))/(a+b),1/2-1/2*cos(c+d*x"
n) ) *(a+b*cos(c+d*x"n) ) “p*sin(c+d*x"n)*2~(1/2) /d/e/n/(x"n) / (((a+b*cos(c+d*x"
n))/(a+b))~p)/(1+cos(c+d*x"n)) ~(1/2)

Rubi [A]

time = 0.12, antiderivative size = 131, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.227,

steps used = 5, number of rules used = 5, integrand size = 22
Rules used = {3463, 3461, 2744, 144, 143}

a+b

den/cos (¢ +dz™) + 1

2y =P n
V2 7" (ex)" sin (¢ + dz™) (a + beos (¢ + dz™))? <7a+bcos(c+dz )) R (%, 3053 5(1 = cos (dz" + ¢)) 7b(1_c°;f: +C))>

Antiderivative was successfully verified.
[In] Int[(e*x)~(-1 + n)*(a + b*Cos[c + d*x"n]) p,x]

[Out] (Sqrt[2]*(e*x) n*AppellF1[1/2, 1/2, -p, 3/2, (1 - Cosl[c + d*x"n])/2, (bx(1
- Cos[c + d*x"n]))/(a + b)]*(a + b*Cos[c + d*x"n]) p*Sin[c + d*x"n])/(d*e*n
*x"n*Sqrt[1 + Cos[c + d*x"n]]*((a + bxCos[c + d*x"n])/(a + b))~p)

Rule 143

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£_.)*(x_))
“(p_), x_Symbol] :> Simp[((a + b*x)"(m + 1)/(b*(m + 1)*(b/(b*c - a*d)) nx*(b
/(bxe - a*f))~p))*AppellFi[m + 1, -n, -p, m + 2, (-d)*((a + b*x)/(b*c - a*d
)), (-f)*((a + b*x)/(b*e - a*f))], x] /; FreeQ[{a, b, ¢, d, e, £, m, n, p},
x] && !IntegerQ[m] &% !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b*c - axd)
, 0] && GtQ[b/(bxe - axf), 0] && !'(GtQ[d/(d*a - c*b), 0] && GtQ[d/(d*e - ¢
xf), 0] && SimplerQ[c + d*x, a + b*x]) && !'(GtQ[f/(f*xa - exb), 0] && GtQ[f
/(fxc - exd), 0] &% SimplerQ[e + fx*x, a + b*x])

Rule 144

Int[((a)) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£_.)*(x_))
~“(p_), x_Symbol] :> Dist[(e + f*x) FracPart[p]/((b/(b*e - axf)) IntPart[p]*
(bx((e + f*xx)/(b*e - axf))) FracPart([p]), Int[(a + b*x) m*(c + d*x) n*x(b*(e
/(bxe - a*xf)) + bxf*x(x/(bxe - a*xf)))"p, x], x] /; FreeQl{a, b, c, d, e, f,
m, n, p}, x] & !IntegerQ[m] && !IntegerQ[n] && !IntegerQ[p] && GtQ[b/(b
xc - axd), 0] & !GtQ[b/(b*e - axf), 0]
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Rule 2744

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[Cos[c +
d*x]/(d*Sqrt[1 + Sin[c + d*x]]*Sqrt[1 - Sin[c + d*x]]), Subst[Int[(a + b*x)
“n/(Sqrt[1 + x]*Sqrt[1 - x]), x], x, Sin[c + d*x]], x] /; FreeQ[{a, b, c, d
, ny, x] && NeQ[a"2 - b™2, 0] && !IntegerQ[2*n]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] & (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQlp] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rule 3463

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)" (@ )I*(b_.))"(p_.)*x((e )*(x_))"(m), x
Symbol] :> Dist[e~IntPart[m]*((e*x) FracPart[m]/x"FracPart[m]), Int[x"m*(a
+ bxCos[c + d*x"n])"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, x] && Inte
gerQ[Simplify[(m + 1)/n]]

Rubi steps

/(6:15)—1+n (a+ bcos (C+ d.’l?n))p dr — (:I;—n(e;c)n) fﬁl)—1+n(a+ b cos (C—l— dwn))p d

(z7"(ex)™) Subst( [ (a + beos(c + dz))? dz, z, z™)

en

(z7"(ex)™ sin (c + dz™)) Subst <f i _(’be/); —

-dz, x,cos (c+

den+/1 — cos (c + dz") /1 + cos (c + dz")

(x‘"(ew)" (@ + bcos (c+ dz™))? (—%) "sin (c+dz™)

den+/1 — cos (c + dz™) /1 +

VZa(ea)"Fi (553, —pi 3 51 — cos (¢ + do)) , HmemlErest)

a+b

)

den/1 + cos (¢ + da

Mathematica [A]
time = 0.30, size = 149, normalized size = 1.14

b(-1 dzm) (1 d
z~ (ex)”F1(1+p%%2+p atboo (Mz) artboo (erx )>\/ (= +ioj_(z+ e )\/ +C:Slf_: a) (a+ beos (¢ + dz™)) P csc (c + da™)

bden(1 + p)
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Antiderivative was successfully verified.

[In] Integrate[(e*x)~(-1 + n)*(a + b*Cos[c + d*x"n]) p,x]

[Out] -(((e*x) nxAppellFi[1 + p, 1/2, 1/2, 2 + p, (a + b*Cos[c + d*x"n])/(a - b),
(a + bxCos[c + d*x"n])/(a + b)I*Sqrt[-((bx(-1 + Cos[c + d*x"n]))/(a + b))]
*Sqrt [(b*(1 + Cos[c + d*x"n]))/(-a + b)]*(a + bxCos[c + d*x"n])~(1 + p)*Csc

[c + d*x"n])/(b*d*e*nx(1 + p)*x~n))

Maple [F]
time = 0.17, size = 0, normalized size = 0.00

/ (ex)™"*" (a + bcos (c + dz™))” dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int((e*x)~(-1+n)*(a+b*cos(c+d*x"n)) p,x)
[Out] int((e*x)~(-1+n)*(a+b*cos(c+d*x"n)) p,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+n)*(a+b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((b*cos(d*x™n + c) + a) p*x(x*e)~(n - 1), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+n)*(a+b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x™n + c) + a) p*x(x*e)~(n - 1), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**(-1+n)* (atb*cos (c+d*x**n))**p,x)
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[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+n)*(a+b*cos(c+d*x"n)) p,x, algorithm="giac")
[Out] integrate((b*cos(d*x™n + c) + a) px(x*e)~(n - 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (ex)" " (a+bcos(c+dz™))dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)"(n - 1)*(a + b*cos(c + d*x"n)) p,x)

[Out] int((e*x)~(n - 1)*(a + b*cos(c + d*x"n))"p, x)
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3.68 [(ex)~'**" (a + bcos (c + dz™))? dz

Optimal. Leaf size=41

72" (ez)* Int(z~ 2" (a + beos (¢ + dz™))? , z)

e

[Out] (ex*x)~(2*n)*Unintegrable(x~(-1+2*n)* (a+b*cos(c+d*x"n)) p,x)/e/(x~(2*n))

Rubi [A]
time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(ex)_1+2” (a+ bcos (c+ dz™))P dx

Verification is not applicable to the result.
[In] Int[(e*x)~(-1 + 2*n)*(a + bxCos[c + d*x"n]) p,x]

[Out] ((e*xx)~(2#n)*Defer[Int] [x~ (-1 + 2*n)*(a + b*Cos[c + d*x"n])~p, x])/(exx~(2%
n))

Rubi steps

(z72"(ez)®) [z 1+?"(a + bceos (c + dz™))’ dx
e

/(ew)‘”zn (a+bcos (c+ dz™))’ dx =

Mathematica [A]
time = 1.25, size = 0, normalized size = 0.00

/(ew)_1+2” (@ +bcos (c+ dz™)) dx

Verification is not applicable to the result.

[In] Integrate[(e*x)~(-1 + 2xn)*(a + b*Cos[c + d*x"n]) p,x]
[Out] Integrate[(exx)~(-1 + 2*n)*(a + b*Cos[c + d*x"n])~p, xI]

Maple [A]
time = 0.07, size = 0, normalized size = 0.00

/ (ex) " (a + bcos (c+ dz™))? dx
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Verification of antiderivative is not currently implemented for this CAS.
[In] int((e*x)~(-1+2#*n)*(atb*cos(c+d*x"n)) p,x)
[Out] int((e*x)~(-1+2*n)*(a+b*cos(c+d*x"n)) p,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((exx)”~(-1+2*n)*(a+b*cos(c+d*x"n)) p,x, algorithm="maxima")
[Out] integrate((b*cos(d*x™n + c) + a) p*(x*e)~(2*n - 1), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x)~(-1+2*n)*(a+b*cos(c+d*x"n)) p,x, algorithm="fricas")
[Out] integral((b*cos(d*x"n + c) + a) p*(x*e)~(2*n - 1), x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**(-1+2*n)* (atb*cos(c+d*x**n))**p,x)

[Out] Timed out

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)*(a+b*cos(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((bxcos(d*x™n + c) + a) px(x*e)”~(2*%n - 1), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.02

/ (ex)>™ " (a +b cos (c+ dz™))’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(2*%n - 1)*(a + b*cos(c + d*x"n)) p,x)
[Out] int((e*x)~(2*n - 1)*(a + b*cos(c + d*x"n))"p, x)
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3.69 [ sletted) gy

X

Optimal. Leaf size=26

cos(a)CosIntegral(bz")  sin(a)Si(bz")
n n

[Out] Ci(b*x"n)*cos(a)/n-Si(b*x"n)*sin(a)/n

Rubi [A]
time = 0.02, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _ (95
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {3459, 3457, 3456}

cos(a)CosIntegral(bz")  sin(a)Si(bz")
n n

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x"n]/x,x]

[Out] (Cos[al*CosIntegral[b*x"n])/n - (Sin[a]*SinIntegral[b*x"n])/n
Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cosl[d*x
“n]/x, x], x] - Dist[Sin[c], Int[Sin[d*x"nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rubi steps

/ cos (a + b") dz = cos(a) / cos(xﬂ dz — sin(a) / M dz

_ cos(a)Ci(bz")  sin(a)Si(bz")

S
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Mathematica [A]
time = 0.06, size = 24, normalized size = 0.92

cos(a)CosIntegral (bz™) — sin(a)Si(bz™)
n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"nl]/x,x]
[Out] (Cos[a]l*CosIntegral[b*x"n] - Sin[a]*SinIntegral[b*x"n])/n

Maple [A]
time = 0.12, size = 25, normalized size = 0.96

method result
. . P — sinIntegral(bz"™) sin(a)+cosinelntegral(bz™) cos(a)
derivativedivides -
— sinIntegral(bz"™) sin(a)+cosinelntegral(bz™) cos(a)
default -
risch ie ‘““mcsgn(ba™)  ie” “*sinlntegral(bz™) e ‘® explntegral(1l,—ibz™)  €'® explntegral(l,—ibz™)
2n n 2n 2n
\/7? (2’Y+2n In(z)+1n (62) 2y 2In(®) 2 ln(#) + 2 cosinelntegral (b z™) ) cos(a)
.e VT VT T VTt VT __ sinlntegral(bz™) sin(a)
meljerg 2n n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)/x,x,method=_RETURNVERBOSE)
[Out] 1/n*(-Si(b*x"n)*sin(a)+Ci(b*x"n)*cos(a))
Maxima [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.41, size = 90, normalized size = 3.46

<Ei(i ba™) + Bi(—iba™) + Ei (z be("m)) + Ei(—i be("m)>> cos () + (z Ei(i ba™) — i Ei(—ibz") + i Ei (i be("@)> —iEi (—i e (o) )) sin (a)
4n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)/x,x, algorithm="maxima")
[Out] 1/4*((Ei(I*b*x"n) + Ei(-I*b*x"n) + Ei(I*b*e”(n*conjugate(log(x)))) + Ei(-Ix
bxe~ (n*conjugate(log(x)))))*cos(a) + (I*Ei(I*b*x"n) - I*Ei(-I*b*x"n) + Ix*Ei
(Ixb*e~ (n*conjugate(log(x)))) - I*Ei(-Ixbxe”(n*conjugate(log(x)))))*sin(a))
/n
Fricas [A]
time = 0.35, size = 35, normalized size = 1.35
cos (a) Ci (bz™) + cos (a) Ci (—bz™) — 2 sin (a) Si (bz")
2n
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)/x,x, algorithm="fricas")
[Out] 1/2*(cos(a)*cos_integral(b*x"n) + cos(a)*cos_integral(-b*x"n) - 2*sin(a)*si

n_integral(b*x"n))/n

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bz™) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)/x,x)
[Out] Integral(cos(a + b*x**n)/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)/x,x, algorithm="giac")
[Out] integrate(cos(b*x"n + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/ cos (a + bz™) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x,x)

[Out] int(cos(a + b*x"n)/x, x)
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3.70 f cos2(a+bx”) dx

X

Optimal. Leaf size=43

cos(2a)CosIntegral (2bz™) N log(z)  sin(2a)Si(2bz")
2n 2 2n

[Out] 1/2*Ci(2*%b*x~n)x*cos(2*a)/n+1/2*x1n(x)-1/2*Si(2*%b*x"n)*sin(2*a)/n

Rubi [A]
time = 0.04, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.286,

steps used = 5, number of rules used = 4, integrand size = 14,
Rules used = {3507, 3459, 3457, 3456}

cos(2a)Coslntegral(2bz™)  sin(2a)Si(2bz") + log(z)
2n 2n 2

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]~2/x,x]

[Out] (Cos[2*al*CosIntegral [2*b*x~n])/(2*n) + Loglx]/2 - (Sin[2*a]*SinIntegral [2*
b*x"n])/(2*n)

Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_ ) + (d_.)*(x_)"(n_)]/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int[Sin[d*x"nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(m_)I*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n]) p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps
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2 n n
/cos (a+ bz )dx:/(i+cos(2a+2bx )> s

T 2z 2z
_ log(z) N 1 / cos (2a + 2bx™) i
2 2 T
_log(z) 1 / cos (2bz™) 1. / sin (2bz™)
= + 5 cos(2a) - dx 5 sin(2a) - dx
cos(2a)Ci(2bz™) = log(xz) sin(2a)Si(2bz™)
= + —
2n 2 2n

Mathematica [A]
time = 0.09, size = 37, normalized size = 0.86

cos(2a)CosIntegral(2bz™) + nlog(x) — sin(2a)Si(2bx™)
2n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~2/x,x]
[Out] (Cos[2*a]*CosIntegral [2*b*x"n] + n*Log[x] - Sin[2*a]*SinIntegral [2*xb*x"n])/
(2*n)

Maple [A]
time = 0.09, size = 40, normalized size = 0.93

method result

__ sinIntegral (2b2™) sin(2a) + cosinelntegral (2bz™) cos(2a) + In(bz"™)
derivativedivides 2 — 2 2

__ sinIntegral (2b2™) sin(2a) + cosinelntegral (2bz™) cos(2a) + In(bz™)
default 2 — 2 2

. In(z) ie~ 2% csgn(bx™) ie~ 24 sinIntegral(2bz™) e~ 2% explntegral(1,—2ibz™) e?@ expIntegral(1,—2:
risch + - — —
2 4in 2n 4in 4n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~2/x,x,method=_RETURNVERBOSE)
[Out] 1/n*x(-1/2*Si(2*b*x"n)*sin(2*a)+1/2*Ci(2*b*x"n)*cos(2*a)+1/2*1n(b*x"n))

Maxima [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.40, size = 99, normalized size = 2.30

(Ei(?i ba") + Ei(—2i bz") + Ei (22’ be("“’g(’”))) +Ei (—2i be (7)) )) cos (2a) + 4nlog (z) + (z Ei(2i bz") — i Ei(—2i bz") + i Ei (21' be("“’g(’”’)) —iEi (—Zi e (75®) ) ) sin (2a)

8n

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(a+b*x"n)~2/x,x, algorithm="maxima")
[Out] 1/8%((Ei(2*Ixb*x"n) + Ei(-2*Ixb*x"n) + Ei(2*I*b*e” (n*conjugate(log(x)))) +
Ei(-2*I*b*e” (n*conjugate(log(x)))))*cos(2*a) + 4*nxlog(x) + (I*Ei(2*I*b*x"n
) - I*Ei(-2*I*b*x"n) + I*Ei(2*Ixb*e”(n*conjugate(log(x)))) - I*Ei(-2%Ixbxe”
(n*xconjugate(log(x)))))*sin(2%a))/n
Fricas [A]
time = 0.36, size = 48, normalized size = 1.12
cos (2a) Ci(2bz™) + cos (2a) Ci(—2bz") + 2nlog (z) — 2 sin (2a) Si (2bz™)
4n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~2/x,x, algorithm="fricas")
[Out] 1/4*(cos(2*a)*cos_integral (2*b*x~n) + cos(2*a)*cos_integral (-2*b*x~n) + 2#*n
*xlog(x) - 2*sin(2xa)*sin_integral (2*b*x"n))/n

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2 n
/ cos (ax+ bx™) s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**2/x,x)

[Out] Integral(cos(a + b*x**n)**2/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~2/x,x, algorithm="giac")
[Out] integrate(cos(b*x"n + a)~2/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ cos (a + bz™)? i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2/x,x)

[Out] int(cos(a + b*x"n)~2/x, %)
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3.71 f cos3(a+bx”) dx

X

Optimal. Leaf size=67

3 cos(a)Coslntegral (bz™) 4 cos(3a)Coslntegral(3bz™)  3sin(a)Si(bz")  sin(3a)Si(3bz")
4n 4n 4n 4n

[Out] 3/4*Ci(b*x"n)*cos(a)/n+1/4*Ci(3*b*x"n)*cos(3*a)/n-3/4*%Si(b*x"n)*sin(a)/n-1/
4%Si (3*xb*x"n)*sin(3+*a)/n

Rubi [A]
time = 0.06, antiderivative size = 67, normalized size of antiderivative = 1.00, number of

number of rules _ ( 9gg
integrand size ’

steps used = 8, number of rules used = 4, integrand size = 14,
Rules used = {3507, 3459, 3457, 3456}

3 cos(a)Coslntegral(bz™) N cos(3a)Coslntegral(3bz™)  3sin(a)Si(bz")  sin(3a)Si(3bz")
4n 4n 4n 4n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]~3/x,x]

[Out] (3*Cos[a]*CosIntegral[b*x"n])/(4*n) + (Cos[3*a]*CosIntegral [3*xb*x"n])/(4*n)
- (3*#Sin[a]l*SinIntegral [b*xx~n])/(4*n) - (Sin[3*a]l*SinIntegral [3*b*x"n])/(4
*n)

Rule 3456

Int[Sin[(d_.)*(x_)"(n_)]1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, x]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“nl/x, x], x] - Dist[Sin[c], Int[Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(@_ )I*(b_.))"(p)*((e_.)*(x))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, 0]
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Rubi steps

T 4x 4x

3 n n n
/cos (a+ bz )dx:/(3cos(a—|—bx )+cos(3a+3bac )) s
l/cos(3a+3bx )dw+§/cos(a+bx )dx

4 x 4 x
= 3(3 cos(a)) / L) iba;”) dx + icos(3a) / oSN ] (ibx") dx — }1(3 sin(a)) / sin (b2") (;xn) dx
_ 3 cos(a)Ci(bz™) N cos(3a)Ci(3bz")  3sin(a)Si(bz")  sin(3a)Si(3bz™)

4n 4n 4n

4n

Mathematica [A]
time = 0.12, size = 53, normalized size = 0.79

3 cos(a)Coslntegral(bz™) + cos(3a)CosIntegral(3bz™) — 3 sin(a)Si(bz™) — sin(3a)Si(3bz™)
4n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~3/x,x]
[Out] (3*Cos[a]*CosIntegral[b*x"n] + Cos[3*a]*CosIntegral [3*b*x"n] - 3*Sin[a]*Sin
Integral [b*x"n] - Sin[3*a]*SinIntegral [3*b*x"n])/(4*n)

Maple [A]
time = 0.10, size = 52, normalized size = 0.78
method result
_ sinIntegral (3b ™) sin(3a) + cosinelntegral (3bz™) cos(3a) 3 sinIntegral (b z") sin(a) + 3 cosinelntegral (b z"") cos(a)
derivativedivides 4 4 m 4 4
_ sinIntegral (3b =™) sin(3a) + cosinelntegral (3b z™) cos(3a) 3 sinIntegral (b z") sin(a) + 3 cosinelntegral (b z"") cos(a)
default 4 4 — 4 4
. ie~3% % csgn(ba™) ie~ 3% sinIntegral(3b z™) e~ 3% explntegral(1,—3ibx™) 3ie **7 csgn(bz™) 3ie—*® sin]
risch — - + -
8n 4in 8n 8n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~3/x,x,method=_RETURNVERBOSE)

[Out] 1/n*x(-1/4%*Si(3*b*x"n)*sin(3*a)+1/4*Ci(3*b*x"n)*cos(3*a)-3/4*Si(b*x"n)*sin(a
)+3/4%Ci(b*x"n)*cos(a))

Maxima [C] Result contains higher order function than in optimal. Order 9 vs. order 4.

time = 0.51, size = 180, normalized size = 2.69

~3ibs") +iEi (ch("m") - xEx(dxbe‘«“W‘)) sin(3a) -3 (4131(1 ba") + i Bi(—ibe") — xEl(x be(“m) +|E‘(7;oxl"mf‘)) sin (a)

i(3iba) + Ei(~3iba) + i 3ibe (™) ) 1 Ei( ~3ibe(™) ) ) cos (3a) + 3 (Ei(i ") + Bi(—iba") + Ei (e ) 4 B ~i0e(™) ) ) cos (a) + (i Bi(ai be") — i i(
( ; ()
Ton
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~3/x,x, algorithm="maxima")

[Out] 1/16%((Ei(3*I*b*x"n) + Ei(-3*%I*b*x"n) + Ei(3*I*b*e” (n*conjugate(log(x)))) +
Ei(-3*I*b*e” (n*conjugate(log(x)))))*cos(3*a) + 3*(Ei(I*b*x"n) + Ei(-Ixb*x~

n) + Ei(Ixbxe~(n*conjugate(log(x)))) + Ei(-I*bx*e”~(n*conjugate(log(x)))))*co

s(a) + (I*Ei(3*I*b*x"n) - I*Ei(-3*I*b*x"n) + I*Ei(3*I*b*e”(n*conjugate(log(

x)))) - I*Ei(-3*Ixb*e” (n*conjugate(log(x)))))*sin(3*%a) - 3*(-I*Ei(I*b*x"n)

+ IxEi(-I*b*x"n) - I*Ei(I*b*e”(n*conjugate(log(x)))) + I*Ei(-Ixb*e”(n*conju
gate(log(x)))))*sin(a))/n

Fricas [A]

time = 0.37, size = 74, normalized size = 1.10

cos (3a) Ci(3bz™) + 3 cos (a) Ci (bz") + 3 cos (a) Ci (—bz™) + cos (3a) Ci(—3bz") — 2 sin (3a) Si (3bz™) — 6 sin (a) Si (bz™)
8n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~3/x,x, algorithm="fricas")

[Out] 1/8*(cos(3+*a)*cos_integral (3*b*x~n) + 3*cos(a)*cos_integral(b*x™n) + 3*cos(
a)*cos_integral (-b*x"n) + cos(3%a)*cos_integral (-3*b*x~n) - 2*sin(3*a)*sin_
integral (3*b*x"n) - 6xsin(a)*sin_integral(b*x"n))/n

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3 n
/cos (a+ bx )dx

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**3/x,x)
[Out] Integral(cos(a + b*x*#*n)**3/x, Xx)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~3/x,x, algorithm="giac")
[Out] integrate(cos(b*x"n + a)~3/x, x)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/ cos (a + bz™)® p

x

T
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n) 3/x,x)

[Out] int(cos(a + b*x"n)~3/x, x)
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3.79 f cos4(a+bx”) dx

X

Optimal. Leaf size=79

cos(2a)CosIntegral (2bz™) N cos(4a)CoslIntegral (4bz™) 4 3log(z) sin(2a)Si(2bz") sin(4a)Si(4bz")
2n 8n 8 2n 8n

[Out] 1/2*Ci(2*b*x~n)*cos(2+*a)/n+1/8*Ci (4*xb*x"n)*cos(4*a)/n+3/8*x1n(x)-1/2*Si (2*b*
x"n)*sin(2*a)/n-1/8*Si (4%b*x"n)*sin(4*a)/n

Rubi [A]

time = 0.07, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules _ ( 9gg
integrand size ’

steps used = 8, number of rules used = 4, integrand size = 14,
Rules used = {3507, 3459, 3457, 3456}

cos(2a)Coslntegral(2bz™) + cos(4a)CosIntegral(4bz™)  sin(2a)Si(2bz")  sin(4a)Si(4bz™) + 3log(x)
2n 8n 2n 8n 8

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]"4/x,x]

[Out] (Cos[2*a]l*CosIntegral [2*¥b*x"n])/(2*n) + (Cos[4*al*CosIntegral [4*b*x"n])/(8*
n) + (3xLogl[x])/8 - (Sin[2*a]l*SinIntegral [2*b*x"n])/(2*n) - (Sin[4*a]*SinIn
tegral [4xb*x"n]) /(8%n)

Rule 3456

Int[Sin[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[SinIntegral[d*x"nl]/n, x] /
; FreeQ[{d, n}, x]

Rule 3457

Int[Cos[(d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Simp[CosIntegral[d*x"n]/n, x] /
; FreeQ[{d, n}, xI]

Rule 3459

Int[Cos[(c_) + (d_.)*(x_)"(n_)1/(x_), x_Symbol] :> Dist[Cos[c], Int[Cos[d*x
~“n]l/x, x], x] - Dist[Sin[c], Int([Sin[d*x~nl/x, x], x] /; FreeQ[{c, d, n}, x
]

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(@_ )I*(b_.))"(p)*((e_.)*(x))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, 0]
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Rubi steps

4 n n n
/cos (a+ bz )dxz/(%+cos(2a+2bx)+cos(4a+4bx )> i

x 2z 8
_ 3log(x) l/cos (4a + 4bx )dx_i_l/cos (2a + 2bx )dx
8 8 z 2 z

_ 3log(z) 1 / cos (2bz™) 1 / cos (4bx™) 1, / sin
=3 + 5 cos(2a) - dx + 5 cos(4a) - dz 5 sin(2a)

cos(2a)Ci(2bz™)  cos(4a)Ci(4bz™) 3log(z) sin(2a)Si(2bz™)  sin(4a)Si(4bz™)
= + + - -

2n 8n 8 2n 8n

Mathematica [A]
time = 0.13, size = 66, normalized size = 0.84

Sbg@4;%%@@0%&%@&@%%+ﬁ%@@0%h&gﬂ@%ﬂ—%mm@®$@Mﬂ—ﬂmM®$MMﬂ
8 8n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~4/x,x]

[Out] (3*Loglx])/8 + (4xCos[2*al*CosIntegral [2*¥b*xx~n] + Cos[4*a]l*CosIntegral [4*b*
x"n] - 4*Sin[2*a]*SinIntegral [2*b*x"n] - Sin[4*al*SinIntegral [4*¥b*x"n])/ (8%

n)

Maple [A]
time = 0.10, size = 66, normalized size = 0.84

method result

_ sinIntegral (4b z™) sin(4a) + cosinelntegral (4bz™) cos(4a) _ sinIntegral (2b z™) sin(2a) + cosinelntegral (2bz™) cos(2a) + 3In(bz™)
derivativedivides 8 8 — 2 2 8

_ sinIntegral (4b z™) sin(4a) + cosinelntegral (4bz™) cos(4a) _ sinIntegral (2b z™) sin(2a) + cosinelntegral (2b z™) cos(2a) + 3In(bz™)
default 8 8 — 2 2 .

. 3In(z) ie~ 4% csgn(bz™) ie~ 4% sinIntegral(4b z™) e~ 4% explntegral (1,—4ibz™) ie~ 2% csgn(ba™)
risch — — + -
8 16n 8n 16n 4n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b*x"n)~4/x,x,method=_RETURNVERBOSE)

[Out] 1/n*(-1/8%Si(4*b*x"n)*sin(4*a)+1/8*Ci(4*b*x"n)*cos(4*a)-1/2*Si(2*%b*x"n)*sin
(2*a)+1/2*Ci (2%b*x"n) *cos (2*a)+3/8*1n(b*x"n))

Maxima [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.52, size = 189, normalized size = 2.39

(B 53T ) 1 ) ) 1) () i+ ) -0 - (00 B 4 1) ) ) ain 40— )+t - 5128+ )
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~4/x,x, algorithm="maxima")

[Out] 1/32%((Ei(4*I*b*x"n) + Ei(-4*I*b*x"n) + Ei(4xIxb*e” (n*conjugate(log(x)))) +
Ei(-4*Ixb*e” (n*conjugate(log(x)))))*cos(4*a) + 4*(Ei(2*I*b*x"n) + Ei(-2%Ix

bxx"n) + Ei(2xI*b*e” (n*conjugate(log(x)))) + Ei(-2*Ixbxe” (n*conjugate(log(x

)))))*cos(2%a) + 12xnxlog(x) + (I*Ei(4*I*b*x"n) - I*Ei(-4*xIxb*x"n) + I*Ei(4

*xIxb*e” (n*conjugate(log(x)))) - I*Ei(-4xIxb*e” (n*conjugate(log(x)))))*sin(4

*a) — 4x(-I*Ei(2*I*b*x"n) + I*Ei(-2*I*bxx"n) - I*Ei(2*I*b*e” (n*conjugate(lo

g(x)))) + I*Ei(-2*I*b*e” (n*conjugate(log(x)))))*sin(2*a))/n

Fricas [A]
time = 0.38, size = 87, normalized size = 1.10

cos (4a) Ci(4bz™) + 4 cos (2a) Ci (2bz™) + 4 cos (2a) Ci (—2bz™) 4 cos (4a) Ci(—4bz™) + 6nlog (z) — 2 sin (4a) Si(4bz™) — 8 sin (2a) Si (2b2™)
16n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n) 4/x,x, algorithm="fricas")

[Out] 1/16*(cos(4*a)*cos_integral (4*b*x™n) + 4*cos(2*a)*cos_integral (2*xb*x"n) + 4
xcos (2*a) *cos_integral (-2xb*x"n) + cos(4*a)*cos_integral (-4*xbxx"n) + 6*n*lo
g(x) - 2xsin(4*a)*sin_integral (4*b*x"n) - 8*sin(2+%a)*sin_integral (2xb*x"n))

/n

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

4 n
/cos (a+bx )dx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**4/x,x)
[Out] Integral(cos(a + b*x**n)**4/x, Xx)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~4/x,x, algorithm="giac")

[Out] integrate(cos(b*x™n + a)~4/x, x)
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Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
ny4
/cos(a-g};bm ) d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~4/x,x)

[Out] int(cos(a + b*x"n)~4/x, x)
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3.73 [ cos (a + bx™) dx

Optimal. Leaf size=83

eiz(—ibz™) """ Gamma (1, —ibz") e~z (iba™) /" Gamma(l, ibz")

2n 2n

[Out] -1/2%exp(I*a)*x*GAMMA(1/n,-I*b*x"n)/n/((-I*xb*x"n)~(1/n))-1/2*x*GAMMA(1/n,I*
b*x"n) /exp(I*a)/n/((I*xb*x"n)~(1/n))

Rubi [A]

time = 0.02, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 2, integrand size = 8,
Rules used = {3447, 2239}

eiz(—ibz™) /" Gamma (1, —ibz") e~z (iba™) /" Gamma (L, ibz")

2n 2n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n],x]

[Out] -1/2%(E~(I*a)*x*Gamma[n~(-1), (-I)*bxx"n])/(n*((-I)*b*x"n) " n~(-1)) - (x*Gam
ma[n~(-1), I*b*x"n])/(2*E~(I*a)*n*(I*b*x"n) n~(-1))

Rule 2239

Int[(F_)"((a_.) + (b_.)*((c_.) + (@_.)*(x_))"(n))), x_Symbol]l :> Simp[(-F~a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Log[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x] /; FreeQ[{F, a, b, c, d, n}, x] && !IntegerQ[2/n]

Rule 3447

Int[Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"((-c)*I - d*I*(e + f*x)"n), x], x] + Dist[1/2, Int[E~(c*I + d*xI*x(e + fx*
x)"n), x], x] /; FreeQ[{c, d, e, f, n}, x]

Rubi steps

1 - 1 o
/COS (a+bx") dr = 5/e—m—zbac d:L'-l— §/eza+zbz dr
eiax(_ibxn)—l/n F(%, —ib:l:n) e—iaz(ibzn)—l/n F(%, ibxn)

o 2n 2n
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Mathematica [A]
time = 0.09, size = 92, normalized size = 1.11

(b2 /" ((—ibxn)% Gamma(2,ibz") (cos(a) — isin(a)) + (ibz")~ Gamma(L, —ibz") (cos(a) + i sin(a)))
2n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n],x]

[Out] -1/2%(x*(((-I)*b*x"n) "n~(-1)*Gamma[n~(-1), I*b*x"n]*(Cos[al] - I*Sin[a]) + (
Ixb*x"n) "n~(-1)*Gamma[n~(-1), (-I)*b*xx"n]*(Cos[a] + I*Sin[a])))/(n*(b~2%x~(
2*n))"n"~(-1))

Maple [C] Result contains higher order function than in optimal. Order 5 vs. order 4.

time = 0.08, size = 75, normalized size = 0.90

method | result siz

2n,;2 .
22np2 bxltn hypergeom([%—i—i],[%,%—i—i],—7“” = )sm(a)

meijerg | = hypergeom ([%} R 1+ ], -2 ) cos (a) — e 75

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b*x"n),x,method=_RETURNVERBOSE)

[Out] x*hypergeom([1/2/n],[1/2,1+1/2/n],-1/4*x"(2*n)*b"~2)*cos(a)-b/(1+n)*x~ (1+n)*
hypergeom([1/2+1/2/n],[3/2,3/2+1/2/n] ,-1/4%x~ (2*n) *b~2) *sin(a)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n),x, algorithm="maxima")
[Out] integrate(cos(b*x"n + a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n),x, algorithm="fricas")

[Out] integral(cos(b*x"n + a), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos (@ + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n),x)

[Out] Integral(cos(a + b*x**n), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(cos(b*x™n + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (a+b2™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n),x)

[Out] int(cos(a + b*x"n), x)
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3.74 [ cos? (a + bz™) dx

Optimal. Leaf size=102

272w iy (—ibz™) /" Gamma (L, —2ibz™) 272 we 2iag(ibz™) /" Gamma (L, 2iba")

2 n n

[Out] 1/2*x-27(-2-1/n)*exp(2*xI*a)*x*GAMMA (1/n,-2*xI*b*x"n)/n/((-I*b*x"n)~(1/n))-2"
(-2-1/n) *x*GAMMA (1/n,2*I*b*x"n) /exp(2*I*a) /n/ ((I*b*x"n)~(1/n))

Rubi [A]
time = 0.05, antiderivative size = 102, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.300,

steps used = 5, number of rules used = 3, integrand size = 10,
Rules used = {3449, 3447, 2239}

€292~ ~2p(—ibz™) /" Gamma (1, —2ibz") e %02~ 2x(ibz™) /" Gamma(l,2iba") &

n n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]"2,x]

[Out] x/2 - (27(-2 - n~(-1))*E~((2*%I)*a)*x*Gamma [n~(-1), (-2*I)*b*x"n])/(nx((-I)=*
b*x™n)"n~(-1)) - (27(-2 - n~(-1))*x*xGamma [n~(-1), (2*I)*b*x"n])/(E~((2*I)*a
)*n* (I*b*x"n) "n~(-1))

Rule 2239

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> Simp[(-F"a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Logl[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x] /; FreeQ[{F, a, b, c, d, n}, x] && !IntegerQ[2/n]

Rule 3447

Int[Cos[(c_.) + (d_.)*((e_.) + (f_.)*(x_))"(n_ )], x_Symbol] :> Dist[1/2, In
t[E"((-c)*I - d*I*(e + f*x)"n), x], x] + Dist[1/2, Int[E~(c*I + d*xI*x(e + fx*
x)"n), x], x] /; FreeQl{c, d, e, f, n}, x]

Rule 3449

Int[((a_.) + Cosl[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(n_)]*(b_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + d*(e + f*x)"n])7p, x], x] /; F
reeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[p, 1]

Rubi steps
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—+ % cos (2a + 2bx”)) dx

/cos2 (a+bz") dz = /

1
(5
z 1
=3 + 2 /cos (2a + 2bz™) dz
_ g +411 / —2ia—2iba" . +}1 / pRia+2iba" o
272 neog(—ibg") /T (%, —2iba™) 272 g 2ag (jhgm) /" L'(%,2iba™)

Mathematica [A]
time = 0.27, size = 94, normalized size = 0.92

x (—2n + 27 /ngia(_jpgn)H/m Gamma (1, —2ibz™) + 9-1/ne=2ia (jpgn) =1/ Gamma, (1, Zibzn))

B 4dn
Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~2,x]

[Out] -1/4*(x*(-2*n + (E~((2*I)*a)*Gamma[n~(-1), (-2*I)*b*x"n])/(27n~(-1)*((-I)*b
*x"n) "n~(-1)) + Gamma[n~(-1), (2*%I)*bxx"n]/(2°n"(-1)*E~((2*I)*a)*(I*b*x"n)"~
n~(-1))))/n

Maple [F]
time = 0.07, size = 0, normalized size = 0.00

/cos2 (a+b2") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b*x"n)~2,x)
[Out] int(cos(a+b*x"n)~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~2,x, algorithm="maxima")

[Out] 1/2*x + 1/2*integrate(cos(2xb*x"n + 2*a), x)



Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~2,x, algorithm="fricas")
[Out] integral(cos(b*x"n + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ cos® (a + bz™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**2,x)

[Out] Integral(cos(a + b*x**n)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x™n)~2,x, algorithm="giac")
[Out] integrate(cos(b*x"n + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (a+bz") dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2,x)

[Out] int(cos(a + b*x"n)~2, x)
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3.75 [ cos? (a + bz™) dx

Optimal. Leaf size=179

3eiag(—ibg™) /" Gamma (1, —ibz™) 3¢tz (ibgm) /" Gamma, (1, 4bz") 3-1/nediag(—ibz™) "™ Gamn

8&n 8n 8&n

[Out] -3/8%exp(I*a)*x*GAMMA(1/n,-I*b*x"n)/n/((-I*xb*x"n)~(1/n))-3/8*x*GAMMA(1/n,I*
b*x"n) /exp(I*a)/n/((I*b*x"n)~(1/n))-1/8%exp(3*I*a)*x*GAMMA (1/n,-3*I*b*x"n)/

(37 (1/n) ) /n/ ((-I*b*x"n) ~(1/n))-1/8%x*GAMMA(1/n,3*I*b*x"n) /(3" (1/n) ) /exp(3*I

*a) /n/ ((I*bxx™n)~(1/n))

Rubi [A]
time = 0.06, antiderivative size = 179, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.300,

steps used = 8, number of rules used = 3, integrand size = 10,
Rules used = {3449, 3447, 2239}

3¢iag(—ibe™) /" Gamma (L, —iba")  €¥93-V/ng(—ibz) /" Gamma(L, —3ibz")  3e~w(ibz") """ Gamma(L,ibz") e %937/ng(iba") /" Gammal(L, 3iba™)

n n

8n 8n 8n 8n

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x"n]"3,x]

[Out] (-3*E~(I*a)*x*Gamma[n~(-1), (-I)*b*x~n])/(8*n*((-I)*b*x"n) n~(-1)) - (3*x*G
amma [n~(-1), I*b*x"n])/(8*E~(I*a)*n*(I*b*x"n) n~(-1)) - (E~((3*I)*a)*x*Gamm
aln~(-1), (-3%I)*b*x"n])/(8*3°n~(-1)*n*((-I)*b*x"n)"n"(-1)) - (x*Gamma[n~(-

1), (3*I)*b*x"n])/(8%3°n"(-1)*E~((3*I)x*a)*n*(I*b*x"n) n~(-1))

Rule 2239

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_)), x_Symbol] :> Simp[(-F~a
)*(c + d*x)*(Gamma[1/n, (-b)*(c + d*x) n*Log[F]]/(d*n*((-b)*(c + d*x) n*Log
[F1)~(1/n))), x] /; FreeQ[{F, a, b, c, d, n}, x] && !IntegerQ[2/n]

Rule 3447

Int[Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)], x_Symbol] :> Dist[1/2, In
t[E"((-c)*I - d*Ix(e + f*x)"n), x], x] + Dist[1/2, Int[E"(c*I + d*xIx(e + f*
x)"n), x], x] /; FreeQl{c, d, e, f, n}, x]

Rule 3449

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(@)I*(_.))"(p_), x_Sy
mbol] :> Int[ExpandTrigReduce[(a + b*Cos[c + d*(e + f*x)"nl)"p, x], x] /; F
reeQ[{a, b, c, d, e, f, n}, x] && IGtQ[p, 1]

Rubi steps
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/0033 (a+bz") dz = / (:3; cos (a + bz™) + i cos (3a + 3bx")> dx

1
=1 /cos (3a + 3bz™) dx+§/cos (a+bz") dzx
— g/6—3211—3zb:/v dx+§/e3w+3zbz dz_i_g/e—za—zbm dw+§/eza+zbz dx
3eix(—ibe™) /" D(L, —ibz")  3e~x(ibz™) VT (L, iba")  37V/medag(—iba™)
a 8n 8n 8

Mathematica [A]
time = 0.27, size = 173, normalized size = 0.97

31/ng=Siag(p2g2n)7H/n (31+%e4i“(ibx”)% Gamma, (L, —ibz") + 31+]Ie2i“(—ibz")% Gammal(1,ibz") + eﬁi“(ibz")% Gamma (L, —3ibz™) + (—ibx")% Gammal(1, 3ibz"))

1 1
n n
8n

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x"n]~3,x]

[Out] -1/8*%(x*(37(1 + n~(-1))*E~((4*I)*a)*(I*b*x"n) n~(-1)*Gamma[n~(-1), (-I)*bx*x
“n] + 37(1 + n~(-1))*E~((2*I)*a)* ((-I)*b*x"n) "n~(-1)*Gamma[n~(-1), I*b*x"n]

+ E7((6%I)*a)*(I*b*x"n) "n~ (-1)*Gamma [n~(-1), (-3*I)*b*x"n] + ((-I)*b*x"n)~

n~ (-1)*Gamma[n~(-1), (3*I)*b*x"n]))/(3"n~(-1)*E~((3*I)*a)*n*(b~2*x~(2*n)) n
~(-1))

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/0083 (a+b2") dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*x"n)~3,x)
[Out] int(cos(a+b*x"n)~3,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~3,x, algorithm="maxima")



[Out] integrate(cos(b*x"n + a)~3, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~3,x, algorithm="fricas")
[Out] integral(cos(b*x"n + a)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos3 (a+ bx") dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x**n)**3,x)

[Out] Integral(cos(a + b*x**n)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*x"n)~3,x, algorithm="giac")
[Out] integrate(cos(b*x"n + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (a+bz")’ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3,x)

[Out] int(cos(a + b*x"n)~3, x)
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3.76 [ ™ cos (a + bz™) dz
Optimal. Leaf size=105

emme(—ibxn)_HTm Gamma (1™ —jbzm) e‘iame(ibz”)_HTm Gamma (£, ibz™)

n _ n

2n 2n

[Out] -1/2%exp(I*a)*x~(1+m)*GAMMA((1+m)/n,-I*b*x"n)/n/((-I*b*x"n)~((1+m)/n))-1/2%
x~ (1+m) *GAMMA ((1+m) /n, I*xb*x"n) /exp (I*a) /n/ ((I*xb*xx"n) ~((1+m) /n))

Rubi [A]
time = 0.05, antiderivative size = 105, normalized size of antiderivative = 1.00, number of

number of rules _ 147
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 12,
Rules used = {3505, 2250}
el (—jbg™) " Gamma (™, —ibz™) T Sany (10 Gamma (™ ibz™)

2n 2n

Antiderivative was successfully verified.
[In] Int[x"m*Cos[a + b*x"n],x]

[Out] -1/2*%(E-(I*a)*x~ (1 + m)*Gamma[(1 + m)/n, (-I)*b*x"n])/(n*x((-I)*b*x"n)~((1 +
m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, I*b*x"n])/(2*%E~(I*a)x*n*(Ixbxx"n) ((1

+ m)/n))

Rule 2250

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x))"(m_ ))*((e_.) + (f_.)*(x_)) " (m_

.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl

F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Log[F1]1, x] /; FreeQ[{F
, a, b, c, d, e, £, m, n}, x] && EqQ[d*e - c*f, 0]

Rule 3505

Int[Cos[(c_.) + (d_.)*(x_)"(n_)]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(e*x) " m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*xx) m*E~(c*I +
d*I*x"n), x], x] /; FreeQl{c, d, e, m, n}, x]

Rubi steps

1 b |
/ ™ cos (a + bz™) dxr = 5 / e lamibe" gm dy 4 — / R L

2
giagtm(—ibgm) T n T(Hm _jbgr)  eiagltm(ibgn) T n T (1, jbgn)

B 2n 2n
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Mathematica [A]
time = 0.22, size = 115, normalized size = 1.10

z1+m(b2x2”)_HTm ((—ibx")HTm Gamma (1™, ibz") (cos(a) — isin(a)) + (1bx")l+Tm Gamma (1™, —ibz") (cos(a) + isin(a))>
2n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n],x]

[Out] -1/2*%(x"(1 + m)*(((-I)*b*x"n)~((1 + m)/n)*Gamma[(1 + m)/n, I*b*x"n]*(Cos[al
- IxSinf[a]) + (I*b*x"n)~((1 + m)/n)*Gamma[(1 + m)/n, (-I)*b*x"n]*(Cos[a] +
I*Sin[a])))/(n*(b~2*x~(2*%n))~((1 + m)/n))

Maple [C] Result contains higher order function than in optimal. Order 5 vs. order 4.

time = 0.14, size = 111, normalized size = 1.06

method | result

2n;2 2
. gl+m hypergeom([%-i'i],[%,H-%-i-ﬁ}»—m Zb )cos(a) bgntmtl hypergeom([%-i-%-i-ﬁ],[%,%-ﬁ-%-ﬁ-ﬁ],—m 4b )sin
meljerg 1+m - ntmel

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a+b*x"n),x,method=_RETURNVERBOSE)

[Out] 1/(1+m)=*x"~(1+m)*hypergeom([1/2/n*m+1/2/n],[1/2,1+1/2/n*m+1/2/n],-1/4%x~ (2*n
) *b~2) *cos (a)-b/ (n+m+1) *x~ (n+m+1) *hypergeom([1/2+1/2/n*m+1/2/n] , [3/2,3/2+1/

2/n*m+1/2/n] ,-1/4*x~ (2*n) *b"2) *sin(a)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n),x, algorithm="maxima")
[Out] integrate(x"m*cos(b*x™n + a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x“m*cos(a+b*x"n),x, algorithm="fricas")

[Out] integral(x"m*cos(b*x™n + a), x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xm cos (a + ba"™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cos(a+b*x**n),x)

[Out] Integral(x**m*cos(a + b*x**n), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xm cos(a+bz") dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a + b*x"n),x)

[Out] int(x"m*cos(a + b*x"n), x)
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3.77 [ 2™ cos? (a + bz™) dx
Optimal. Leaf size=141

_14m+2n . . _14m . _14m+42n
gltm 27w etagtm(—ibg™)” » Gamma(t™, —2ibz") 27w

. . _14m
m e 2agtm(jbg™)” » Gamma

2(1+m) n n

[Out] 1/2*x~(1+m)/(1+m)-exp(2*I*a)*x"~(1+m)*GAMMA ((1+m)/n,-2*I*b*x"n)/ (2~ ((1+m+2*n
)/n))/n/((-I*b*xx~n)~((1+m) /n))-x~ (1+m) *GAMMA ((1+m) /n, 2*I*b*x"n) /(27 ((1+m+2*
n)/n))/exp(2*I*a)/n/((I*b*x"n)~((1+m)/n))

Rubi [A]
time = 0.11, antiderivative size = 141, normalized size of antiderivative = 1.00, number of

number of rules _ (99 4,

steps used = 5, number of rules used = 3, integrand size = 14, = :
integrand size

Rules used = {3507, 3505, 2250}

. m+2n+l . _m+1 . 9~ mE2n+1 . _m+1 .
9= g™+ (—ibg™) " » Gamma(™H, —2ibz™) e %2~ % z™F(ibg")” » Gamma(™F, 2ibz™) e

n n +2(m+1)

Antiderivative was successfully verified.
[In] Int[x"m*Cos[a + b*x"n]~2,x]

[Out] x(1 + m)/(2*(1 + m)) - (E"((2xI)*a)*x~ (1 + m)*Gamma[(1 + m)/n, (-2*%I)*b*xx~
n])/(27((1 + m + 2*n)/n)*n*x((-I)*b*x"n)~((1 + m)/n)) - (x~(1 + m)*Gamma[(1

+ m)/n, (2*xI)*b*xx"n])/(2°((1 + m + 2*n)/n)*E~((2*I)*a)*n*(I*b*x"n)~((1 + m)

/n))

Rule 2250

Int[(F_)"((a_.) + (b_)*((c_.) + (d_)*(x D))" (@ ))*((e_.) + (£_.)*(x_)) " (m_

.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl

FI)~((m + 1)/n)))*Gammal[(m + 1)/n, (-b)*(c + d*x) n*Logl[Fl], x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3505

Int[Cos[(c_.) + (d_.)*(x_)"(n )]*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(exx) "m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*x) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQ[{c, d, e, m, n}, x]

Rule 3507

Int[((a_.) + Cosl[(c_.) + (@_.)*(x_)"(@ )I*x(m_.))"(p)*((e_.)*(x D))" (m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"n])~p, x], x]
/; FreeQ[{a, b, ¢, d, e, m, n}, x] && IGtQ[p, 0]
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Rubi steps

™1
/mm cos® (a + bz™) dx = / (% + ixm cos (2a + 2bx”)) dx
x1+m 1
= S0t + 5 /:L'm cos (2a + 2bz™) dz
x1+m 1 2' 2'b n 1 y > n
— - —2ia=2bz™ pom g - 2ia+4-2ibz™ ,.m d
2(1+m)+4/e z x+4/e z"dx
B m1—+—m 2—We2iaxl+m(_ibmn)—1+7m F(HTm’ —2Zb(l}n) 2‘%6_2"“1‘1"'"
- 2(1+m) n
Mathematica [A]
time = 0.58, size = 129, normalized size = 0.91
gitm (—2n + 275 e2ia(1 4 m) (—iba™) Gamma (™, —2ibg™) 4 27 %" e~%4(1 4 m) (ibg™) """ Gamma (1™, 2ibo:")>
B 41+ m)n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n]~2,x]

[Out] -1/4*x(x~(1 + m)*(-2*n + (E"((2*I)*a)*(1 + m)*Gamma[(1 + m)/n, (-2*%I)*b*x"n]
)/ (2°((1 + m)/n)*((-I)*b*x"n)~((1 + m)/n)) + ((1 + m)*Gamma[(1 + m)/n, (2*I
)*b*x"n]) /(27 ((1 + m)/n)*E~((2*I)*a)*(I*xb*xx"n)~((1 + m)/n))))/((1 + m)*n)

Maple [F]
time = 0.06, size = 0, normalized size = 0.00

/wm (cos® (a +bz™)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a+b*x"n)~2,x)
[Out] int(x"m*cos(at+b*x"n)~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x~n)~2,x, algorithm="maxima")



[Out] 1/2*%(x*x"m + (m + 1)*integrate(x"m*cos(2*b*x"n + 2*a), x))/(m + 1)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x"m*cos(a+b*x"n)~2,x, algorithm="fricas")
[Out] integral(x"m*cos(b*x"n + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ ™ cos® (a + bz™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cos(a+b*x**n)**2,x)

[Out] Integral(x**m*cos(a + bkx**n)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x“m*cos(a+b*x"n)~2,x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xm cos (a + bz")* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a + b*x"n)~2,x)

[Out] int(x"m*cos(a + b*x"n) "2, x)
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3.78 [ 2™ cos® (a + bz™) dx
Optimal. Leaf size=229

3l Hm(—ibg™) " n Gamma (™, —ibz™) 3e—tagltm (jhgn) " n" Gamma (1™ jbgn) 3~5%" diagltm(

&n 8n

[Out] -3/8%exp(I*a)*x~(1+m)*GAMMA((1+m)/n,-I*b*x"n)/n/((-I*b*x"n)~((1+m)/n))-3/8*
x~ (1+m) *GAMMA ((1+m) /n, I*b*x"n) /exp(I*a)/n/ ((I*xb*x"n) ~((1+m)/n))-1/8*exp (3*I
*a)*xx” (1+m) *GAMMA ((1+m) /n,-3*I*b*x"n) /(3" ((1+m) /n) ) /n/ ((-I*¥b*x"n) " ((1+m) /n)
)-1/8%x~ (1+m) *GAMMA ((1+m) /n, 3*I*b*x"n) /(37 ((1+m) /n) ) /exp(3*I*a) /n/ ((I*b*x"n

)~ ((1+m) /n))

Rubi [A]
time = 0.14, antiderivative size = 229, normalized size of antiderivative = 1.00, number of

number of rules _ ;914
’ integrand size ’

steps used = 8, number of rules used = 3, integrand size = 14
Rules used = {3507, 3505, 2250}

36”1‘"”’1(—1771")7% Gamma (™, —ibz") 36’“’1"‘“(%1")’% Gamma (™, ibz") 631"37%“1"'*’1(—1[)1")7% Gamma (™, —3ibz") e"”“’S’mTﬂzm“(ibz”)’% Gamma (™, 3ibz™)
8n 8n 8n 8n

Antiderivative was successfully verified.
[In] Int[x"m*Cos[a + b*x"n]~3,x]

[Out] (-3*E~(I*a)*x~(1 + m)*Gamma[(1 + m)/n, (-I)*b*x"n])/(8*n*((-I)*b*x"n) ((1 +
m)/n)) - (3*x~(1 + m)*Gamma[(1 + m)/n, I*b*x"n])/(8*E~(I*a)*n*(I*b*x"n) " ((

1 +m)/n)) - (E°((3*I)*a)*x~ (1 + m)*Gamma[(1 + m)/n, (-3*I)*b*x"n])/(8*3~((

1 + m)/n)*n*x((-I)*b*x"n)"((1 + m)/n)) - (x~(1 + m)*Gamma[(1 + m)/n, (3*I)*b
*x"n])/(8%37((1 + m)/n)*E~((3*I)*a)*n*(I*b*x™n)~((1 + m)/n))

Rule 2250

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (f_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(-F~a)*((e + f*x)~(m + 1)/(f*n*((-b)*(c + d*x) n*xLogl
F1)"((m + 1)/n)))*Gamma[(m + 1)/n, (-b)*(c + d*x) n*Logl[F]], x] /; FreeQ[{F
, a, b, c,d, e, f, m, n}, x] && EqQ[d*e - cxf, 0]

Rule 3505

Int[Cos[(c_.) + (d_)*(x_)"(n_)]1*((e_.)*(x_))"(m_.), x_Symbol] :> Dist[1/2,
Int[(e*x) "m*E~((-c)*I - d*xI*x"n), x], x] + Dist[1/2, Int[(e*xx) m*E~(c*xI +
d*I*x"n), x], x] /; FreeQl{c, d, e, m, n}, x]

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x) m, (a + b*Cos[c + d*x"n])"p, x], x]
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/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, 0]

Rubi steps

1
/xm cos® (a + bz") dx = / (Zwm cos (a + bz™) + me cos (3a + 3bx”)> dz

1
4
1 . anon 1 o an o n 3 S 3 o
— 5/6_31’0_321)% xm d$'+ g\/eSza—i-&bav xm d.’E+ g/e—za—zbac xm dx_'_g/eza-i-sz
3eiam1+m(—ibx")_% I(4m —ibgn) 3e_i“m1+m(ibm“)_HTm L (42, ibzm)

B 8n 8n

/mm cos (3a + 3bz™) dx + ?1 /mm cos (a + bz") dx

Mathematica [A]
time = 0.64, size = 221, normalized size = 0.97

Lim _Lm (demin
3 g-diaglbm (2 20y (3 =

e“’“(ibz")% Gamma (1™ —bgn) + 35 62“(—1171")“% Gamma (X2, ibz") + eﬁ“‘(ibz")‘t% Gamma (X2, —3ibz") + (—z‘bz")% Gamma (12, 3ibx")>

8n

Antiderivative was successfully verified.

[In] Integrate[x"m*Cos[a + b*x"n]~3,x]

[Out] -1/8*(x"(1 + m)*(3"((1 + m + n)/n)*E~((4*I)*a)*(I*b*x"n)~((1 + m)/n)*Gamma [
(1 + m)/n, (-I)*b*x"n] + 37((1 + m + n)/n)*E~((2*ID)*a)*((-I)*b*x™n)~((1 + m
)/n)*Gamma[(1 + m)/n, I*b*x"n] + E~((6*I)*a)*(I*b*x"n)~((1 + m)/n)*Gammal[(1

+ m)/n, (-3*I)xb*x"n] + ((-I)*b*x"n)~((1 + m)/n)*Gammal[(1 + m)/n, (3%I)x*bx*
x"n]))/(37((1 + m)/n)*E~((3*I)*a)*n*(b~2*x~(2*n))~((1 + m)/n))

Maple [F]
time = 0.11, size = 0, normalized size = 0.00

/xm (cos® (a+bz™)) da

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a+b*x"n)"3,x)
[Out] int(x"m*cos(a+b*x"n) 3,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate



Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x"m*cos(a+b*x~n)~3,x, algorithm="maxima")
[Out] integrate(x"m*cos(b*x™n + a)~3, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x“m*cos(a+b*x"n)~3,x, algorithm="fricas")
[Out] integral(x“m*cos(b*x™n + a)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ x™ cos® (a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**m*cos(a+b*x**n)**3,x)

[Out] Integral(x**m*cos(a + b¥x**n)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x"m*cos(a+b*x"n)~3,x, algorithm="giac")
[Out] integrate(x"m*cos(b*x™n + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/zm cos (a + bz")’ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*cos(a + b*x"n)"3,x)

[Out] int(x"m*cos(a + b*x"n)~3, x)
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3.79 [z~ cos (a + bz") dx
Optimal. Leaf size=47

z7"cos (a+bz")  bCoslntegral(bz”)sin(a)  bcos(a)Si(bz")
n n n

[Out] -cos(at+b*x~n)/n/(x"n)-b*cos(a)*Si(b*x"n)/n-b*Ci(b*x"n)*sin(a)/n

Rubi [A]
time = 0.06, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.312,

steps used = 5, number of rules used = 5, integrand size = 16
Rules used = {3461, 3378, 3384, 3380, 3383}

n n n

_ bsin(a)Coslntegral(bz")  bcos(a)Si(bz")  z~" cos(a + bz")

Antiderivative was successfully verified.

[In] Int[x~(-1 - n)*Cos[a + b*x"n],x]

[Out] -(Cos[a + b*x"n]/(n*x"n)) - (bxCosIntegral[b*x~n]*Sin[a])/n - (b*Cos[a]l*Sin
Integral [b*x"n])/n

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x1/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQl{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]
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Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, xJ, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rubi steps
Subst <f C"S(;’—;’bw) dz, x, x")

n
sin(a+bx n
z ™" cos (a + bz") bSubst (f %dx,x,x )

/m_l_" cos (a + bx") dxr =

n n
z~" cos (a + bx™) (bcos(a))Subst (f %xbx) dz,z, w") (bsin(a))Subst (f ¢

__z"cos(a+bz") bCi(ba")sin(a) bcos(a)Si(bz")

B n n n

Mathematica [A]
time = 0.10, size = 45, normalized size = 0.96

z~"(cos (a + bz™) + bz"Coslntegral(bz™) sin(a) + bz™ cos(a)Si(bz™))
n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Cos[a + b*x"n],x]

[Out] -((Cos[a + b*x"n] + b*x"n*CosIntegral [b*x"n]*Sin[a] + b*x"n*Cos[a]*SinInteg
ral[b*x"n])/(n*x"n))

Maple [A]
time = 0.14, size = 45, normalized size = 0.96

method | result
b (_ cos(a+bb:v )z

—sinIntegral(bz™) cos(a)—cosinelntegral(bz™) sin(a))

default

n

be **7 csgn(bx™ be %@ sinIntegral(bz™ ibe~ % explntegral(1,—ibx™ ibe'® expIntegral(1,—ibx™ cos(a+bz™)z™"
— + - —

I'lSCh 2n n 2n 2n n

meijerg | error in int/gproduct: numeric exception: division by zero\
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n),x,method=_RETURNVERBOSE)
[Out] 1/n*b*(-cos(a+b*x"n)/b/(x"n)-Si(b*x"n)*cos(a)-Ci(b*x"n)*sin(a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n),x, algorithm="maxima")
[Out] integrate(x~(-n - 1)*cos(b*x™n + a), x)

Fricas [A]
time = 0.38, size = 62, normalized size = 1.32

_ bz" Ci(bz") sin (a) + bz" Ci (—bz") sin (a) + 2bz" cos (a) Si (bz") + 2 cos (bz" + a)
2nx™

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n),x, algorithm="fricas")
[Out] -1/2%(b*x"n*cos_integral (b*x~n)*sin(a) + b*x“n*cos_integral (-b*x"n)*sin(a)
+ 2xb*x"n*cos(a)*sin_integral (b*x"n) + 2*cos(b*x™n + a))/(n*x"n)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/x_”_l cos (a + bz") dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x**(-1-n)*cos(a+b*x**n),x)
[Out] Integral(x**(-n - 1)*cos(a + b*x**n), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x~(-1-n)*cos(a+b*x"n),x, algorithm="giac")
[Out] integrate(x~(-n - 1)*cos(b*x™n + a), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

/cos (a+bz™) i

:L-n—i—l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x"(n + 1),x)

[Out] int(cos(a + b*x"n)/x"(n + 1), x)
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3.80 [ 71" cos? (a + bz™) dx
Optimal. Leaf size=69

™" z"cos(2(a+bz")) bCoslntegral(2bz")sin(2a)  bcos(2a)Si(2bz")

2n 2n n n

[Out] -1/2/n/(x"n)-1/2*cos(2*a+2*b*x"n)/n/(x"n)-b*cos(2*a) *Si (2*b*x"n) /n-b*Ci (2*b
*x"n)*sin(2*a)/n

Rubi [A]

time = 0.09, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 7, number of rules used = 6, integrand size = 18,
Rules used = {3507, 3461, 3378, 3384, 3380, 3383}

_ bsin(2a)Coslntegral(2bz™)  bcos(2a)Si(2bz")  z7"cos(2(a +bz")) ="
n n 2n 2n

Antiderivative was successfully verified.
[In] Int[x~(-1 - n)*Cos[a + b*x"n]~2,x]

[Out] -1/2%1/(n*x"n) - Cos[2*(a + b*x"n)]/(2*n*x"n) - (b*CosIntegral [2*¥b*x"n]*Sin
[2%al)/n - (b*Cos[2*al*SinIntegral [2¥b*x"n])/n

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQld*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(0_ )I*(b_.))"(p_)*((e_.)*(x))"(m_.), x
_Symbol] :> Int[ExpandTrigReduce[(e*x) m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] & IGtQ[p, O]

Rubi steps

—1-n 1
/m_l_" cos® (a + bz™) dx = / (x + ~z7 1" cos (2a + 2b$n)) dx

2 2
- + 1 /x_l_" cos (2a + 2bx™) dx
- 2n 2
g . Subst (f COS@‘;—;%@ dw,x,w")
) 2n
sin(2a+2bz) n

2"z "cos (2(a + bz™)) ~ bSubst <f ———dr,z,x )

) 2n n
" 1" cos (2(a + bz™)) (bcos(2a))Subst (f sm(z—Qbar:) da:,x,x”) (bsin(

T on 2n a n a

™"z "cos(2(a+bz")) bCi(2b2")sin(2a)  bcos(2a)Si(2bz")
) 2n n n

Mathematica [A]
time = 0.20, size = 53, normalized size = 0.77

z7"(cos? (a + bz™) + bz"CosIntegral(2bz™) sin(2a) + bz™ cos(2a)Si(2bz™))
n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Cos[a + b*x™n]~2,x]



359

[Out] -((Cos[a + b*x"n]~2 + b*x"n*CosIntegral [2*¥b*x"n]*Sin[2*a] + b*x"n*Cos[2x*a]*

SinIntegral [2*¥b*x~n])/(n*x"n))

Maple [A]
time = 0.11, size = 65, normalized size = 0.94

method | result

—-n 2b

default —””2—n + —

be~2%r csgn(bz™) b e~2% sinIntegral (2b ™) + ibe—2i@ expIntegral(1,—2ibx"™) b e?i® expIntegral(1,—2ibz™)
2n

n —-n
b (— cos(2a+2ba")a " —sinIntegral(2b z™) cos(2a)—cosinelntegral(2b z™) sin(2a)>

—n

: T
I'lSCh 2n + 2n n 2n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n) 2,x,method=_ RETURNVERBOSE)

[Out] -1/2/n/(x"n)+1/n*b*(-1/2*cos (2*a+2*xb*x"n) /(x"n) /b-Si (2*¥b*x"n) *cos (2*a)-Ci (2
*bxx”"n) *sin(2*a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="maxima")

[Out] 1/2*(n*x"n*integrate(cos(2xb*x™n + 2xa)/(x*x"n), x) - 1)/(n*x"n)

Fricas [A]
time = 0.38, size = 72, normalized size = 1.04

_ bz" Ci(2bz")sin (2a) + bz" Ci(—2bz") sin (2a) + 2bz" cos (2a) Si (2bz™) + 2 cos (bz" + a)?
2nx™

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="fricas")

[Out] -1/2*(b*x"n*cos_integral (2¥b*x"n)*sin(2*a) + b*x n*cos_integral (-2*b*x"n) *s
in(2*a) + 2%b*x"n*cos(2*a)*sin_integral (2xb*x"n) + 2*cos(b*x"n + a)~2)/(n*x

An)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x**(-1-n)*cos(a+b*x**n)**2,6x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~2,x, algorithm="giac")
[Out] integrate(x™(-n - 1)*cos(b*x™n + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (a + bz™)? i

:L-n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2/x"(n + 1),x%)

[Out] int(cos(a + b*x"n)"2/x"(n + 1), x)

360



361

3.81 [z~ cos? (a + bz™) dx
Optimal. Leaf size=113
3z "cos(a+bz") =z "cos(3(a+bz")) 3bCoslntegral(bz”)sin(a) 3bCoslntegral(3bz™)sin(3a) 3bc

4n 4n 4n 4n

[Out] -3/4*cos(a+b*x"n)/n/(x"n)-1/4*cos(3*a+3*b*x"n)/n/(x"n)-3/4*b*xcos (a)*Si (b*x~
n)/n-3/4*b*cos (3*a) *Si (3*b*x"n) /n-3/4*b*Ci (b*x"n)*sin(a) /n-3/4*xb*xCi (3*xb*x"n
)*sin(3*a)/n

Rubi [A]

time = 0.15, antiderivative size = 113, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.333,

steps used = 12, number of rules used = 6, integrand size = 18
Rules used = {3507, 3461, 3378, 3384, 3380, 3383}

_ 3bsin(a)Coslntegral(bz™)  3bsin(3a)Coslntegral(3bz")  3bcos(a)Si(bz")  3bcos(3a)Si(3bz™) 3z "cos(a+bz") =z "cos(3(a+ bz"))
4n 4n 4n 4n 4n 4n

Antiderivative was successfully verified.
[In] Int[x~(-1 - n)*Cos[a + b*x"n]~3,x]

[Out] (-3*Cos[a + b*x"n])/(4*n*x"n) - Cos[3*(a + b*x"n)]/(4*n*x"n) - (3*b*CosInte
gral [b*x"n]*Sin[a])/(4*n) - (3*b*CosIntegral [3*b*x~n]*Sin[3*a])/(4*n) - (3%

b*Cos [a] *SinIntegral [b*x"n])/(4*n) - (3*b*Cos[3*a]*SinIntegral [3*xb*x"n])/(4

*n)

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)~“(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQld*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
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)/d]l, Int[Cos[cx(f/d) + fx*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/n], 01))

Rule 3507
Int[((a_.) + Cos[(c_.) + (d_.)*(x_)" (@ )I*(b_.)) " (p_)*((e_.)*(x_))"(m_.), x

_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

1
/x_l_" cos® (a + bz™) dr = / (Zm‘l_n cos (a + bz™) + Zx_l_" cos (3a + 3bxn)) dz

1 3
=3 /:p_l_” cos (3a + 3bz") dx + 1 / " cos (a + bx") dx

Subst (f m(?";—f’bw) dz, , xn) 3Subst (f % dz,, :c")
= +

4dn 4n
- - (3b)Subst [ S2et) gy g gn

3z "cos(a+bz") z"cos(3(a+bz")) z 1L

B 4n 4n 4n
sin(bz)

_ _3x—n coS (a + b.’L‘n) B " cos (3(a + bxn)) B (3bcos(a))Subst (f Yz d.'E, Z,
B 4n 4n 4n
__3z"cos(a+bz") x"cos(3(a+bz")) 3bCi(bz")sin(a)  3bCi(3bz"):
B 4n 4n 4n 4n

Mathematica [A]
time = 0.25, size = 95, normalized size = 0.84

_ &"(3cos (a+ bz") + cos (3(a + bz™)) + 3ba" Coslntegral(bz") sin(a) + 3bz" Coslntegral(3bz™) sin(3a) + 3bz™ cos(a)Si(bz") + 3bz™ cos(3a)Si(3bz™))
4n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - n)*Cos[a + b*x"n]~3,x]
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[Out] -1/4%(3xCos[a + b*x"n] + Cos[3*(a + b*x"n)] + 3*bxx"n*CosIntegral [b*x"n]*Si
n[a] + 3#b*x"n*CosIntegral [3*b*x"n]*Sin[3*a] + 3*b*x"n*Cos[a]*SinIntegrall[b

*x"n] + 3%b*x"n*Cos[3*a]*SinIntegral [3*b*x"n])/(n*x"n)

Maple [A]

time = 0.14, size = 101, normalized size = 0.89

method | result
—_ n —-n
3b (— M —sinIntegral(bz™) cos(a)—cosinelntegral(bz™) sin(a)) 3b (— W —sinIntegral(3b ™) cos(3a
default +
4n 4n
. 3be~ 3%y csgn(bz™ 3be~3%e sinIntegral(3b ™ 3ibe—3i@ expIntegral(1,—3ibx™ 3be 2w csgn(ba™) 3be% sinInt
risch - + + -
8n 4n 8n 8n 4n

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-n)*cos(a+b*x"n) 3,x,method=_RETURNVERBOSE)

[Out] 3/4/n*b*(-cos(a+b*x"n)/b/(x"n)-Si(b*x"n)*cos(a)-Ci(b*x"n)*sin(a))+3/4/n*bx*(
-1/3*cos (3*a+3*b*x"n)/(x"n) /b-81i (3*b*x"n) *cos (3*a)-Ci (3*b*x"n) *sin(3*a))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)~3,x, algorithm="maxima")
[Out] integrate(x~(-n - 1)*cos(b*x"™n + a)~3, x)

Fricas [A]
time = 0.41, size = 117, normalized size = 1.04

3bz™ Ci (3ba™) sin (3a) + 3bz™ Ci (—3 ba™) sin (3 a) + 3bz™ Ci (bz™) sin (a) + 3 bz™ Ci (—bz™) sin (a) + 6 bz™ cos (3 a) Si (3bz™) + 6 bz™ cos (a) Si (bz™) + 8 cos (bz™ + a)®
8nzn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-n)*cos(a+b*x"n)"~3,x, algorithm="fricas")

[Out] -1/8%(3*b*x"n*cos_integral (3*b*x"n)*sin(3%a) + 3*b*x"n*cos_integral (-3*b*x~
n)*sin(3%a) + 3*b*x"nxcos_integral (b*x"n)*sin(a) + 3*b*x"n*cos_integral (-b*
x"n)*sin(a) + 6*b*x"n*cos(3*a)*sin_integral (3xb*x"n) + 6*b*x"n*cos(a)*sin_i
ntegral (b*x™n) + 8*cos(b*x"n + a)~3)/(n*x"n)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-n)*cos(a+b*x**n)**3,x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3005 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~(-1-n)*cos(a+b*x"n)~3,x, algorithm="giac")
[Out] integrate(x~(-n - 1)*cos(b*x™n + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (a + bz™)® i

wn+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3/x"(n + 1),x)

[Out] int(cos(a + b*x"n)"3/x"(n + 1), x)
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3.82 [ 71" cos (a + bx™) dz
Optimal. Leaf size=78

2n 2n 2n 2n

z7?"cos (a + bz"™)  b®cos(a)CosIntegral(bz™) N bz~ "sin (a + bz™) 4 b? sin(a)Si(bz™)

[Out] -1/2*b~2*Ci(b*x"n)*cos(a)/n-1/2*cos(a+b*x"n)/n/(x~(2*n))+1/2*b~2*Si (b*x"n) *
sin(a)/n+1/2*%b*sin(a+b*x"n)/n/(x"n)

Rubi [A]
time = 0.08, antiderivative size = 78, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16,
Rules used = {3461, 3378, 3384, 3380, 3383}

2n 2n 2n 2n

b? cos(a)CosIntegral (bz™) N b? sin(a)Si(bz™) N bz "sin (a + bz™) 7" cos (a + bz™)

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2*n)*Cos[a + b*x"n],x]

[Out] -1/2#Cos[a + b*x"n]/(n*x~(2*n)) - (b~2xCos[a]*CosIntegral[b*x"n])/(2*n) + (
bxSin[a + b*x"n])/(2*n*x"n) + (b~2*Sin[a]*SinIntegral [b*x™n])/(2*n)

Rule 3378

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)~(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~(m + 1)*Cos[e + fxx], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3380

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*xx]/d, x] /; FreeQl{c, d, e, £}, x] && EqQld*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*x(£f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] & IntegerQ[Simplify[(
m + 1)/nl]] && (EqQlp, 11 || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplifyl[(
m + 1)/nl, 01))

Rubi steps

Subst (f % dz, z, x”)

/x_l_zn cos (a + bz") dx =

n
sin(a+bx) n
_ acos(a+ba") bSubst (f S dx,x, )
B 2n 2n
cos(a+bx) n

_z‘zn cos (a + bz™) N bz "sin(a +bz") b*Subst <f — dr,zx )
B 2n 2n 2n

@ cos (a + ba") . bo—"sin (a + bz") (b% cos(a)) Subst (f % dz,z,x"
B 2n 2n 2n

_x " cos (a+bz")  b*cos(a)Ci(bz") 4 bz~ "sin (a + bz™) N b? sin(a)Si(bz"
B 2n 2n 2n 2n

Mathematica [A]
time = 0.14, size = 70, normalized size = 0.90

72" (cos (a + bz™) + b*z*" cos(a)CosIntegral(bz™) — bz" sin (a + bz™) — b?z*" sin(a)Si(bz™))
2n

Antiderivative was successfully verified.

[In] Integrate[x~(-1 - 2*n)*Cos[a + b*x"n],x]

[Out] -1/2%(Cos[a + b*x™n] + b~2*x~(2*n)*Cos[a] *CosIntegral [b*x"n] - b*x"n*Sin[a
+ b*x"n] - b~2*x~(2*n)*Sin[a]*SinIntegral [b*x~n])/(n*x~(2*n))

Maple [A]
time = 0.13, size = 65, normalized size = 0.83

\ method \ result
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b2 72" cos (a+bz™) | sin(a+bz™)z ™™ | sinlntegral(bz")sin(a) cosinelntegral(bz") cos(a)

default _ 2 ’ 2 ' : _ :
n
. ib2e~iag csgn(bz™) ib%2e—*® sinIntegral(bz™) b2e—ta explntegral(1,—ibz™) b2eta explntegral(1,—ibz™) 72" cos
risch - an + 2n + 4n + 4n - 2
_1-2 _1_ _—1-2n 1 I 1
b2/ —“”2( B oy AR e (—w(1-=32n - L) —w(§-=122n L) tonin(z)—2n(2)+In (62) )
B AT b2 24/ T r(—;l;"’"—%)

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2*n)*cos(a+b*x"n),x,method=_RETURNVERBOSE)

[Out] 1/n*xb~2x(-1/2/b"2/(x"n) "2*cos(a+b*x"n)+1/2*sin(a+b*x"n) /b/(x"n)+1/2*Si (b*x~
n)*sin(a)-1/2*Ci(b*x"n)*cos(a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2#n)*cos(a+b*x"n),x, algorithm="maxima")
[Out] integrate(x~(-2*n - 1)*cos(b*x"n + a), x)
Fricas [A]

time = 0.37, size = 90, normalized size = 1.15

b%z?™ cos (a) Ci (bz™) + b*z?™ cos (a) Ci (—bz") — 2b%z%" sin (a) Si (bz™) — 2bz" sin (bz" + a) + 2 cos (bz™ + a)
4nx?n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2#n)*cos(a+b*x"n),x, algorithm="fricas")

[Out] -1/4%(b~2*x~ (2*n)*cos(a)*cos_integral (b*x"n) + b~2*x~(2#n)*cos(a)*cos_integ
ral(-b*x"n) - 2%b~2*x~(2*n)*sin(a)*sin_integral (b*x"n) - 2*b*x"n*sin(b*x"n
+ a) + 2*xcos(b*x™n + a))/(n*x~(2*n))

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-2*n)*cos(a+b*x**n),x)
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[Out] Exception raised: SystemError >> excessive stack use: stack is 3005 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2#n)*cos(a+b*x~n),x, algorithm="giac")
[Out] integrate(x”~(-2*%n - 1)*cos(b*x"n + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (a + bz™) i

x2n+l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)/x~(2%n + 1),x)

[Out] int(cos(a + b*x"n)/x"~(2*n + 1), x)
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3.83 [z7 1" cos?® (a + bz") dx

Optimal. Leaf size=95

72" z7?"cos (2(a+ bz™)) b®cos(2a)CosIntegral(2bz™) +b:c‘" sin (2(a + bz™)) +b2 sin(2a)Si(2bz™)
4n 4n n 2n n
[Out] -1/4/n/(x~(2*n))-b"2%Ci(2*%b*x"n)*cos(2*a) /n-1/4*cos (2*a+2*b*x"n) /n/ (x~ (2*n)
)+b~2%Si (2%b*x"n) *sin(2%a) /n+1/2*b*sin(2*a+2*xb*x"n) /n/ (x"n)

Rubi [A]
time = 0.11, antiderivative size = 95, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 8, number of rules used = 6, integrand size = 18,
Rules used = {3507, 3461, 3378, 3384, 3380, 3383}

_ b?cos(2a)Coslntegral(2bz™) + b? sin(2a)Si(2bz™) N br~"sin (2(a + bz™)) 7 *cos(2(a+bz")) T

n n 2n 4n 4n

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2*n)*Cos[a + b*x"n]~2,x]

[Out] -1/4%1/(n*x~(2*n)) - Cos[2x(a + b*x"n)]/(4*n*x~(2*n)) - (b~2*Cos[2*a]*CosIn
tegral [2xb*x"n])/n + (b*Sin[2*(a + b*x"n)])/(2*n*x"n) + (b~2*Sin[2*a]*SinIn
tegral [2xb*x"n])/n

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int([(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && LtQ[m, -1
]

Rule 3380

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]1/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cxf
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)/d], Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(0_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, X1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQ[p, 11 || EqQ[m, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rule 3507
Int[((a_.) + Cos[(c_.) + (d_.)*x(x_)"(0_ )]*(b_.))"(p)*((e_.)*(x))"(m_.), x

_Symbol] :> Int[ExpandTrigReduce[(e*x)"m, (a + b*Cos[c + d*x"nl])~p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, 0]

Rubi steps

1 1
/z‘l_Z" cos® (a + bx™) dr = / (—z‘l_% + éw_l_% cos (2a + 2b:c")) dx

2

:L.—2'n 1 —1-2n n
=~ +§/x cos (2a + 2bz™) dx

g-2n  Subst (f % dz, z, x”)
BT + 2n

sin(2a+2bx n
oz gcos (2(a + ba")) bSubst <f % dz,z,x )
 4n 4n 2n
cos(2a+2b

_ @™ z7*"cos(2(a+bz")) N bz~"sin (2(a +bz")) b*Subst (f o
 4n 4n 2n n
_ ™ 17*cos(2(a+bz")  br"sin(2(a+bz")) (b* cos(2a)) Subst(
T 4n 4n 2n 7
_ ™™ 17 cos(2(a+ba"™)  b*cos(2a)Ci(2bz") N bz~ " sin (2(a + bz™))
4 4n n 2n

Mathematica [A]
time = 0.23, size = 82, normalized size = 0.86

z72(1 + cos (2(a + bz™)) + 4b%z?" cos(2a)CosIntegral (2bz™) — 2bz™ sin (2(a + bz™)) — 4b%z?" sin(2a)Si(2b2™))
4n

Antiderivative was successfully verified.
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[In] Integrate[x~(-1 - 2*n)*Cos[a + b*x"n]~2,x]

[Out] -1/4%(1 + Cos[2*(a + b*x"n)] + 4xb~2xx~(2*n)*Cos[2*a]*CosIntegral [2*¥b*x"n]
- 2¥b*x"n*Sin[2*(a + b*x™n)] - 4*b~2%x~ (2#n)*Sin[2*a]*SinIntegral [2*xb*x"n])

/ (n*x~(2%n))

Maple [A]

time = 0.12, size = 89, normalized size = 0.94

method | result
2| — z—2n cos(2a+2bz™) + sin(2a+2bz™)z ™" + sinIntegral (2b 2™) sin(2a) _ cosinelntegral (2b ™) cos(2a)
default z 2 i ° ° :
4n n
. —2n ib2e—2 csgn(bx™ ib%e—2%a sinIntegral(2b 2™ b2e~2i@ expIntegral (1,—2ib z™ b2e?%a explIntegral(1,—2ib
risch — 2ng( ) 4 ng ( ) 4 P 25 ( ) 4 P 2gn(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2*n)*cos(a+b*x"n) 2,x,method=_RETURNVERBOSE)

[Out] -1/4/(x"n) "2/n+2/n*xb"2%(-1/8/(x"n) ~2/b"2*cos (2*%a+2*b*x"n) +1/4*sin (2*a+2*b*x
“n)/(x"n) /b+1/2%Si (2*b*x"n)*sin(2*a)-1/2*Ci (2*b*x"n) *cos (2*a))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2%n)*cos(at+b*x"n)~2,x, algorithm="maxima")

[Out] 1/4x(2*n*x~(2*n)*integrate(cos(2*b*x™n + 2*a)/(x*x~(2*n)), x) - 1)/(nxx~(2*
n))

Fricas [A]

time = 0.38, size = 106, normalized size = 1.12

b2227 cos (2 a) Ci (2bz™) + b222™ cos (2 a) Ci (—2bz™) — 2b222"sin (2a) Si (2bz™) — 2bz™ cos (bz™ + a) sin (bz™ + a) + cos (bz™ + a)®
B 2nz2™

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2*n)*cos(at+b*x"n)~2,x, algorithm="fricas")

[Out] -1/2%(b~2*x~ (2*n)*cos(2*a)*cos_integral (2*b*x"n) + b~2*x~ (2#n)*cos(2*a)*cos
_integral (-2xb*x"n) - 2*b~2#x~(2*n)*sin(2+%a)*sin_integral (2*¥b*x~n) - 2%b*x”
nxcos(b*x"n + a)*sin(b*x™n + a) + cos(b*x™n + a)~2)/(n*x~(2*n))

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1-2*n)*cos (a+b*x**n)**2,x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 3005 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~(-1-2#%n)*cos(a+b*x™n)~2,x, algorithm="giac")
[Out] integrate(x~(-2*n - 1)*cos(b*x"n + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ cos (a + bz™)? i

x? n+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~2/x"(2%n + 1),x)

[Out] int(cos(a + b*x"n)~2/x~(2*n + 1), x)
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3.84 [z71?" cos® (a + bz") dx
Optimal. Leaf size=165

3z~ %" cos (a +bz") x> cos(3(a+bz")) 3b°cos(a)Coslntegral(bz™) 9b* cos(3a)CosIntegral(3bz") B

8&n 8n 8n 8n

[Out] -3/8*b~2*Ci(b*x"n)*cos(a)/n-9/8*b~2*Ci (3*b*x"n)*cos(3+*a)/n-3/8*cos (a+b*x"n)
/n/ (x~(2*n))-1/8*cos (3*a+3*b*x"n) /n/ (x~(2*n) ) +3/8*b~2*Si (b*x"n)*sin(a) /n+9/
8*b~2*xSi (3*b*x"n)*sin(3*a)/n+3/8*b*sin(a+b*x"n) /n/(x"n)+3/8*b*sin (3*a+3*b*x
“n)/n/(x"n)

Rubi [A]
time = 0.18, antiderivative size = 165, normalized size of antiderivative = 1.00, number of

number of rules _ j 333
integrand size ’

steps used = 14, number of rules used = 6, integrand size = 18,
Rules used = {3507, 3461, 3378, 3384, 3380, 3383}

36 cos(a)CoslIntegral(bz") ~ 9b* cos(3a)CosIntegral(3be™) N 3% sin(a)Si(bz™) " 9b? sin(3a)Si(3bz™) 4 3bz"sin (a + bz") n 3be~"sin (3(a+ba"))  3z~*"cos(a+bz") @ cos(3(a+ba"))
8n 8n 8n 8n 8n 8n 8n 8n

Antiderivative was successfully verified.
[In] Int[x~(-1 - 2*n)*Cos[a + b*x"n]~3,x]

[Out] (-3*Cos[a + b*x"n])/(8*n*x~(2*n)) - Cos[3*(a + b*x"n)]/(8*n*x~(2*n)) - (3*b
~2xCos [a] *CosIntegral [b*x"n])/(8%n) - (9%b~2*Cos[3*a]*CosIntegral [3*xb*x"n])

/(8*n) + (3*bxSin[a + b*x"n])/(8*n*x"n) + (3*b*Sin[3*(a + b*x™n)])/(8*n*x"n

) + (3%b~2*Sin[a]*SinIntegral [b*x~n])/(8*n) + (9%b~2*Sin[3*a]*SinIntegral[3
*b*x"n]) /(8*n)

Rule 3378

Int[((c_.) + (d_.)*(x_))"(m_)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinf[e + f*x]/(d*(m + 1))), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)~“(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3380

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384
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Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(£f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&

NeQ[d*e - cxf, 0]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
, x]J, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(

m + 1)/n], 01))

Rule 3507

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)]1*(b_.))"(p_)*((e_.)*(x_))"(m_.), x
_Symbol] :> Int[ExpandTrigReducel[(e*x) m, (a + b*Cos[c + d*x"n])"p, x], x]
/; FreeQ[{a, b, c, d, e, m, n}, x] && IGtQ[p, O]

Rubi steps

3 1
/m_1_2" cos® (a + bz™) dr = / (Zm_l_zn cos (a + bz™) + Zm_l_% cos (3a + 3bx")> dx

Mathematica [A]

1

- /x_1_2" cos (3a + 3bz™) dz + g /x_l_Q" cos (a + bz") dx

4
Subst (f w dz, z, x”) 3Subst (f w dz,z, a:n>
= +
4n 4n
-2 -2 (3b)Subst [ S2eH) gy
_3z7""cos(a+bz") =z *cos(3(a+bz")) 2 s
8n 8n 8n
37 cos(a +bz") x?"cos(3(a+bz")) 3bzr"sin(a+bz") 3bz "
- = + +
8n 8n 8n
_3a ™ cos(a+bs") x> cos(3(a+ba")  3bz "sin(a+ba") N 3bz ™"
8n 8n 8n
3z cos(a+bz") zcos(3(a+ba") 3b%cos(a)Ci(bz"™)  9b*cos(:
8n 8n 8n

time = 0.38, size = 141, normalized size = 0.85

z72"(3 cos (a + bz™) + cos (3(a + bz™)) + 3b*z*" cos(a) CosIntegral (bz") + 9b?z*" cos(3a) CosIntegral(3bz™) — 3bz" sin (a + ba™) — 3bz" sin (3(a + bz™)) — 3b*z*" sin(a)Si(bz") — 9b*z?" sin(3a)Si(3bz™))

8n
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Antiderivative was successfully verified.

[In] Integrate[x~(-1 - 2*n)*Cos[a + b*x"n]~3,x]

[Out] -1/8%(3*Cos[a + b*x"n] + Cos[3*(a + b*x"n)] + 3*b~2*x~(2+*n)*Cos[a]*CosInteg
ral[b*x"n] + 9%b~2xx~(2*n)*Cos[3*a]*CosIntegral [3*b*x"n] - 3*b*xx"n*Sin[a +

b*x"n] - 3%b*x"n*Sin[3*(a + b*x"n)] - 3*b~2xx~(2*n)*Sin[a]*SinIntegral [b*x"

n] - 9%b~2#x~(2*n)*Sin[3*a]*SinIntegral [3*b*x"n])/(n*x~(2*n))

Maple [A]
time = 0.16, size = 144, normalized size = 0.87

method | result

3p2 (_ z 2N cos(a+bz™) + sin(a+bz™)z ™" + sinIntegral(Zb z™) sin(a) _ cosinelntegrazl(b z"™) cos(a) ) 02 (_ cos(3a+3b zn)z_2n + sin (3a
+

2b2 2b 1852

default ™

. 9ib%e~ 3% r csgn(bz™) 9ib%e 3% sinIntegral(3b z™) 9b%e—3% explntegral(1,—3ibz™) 3ib%e“*m csgn(bz™) 3ib%e~
risch - 16n + 8n + 16n - 16n +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1-2#n)*cos(a+b*x"n) " 3,x,method=_RETURNVERBOSE)

[Out] 3/4/n*b~2%(-1/2/b~2/(x"n) ~2*cos(a+b*x"n)+1/2*sin(a+b*x"n)/b/(x"n)+1/2*Si (b*
x"n)*sin(a)-1/2*Ci(b*x"n)*cos(a))+9/4/nxb~2* (-1/18*cos (3*a+3*b*xx"n) /(x"n) "2

/b 2+1/6*sin(3*a+3*b*x"n)/(x"n) /b+1/2*Si (3*xb*x"n)*sin (3*a)-1/2*Ci (3*b*x"n) *
cos(3*a))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2%n)*cos(a+b*x"n)~3,x, algorithm="maxima")
[Out] integrate(x~(-2*n - 1)*cos(b*x"n + a)~3, x)

Fricas [A]
time = 0.41, size = 167, normalized size = 1.01

9b%?" cos (3a) Ci (3ba™) + 367" cos (a) Ci (ba™) + 3%>" cos (a) Ci (—ba™) + 9 %" cos (3a) Ci (—3bz™) — 24 bz™ cos (ba™ + a)” sin (be” + a) — 185%2" sin (3 ) Si (3bz") — 662" sin (a) Si (ba™) + 8 cos (ba™ + a)°
16 na?n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2%n)*cos(a+b*x"n)~3,x, algorithm="fricas")

[Out] -1/16%(9%b~2xx~(2*n)*cos(3*a)*cos_integral (3xb*x"n) + 3*%b~2xx~(2*n)*cos(a)*
cos_integral(b*x™n) + 3*%b~2*x~(2*n)*cos(a)*cos_integral (-b*x"n) + 9*b~2%x"(
2*xn) *cos(3*a)*cos_integral (-3*b*x"n) - 24*b*x"n*cos(b*x"n + a) " 2xsin(b*x"n
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+ a) - 18*%b~2xx~(2*n)*sin(3*a)*sin_integral (3*xb*x"n) - 6%b~2*x~(2*n)*sin(a)
*sin_integral (b*x"n) + 8*cos(b*x"n + a)~3)/(n*x~(2*n))

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**(-1-2%n)*cos (a+b*x**n)**3,x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 5007 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1-2#n)*cos(a+b*x~n)~3,x, algorithm="giac")

[Out] integrate(x~(-2*n - 1)*cos(b*x"n + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
cos (a + bz™)®
/ p2ntl dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x"n)~3/x"(2%n + 1),x)

[Out] int(cos(a + b*x"n)~3/x~(2*n + 1), x)
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3.85 [ z%cos ((a + bx)?) dx

Optimal. Leaf size=99

b 2 T 2
a?y/ = FresnelC| (/= (a+ bz = S(1/= (a+bz
V 2 Fresnel ( 7r (a+b )>_ 2 ( m (a+b )> _asin((a+bx)2)+(a+bx)sin((a+bx)2)
b3

263 b3 263

[Out] -a*sin((b*x+a)~2)/b~3+1/2*(b*xx+a)*sin((b*x+a) ~2) /b~ 3+1/2*xa"~2*FresnelC((b*x+
a)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2) /b~ 3-1/4*FresnelS ((b*x+a) *2~(1/2) /Pi~(
1/2))*2~(1/2)*Pi~(1/2)/b"3

Rubi [A]
time = 0.05, antiderivative size = 99, normalized size of antiderivative = 1.00, number of

: number of rules _ (50
integrand size ’

steps used = 7, number of rules used = 6, integrand size = 12
Rules used = {3515, 3433, 3461, 2717, 3467, 3432}

T 2 T 2
\/ = @*FresnelC| /= (a+ bz — S{1/= (a+0bz
2 < T (a+ )> B 2 <\/:( - )> _asin ((a + bx)?) + (a+ bz)sin ((a + bz)?)

b3 263 b3 2b3

Antiderivative was successfully verified.
[In] Int[x"2*Cos[(a + b*x)~2],x]

[Out] (a~2#Sqrt[Pi/2]*FresnelC[Sqrt[2/Pil*(a + b*x)])/b~3 - (Sqrt[Pi/2]*FresnelS[
Sqrt[2/Pi]*(a + b*x)])/(2%xb~3) - (a*Sin[(a + b*x)~2])/b"3 + ((a + b*x)*Sin[
(a + bxx)~2])/(2%b~3)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(o_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCos[c + d*x])~p
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, X, x, x°n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplify[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQ[p] && GtQ[Simplify[(
m + 1)/n], 0]))

Rule 3467

Int[Cos[(c_.) + (@_)*(x_)" (@ )]*((e_.)*(x_))"(m_.), x_Symbol] :> Simp[e~(n
- 1)*(e*x)"(m - n + 1)*(Sin[c + d*x"n]/(d*n)), x] - Dist[e"n*((m - n + 1)/
(d*n)), Int[(exx)"(m - n)*Sin[c + d*x"n], x], x] /; FreeQ[{c, d, e}, x] &&
IGtQ[n, 0] && LtQ[n, m + 1]

Rule 3515

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(mn_)]I*(b_.))"(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Module[{k = If[FractionQ[n], Denominat
or[n], 11}, Dist[k/f~(m + 1), Subst[Int[ExpandIntegrand[(a + b*Cos[c + d*x~
(k*n)1)~"p, x~(k - 1)*(f*g - exh + h*x"k)"m, x], x], x, (e + £xx)~(1/k)], x]
1 /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] & IGtQ[p, 0] && IGtQ[m, O]

Rubi steps

/zQ cos ((a + b:c)2) dr — Subst (f (a2 cos (z2) — 2ax cos 1()252) + 22 cos (xQ)) dx,x,a+ bx)

_ Subst( [ #®cos (2?) dz,x,a+bx)  (2a)Subst( [ zcos(2?) dx,z,a + bx) N a’S

b3 b3
a’,/= C

b3 2b3

2
2 <\/;(a+ ba:)) N (a + bx)sin ((a +bx)*) Subst( [ sin (2?) dz,z,a

2b3

T 2 7 2
a?y/= Cl /= (a+bz = S|/ = (a+bx
2 < Rt )) 2 ( =t )>_asin((a+bx)2)+(a+

b3 263 b3

Mathematica [A]
time = 0.29, size = 76, normalized size = 0.77

—2a%+/27 FresnelC <\/§ (a+ bx)) + V21’8 <\/? (a+ bx)) +2(a — bz) sin ((a + bx)?)
- 4

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[(a + b*x)~2],x]
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[Out] -1/4%(-2*%a~2xSqrt[2*Pi] *FresnelC[Sqrt[2/Pil*(a + b*x)] + Sqrt[2#Pi]*Fresnel

S[Sqrt[2/Pi]l*(a + b*x)] + 2x(a - b*x)*Sin[(a + b*x)~2])/b~3

Maple [A]
time = 0.17, size = 131, normalized size = 1.32

method | result

FresnelC 4\/5 (b2’”+“b)>
VEVE ( NV

sin (m2b2+2abx+a2)

 sin (aczb2 -|—2abx+a2)

R

VT /

default 552 — ;

(-)T\/T ext(b(-1)Tz+(-1)Ta)  (-1)3/T erf(b(-1)Tz+(-1)40a) v erf<_b

a2 Vb2

risch — = — 3 — .
4b 8b a3y/—1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos((b*x+a)~2),x,method=_ RETURNVERBOSE)

[Out] 1/2/b"2%x*sin(b~2*x~2+2*a*b*x+a~2)-a/b*(1/2/b"2%sin (b~ 2*xx~2+2*%a*b*x+a~2)-1/

2xa/b*27(1/2)*Pi~(1/2)/(b~2) " (1/2) *FresnelC(27(1/2) /Pi~(1/2) / (b"2)~(1/2)* (b
“2xx+a*b)))-1/4/b72%27(1/2)*Pi~(1/2) /(b~2) " (1/2) *FresnelS(27(1/2) /Pi~(1/2)/
(172) 7 (1/2) * (b~ 2*x+a*b))

Maxima [C] Result contains complex when optimal does not.

time = 0.78, size = 258, normalized size = 2.61

7) = 1))a 4 (i+1) VET(3,iba? + diabe +ia?) - (i~ 1) VIT(G, =it ~ diabs — ia?))

a0 i) e )) 2 (P i) gl o)) T el T ((~i = 1) VE VR (ot (VP B TI@) < 1) + 6+ 1) VEVF (eef (VPR Bl s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos((b*x+a)”~2),x, algorithm="maxima")

[Out] -1/8%(4xaxb*x*(-Ixe~(I*b~2%x"2 + 2xIxa*b*x + I*a~2) + I*e” (-Ixb~2%x"2
*xaxb*x - I*a~2)) + 4*xa~2x(-I*e” (I*b~2*x"2 + 2*I*axbxx + I*a~2) + Ixe~(-I*b~
2*x~2 - 2*I*kaxbxx — I*a"2)) - sqrt(b™2*x"2 + 2*a*bxx + a~2)*((-(I - 1)*sqrt
(2)*sqrt (pi) *(erf (sqrt (I¥b~2%x"2 + 2xI*a*xbxx + I*a~2)) - 1) + (I + 1)*sqrt(
2)*sqrt (pi)*(erf (sqrt (-I*b~2*x"2 - 2*Ikaxb*x - I*a~2)) - 1))*a”2 + (I + 1)*
sqrt (2) *gamma (3/2, I*b~2%x"2 + 2xIxaxb*x + I*a~2) - (I - 1)*sqrt(2)*gamma(3
/2, -Ixb~2%x"2 - 2xIxaxbxx - I*a~2)))/(b"4*x + axb~3)

Fricas [A]
time = 0.36, size = 112, normalized size = 1.13

/b2 /b2
b2 \/5 (bz+a)y\| — b2 \/2— (bz+a)\ | —
22 ma? P Cl ——tT | -v2'n P S| ———"" | +2(b*z — ab) sin (b*z? + 2 abz + a?)

45t

- 2xI
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos((b*x+a)”~2),x, algorithm="fricas")

[Out] 1/4*%(2*sqrt(2)*pixa~2*sqrt(b~2/pi)*fresnel_cos(sqrt(2)*(b*x + a)*sqrt(b~2/p
i)/b) - sqrt(2)*pi*sqrt(b~2/pi)*fresnel_sin(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/
b) + 2x(b"2*%x - a*b)*sin(b~2*x"2 + 2xaxb*x + a~2))/b"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/z‘2 cos (a2 + 2abx + b2:v2) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos((b*x+a)**2),x)
[Out] Integral(x**2*cos(a**2 + 2¥a*bkx + b**2xx**2), x)

Giac [C] Result contains complex when optimal does not.
time = 0.47, size = 159, normalized size = 1.61

+1) V2 /T (20%+i) erf((%i—%) ﬁ(u—%)m) N bt §)zia)e (PR aria?) (-1 V2 VT (202-3) erf(—(%i-}»%) \/5‘(2+%)\b|) . T )
] b _ ] b

16 b2 16 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos((b*x+a)~2),x, algorithm="giac")

[Out] -1/16%((I + 1)*sqrt(2)*sqrt(pi)*(2*¥a~2 + I)*erf((1/2*I - 1/2)*sqrt(2)*(x +
a/b)*abs(b))/abs(b) + 4x(I*b*(x + a/b) - 2xIxa)*e”(I*b~2%x"2 + 2xIxa*b*x +
I¥a~2)/b)/b~2 - 1/16*%(-(I - 1)*sqrt(2)*sqrt(pi)*(2*a~2 - I)*erf(-(1/2*I + 1
/2)*sqrt(2)*(x + a/b)*abs(b))/abs(b) + 4x(-I*b*x(x + a/b) + 2xI*a)*e”(-I*b~2

*x~2 - 2%I*axb*x - I*a~2)/b)/b~2

Mupad [B]
time = 0.15, size = 80, normalized size = 0.81

z sin ((a + bx)?) _asin ((a+bz)?) _ V2 Vi S(%) N V2 al /i C(%)

22 263 453 263

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos((a + b*x)~2),x)

[Out] (x*sin((a + b*x)~2))/(2¥b~2) - (a*sin((a + b*x)~2))/(2xb~3) - (27(1/2)*pi~(
1/2)*fresnels((27(1/2)*(a + b*x))/pi~(1/2)))/(4*%b~3) + (27(1/2)*a~2*pi~(1/2
)*fresnelc((27(1/2)*(a + bxx))/pi~(1/2)))/(2*%b~3)



381

3.86 [ zcos((a+bx)?) dz

Optimal. Leaf size=47

_a\/gFresnelC (\/? (a+ bx)) ) sin ((a + ba)?)

b? 2b2

[Out] 1/2*sin((b*x+a)~2)/b~2-1/2*a*FresnelC((b*x+a)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~
(1/2)/b~2

Rubi [A]

time = 0.02, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ 400
’ integrand size ’

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {3515, 3433, 3461, 2717}

sin((a+50)) \/gaFresnelC <\/§ (a+ bac))

2b2 b2

Antiderivative was successfully verified.

[In] Int([x*Cos[(a + b*x)~2],x]

[Out] -((a*Sqrt[Pi/2]*FresnelC[Sqrt[2/Pi]l*(a + b*x)])/b~2) + Sin[(a + b*x)~2]/(2*
b~2)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3461

Int[((a_.) + Cos[(c_.) + (d_.)*(x_)"(n_)I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Cos[c + d*x])~p
, xJ, x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IntegerQ[Simplifyl[(
m + 1)/n]] && (EqQlp, 1] || EqQm, n - 1] || (IntegerQlp] && GtQ[Simplify[(
m + 1)/n], 0]))

Rule 3515
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Int[((a_.) + Cosl[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(m_)]I*(b_.))"(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Module[{k = If[FractionQ[n], Denominat
or[n], 11}, Dist[k/f~(m + 1), Subst[Int[ExpandIntegrand[(a + b*Cos[c + d*x~
(k*n)]1)~"p, x~(k - 1)*(f*g - exh + h*x"k)"m, x], x], x, (e + £xx)~(1/k)], x]
1 /; FreeQ[{a, b, c, d, e, f, g, h}, x] && IGtQ[p, 0] && IGtQ[m, O]

Rubi steps
/mcos (a+b0)?) do — Subst ([ (—a cos (z?) +b$2 cos (z%)) dz,z,a + br)
Subst( [ = cos (z?) dz,z,a+bz)  aSubst([ cos(2?) dz,z,a + bz)
- B2 - b2
ay/ = C \/?(a—i-bx)
2 m Subst( [ cos(z) dz, z, (a + bz)?)
- b2 * 20
s 2
ay/= Cl /= (a+bx)
L ™ L sin((e+ bz)?)
b? 2b?

Mathematica [A]
time = 0.05, size = 42, normalized size = 0.89

—a+/27 FresnelC <\/§ (a+ bz)) + sin ((a + bz)?)

2b?

Antiderivative was successfully verified.

[In] Integrate[x*Cos[(a + b*x)~2],x]
[Out] (-(a*Sqrt[2*Pi]*FresnelC[Sqrt[2/Pil*(a + b*x)]) + Sin[(a + b*x)~2])/(2%b~2)

Maple [A]
time = 0.06, size = 63, normalized size = 1.34

method | result size
2 bzx ab
a\/? /T F‘resnelC(m)
) 2
default | SRV +2abota) . V7 Vb 63
2b
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ia

risch (niey/T erf(b(_l)%ﬁ(_l)ia) + T erf<_b o V=1 > + sin((bo+a)?) 71
45 T -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos((b*x+a)~2),x,method=_RETURNVERBOSE)

[Out] 1/2/b"2%sin(b~2*x~2+2*axb*x+a~2)-1/2*a/b*2~(1/2)*Pi~(1/2)/(b~2)~(1/2)*Fresn
elC(27(1/2)/Pi~(1/2)/(©"2)~(1/2) * (b~ 2*x+a*xb))

Maxima [C] Result contains complex when optimal does not.
time = 0.65, size = 199, normalized size = 4.23

2 (i diebetiad) (107 tiabeie)) VP Bab t o (~(i— 1) VI VA (erf (VIPRTF Diaba ¥ ia? ) — 1) + i+ 1) VI VA (erf (Voibe? 21l

3 (0Pa + ab?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="maxima")

[Out] 1/8*%(2xb*x*(-I*e” (I*b~2*x~2 + 2*I*kaxb*x + I*a~2) + Ixe” (-Ixb"2*xx"2 - 2*I*ax
b*x - I*a~2)) - sqrt(b™2*x"2 + 2*%axb*x + a~2)*(-(I - 1)*sqrt(2)*sqrt(pi)*(e
rf(sqrt (I*b~2*x"2 + 2xI*axb*x + I*a~2)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(er
f(sqrt(-I*b~2*x"2 - 2*I*a*xb*x - I*a~2)) - 1))*a + 2¥a*x(-Ixe” (I*b~2%x"2 + 2%
I*axb*x + I*a~2) + I*e~(-Ixb~2*x~2 - 2*I*axb*x - I*a~2)))/(b"3*x + a*xb~2)

Fricas [A]

time = 0.36, size = 63, normalized size = 1.34

2

b2 ﬁ(bx—i—a) —
V2 ma p C — T | — bsin (b’ + 2 abzx + a?)

203

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="fricas")

[Out] -1/2%(sqrt(2)*pi*a*sqrt(b~2/pi)*fresnel_cos(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/
b) - b*sin(b™2*x"2 + 2%axb*x + a~2))/b"~3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xcos (a2 + 2abx + b2x2) dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*cos((b*x+a)**2),x)
[Out] Integral(x*cos(a**2 + 2%axbxx + b**2%x*x2), x)
Giac [C] Result contains complex when optimal does not.

time = 0.57, size = 119, normalized size = 2.53

(i+1) \/E \/Faerf<(%i—%) \/5 (E+%)|b|> N 2ie(ib212+2iabw+ia2) (i-1) \/5 \/7?aeff<—(%i+%) \/5 (m+%)|b|> 2“(45%2721‘ abe—ia?)
- ] - b
8b

_ 6] b _
8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos((b*x+a)~2),x, algorithm="giac")

[Out] -1/8%(-(I + 1)*sqrt(2)*sqrt(pi)*a*xerf((1/2*I - 1/2)*sqrt(2)*(x + a/b)*abs(b
))/abs(b) + 2*I*xe” (I*b~2%xx~2 + 2*I*axb*x + I*a~2)/b)/b - 1/8%((I - 1)*sqrt(
2)*sqrt (pi)*axerf (-(1/2*I + 1/2)*sqrt(2)*(x + a/b)*abs(b))/abs(b) - 2*I*xe”(
-Ixb~2%x"2 - 2*I*axbxx - I*a~2)/b)/b

Mupad [B]
time = 0.07, size = 39, normalized size = 0.83

sin ((a + bx)?) B V2aym C(%)

202 22

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos((a + b*x)~2),x)
[Out] sin((a + b*x)~2)/(2%b"2) - (27(1/2)*axpi~(1/2)*fresnelc((27(1/2)*(a + b*x))

/pi~(1/2)))/(2%b~2)
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3.87 [ cos ((a+ bx)?) dz

Optimal. Leaf size=29
2
\/ g FresnelC (\ / - (a+ bx))

b
[Out] 1/2*FresnelC((bxx+a)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)/b
Rubi [A]

time = 0.00, antiderivative size = 29, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.125,

steps used = 1, number of rules used = 1, integrand size = 8,

Rules used = {3433}
[ s
5 Fresne — (a+bz

b

Antiderivative was successfully verified.

[In] Int[Cos[(a + b*x)~2],x]

[Out] (Sqrt[Pi/2]*FresnelC[Sqrt[2/Pil*(a + b*x)])/b

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[

d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]
Rubi steps

g C’<\/§(a+bx))

/cos ((a+bz)?) dz = ;

Mathematica [A]
time = 0.01, size = 29, normalized size = 1.00

\/g FresnelC (\/? (a+ bx))

b

Antiderivative was successfully verified.
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[In] Integrate[Cos[(a + bx*x)~2],x]
[Out] (Sqrt[Pi/2]*FresnelC[Sqrt[2/Pi]l*(a + b*x)])/b

Maple [A]
time = 0.06, size = 36, normalized size = 1.24

method | result size
2 b2z ab
\/E 7T FresnelC (m)
VT N2
202

— 1 3erf b(—1 19} 1 1a VT erf(—b —1 z+ 11 >
risch _vm U <4(b JTat(=DE ) — = L 56
4by/ —1

default 36

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((b*x+a)~2),x,method=_ RETURNVERBOSE)

[Out] 1/2*27(1/2)*Pi~(1/2)/(b"2)~(1/2)*FresnelC(2~(1/2)/Pi~(1/2)/(b"2)~(1/2)*(b"2
*x+ax*b))

Maxima [C] Result contains complex when optimal does not.
time = 0.51, size = 84, normalized size = 2.90

\/7?<(i—1) V2 erf (7(71)% (ibx+ia)) —(i+1) ﬁerf((%iwL%) ﬁ(fibxfia)) T(i-1) ﬁerf((%ifé) «/zﬁ(fibsz)) +(i+1) V2 erf (%))
166

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="maxima")

[Out] -1/16*sqrt(pi)*((I - 1)*sqrt(2)*erf(-(-1)"(3/4)*(I*b*xx + I*a)) - (I + 1)*sq
rt(2)*xerf ((1/2*I + 1/2)*sqrt(2)*(-Ixb*x - I*a)) + (I - 1)*sqrt(2)*erf((1/2*

I - 1/2)*sqrt(2)*(-I*xb*x - I*a)) + (I + 1)*sqrt(2)*erf((I*b*x + Ixa)/sqrt(-
1)))/b

Fricas [A]
time = 0.37, size = 40, normalized size = 1.38

2

b

b2 \/E (bz+a)\| —

V2 m/— C v s
T

202
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="fricas")
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[Out] 1/2%sqrt(2)*pi*sqrt(b~2/pi)*fresnel_cos(sqrt(2)*(b*x + a)*sqrt(b~2/pi)/b)/b
2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos ((a+ bx)?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)**2),x)
[Out] Integral(cos((a + b*x)**2), x)

Giac [C] Result contains complex when optimal does not.
time = 0.44, size = 55, normalized size = 1.90

(i+1) VZ Vet ((3i—3) V2 (+ )bl LD V2 VT et (= (3i+3) V2 (0 +5)b])
- 8] 8]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2),x, algorithm="giac")

[Out] -(1/8*%I + 1/8)*sqrt(2)*sqrt(pi)*erf((1/2*xI - 1/2)*sqrt(2)*(x + a/b)*abs(b))
/abs(b) + (1/8%I - 1/8)*sqrt(2)*sqrt(pi)*erf(-(1/2*xI + 1/2)*sqrt(2)*(x + a/
b)*abs (b)) /abs(b)

Mupad [B]

time = 0.06, size = 32, normalized size = 1.10

b2

f ﬁb\/b% (a+bz) 1
2 /1 C N

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2),x)

[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*b*(1/72)"(1/2)*(a + b*x))/pi~(1/2))*(1
/v72)7(1/2))/2
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cos((a+bx)?) da

3.88 |

Optimal. Leaf size=15

Int (cos ((a + bz)?) , x)

T

[Out] Unintegrable(cos((b*x+a)~2)/x,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

_ —Q0 i .. _ o humber of rules _
steps used = 0, number of rules used = 0, integrand size = 0, integrand size 0.000,

Rules used = {}

/ cos ((a + bx)?) i
x

Verification is not applicable to the result.

[In] Int[Cos[(a + b*x)~2]/x,x]

[Out] Defer[Int] [Cos[(a + b*x)~2]/x, x]

Rubi steps

cos((a+bx)?) . [ cos((a+bz)?)
/ dz / dx

Z T

Mathematica [A]
time = 2.70, size = 0, normalized size = 0.00

cos ((a + bz)?)
/ dx

T

Verification is not applicable to the result.

[In] Integrate[Cos[(a + b*x)~2]/x,x]
[Out] Integrate[Cos[(a + b*x)~2]/x, x]
Maple [A]

time = 0.05, size = 0, normalized size = 0.00

/ cos ((bz + a)?) i

X

Verification of antiderivative is not currently implemented for this CAS.



[In] int(cos((b*x+a)~2)/x,x)
[Out] int(cos((b*x+a)~2)/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="maxima")
[Out] integrate(cos((b*x + a)~2)/x, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="fricas")

[Out] integral(cos(b~2*x~2 + 2%a*b*x + a~2)/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a? + 2abz + bz?) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)**2)/x,x)
[Out] Integral(cos(a**2 + 2%a*bk*x + b**2xx**2)/x, X)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x,x, algorithm="giac")
[Out] integrate(cos((b*x + a)~2)/x, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.07

/ cos ((a+ bx)Q) i

x

389
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2)/x,x)
[Out] int(cos((a + b*x)~2)/x, %)
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cos (((;—gbx)Q) da

3.89 |

Optimal. Leaf size=15

Int (cos ((a + bz)?) , x)

2
[Out] Unintegrable(cos((b*x+a)~2)/x~2,x)
Rubi [A]

time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

_ —Q0 i .. _ o humber of rules _
steps used = 0, number of rules used = 0, integrand size = 0, integrand size 0.000,

Rules used = {}

/cos ((ax—zk bx)?) i
Verification is not applicable to the result.

[In] Int[Cos[(a + b*x)~2]/x"2,x]

[Out] Defer[Int] [Cos[(a + b*x)~2]/x"2, x]

Rubi steps

/ cos ((a + bx)?) dr — / cos ((a + bx)?) dz

T2 z2

Mathematica [A]
time = 4.94, size = 0, normalized size = 0.00

cos ((a + bz)?)
/ dz

72
Verification is not applicable to the result.

[In] Integrate[Cos[(a + b*x)~2]/x72,x]
[Out] Integrate[Cos[(a + b*x)~2]/x72, x]
Maple [A]

time = 0.05, size = 0, normalized size = 0.00

/ cos ((bz + a)?) i

2

Verification of antiderivative is not currently implemented for this CAS.



[In] int(cos((b*xx+a)~2)/x"2,x)
[Out] int(cos((b*x+a)~2)/x"2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="maxima")
[Out] integrate(cos((b*x + a)~2)/x"2, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="fricas")

[Out] integral(cos(b~2*x~2 + 2%a*b*x + a~2)/x"2, x)
Sympy [A]
time = 0.00, size = 0, normalized size = 0.00
2 2ab b2 2
/cos(a + 2abz + x)dx

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)**2)/x**2,x)

[Out] Integral(cos(a**2 + 2%a*bkx + b**2xx**2)/x**2, X)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos((b*x+a)~2)/x"2,x, algorithm="giac")
[Out] integrate(cos((b*x + a)~2)/x"2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.07

/ cos ((a+ bx)Q) i

2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos((a + b*x)~2)/x"2,%)
[Out] int(cos((a + b*x)"2)/x"2, %)
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3.90 [z%cos (a+bve+dz ) dz

Optimal. Leaf size=346

240 cos (a + bm) 24c cos <a + b\/ﬁ) 2¢? cos (a + bW) 120(c + dz) cos (a + bv/cH

b + bids + R bid3

[Out] 240*cos(a+b*(d*x+c)~(1/2))/b"6/d"3+24*xc*cos (a+b* (d*x+c) ~(1/2))/b"4/d"3+2xc~
2xcos (a+b* (d*x+c) ~(1/2)) /b"2/d~3-120* (d*x+c) *cos (a+b* (d*x+c) ~(1/2) ) /b~4/4"3
-12xc* (d*x+c) *cos (a+b* (d*x+c) ~(1/2)) /b"2/d"3+10* (d*x+c) ~2xcos (a+b* (d*xx+c) ~(
1/2))/72/d"3-40* (d*x+c) " (3/2) *sin(a+b* (d*x+c) ~(1/2)) /b~3/d"3-4*c* (d*x+c) ~ (
3/2)*sin(a+b* (d*x+c) ~(1/2))/b/d"3+2* (d*x+c) " (5/2) *sin(a+b* (d*x+c) ~(1/2))/b/
d~3+240*sin (a+b* (d*x+c) ~(1/2) ) *(d*x+c) ~(1/2) /b~5/d"3+24*c*sin (a+b* (d*x+c) ~(
1/2))*(d*x+c)~(1/2) /b~3/d"3+2*c~2*sin(a+b* (d*x+c) ~(1/2)) *(d*x+c) ~(1/2) /b/d~

3

Rubi [A]
time = 0.22, antiderivative size = 346, normalized size of antiderivative = 1.00, number of

number of rules _ j 157
integrand size ’

steps used = 14, number of rules used = 3, integrand size = 18,
Rules used = {3513, 3377, 2718}

240008 (a+ 0VETT)  HOVET sin (a-+0VETET)  190(c+de)oos (a + bWETTT)  Deoos (a+bWETET)  A0(c dofsin (a+ 0VETE)  UeVeT & sin (a4 WETET)  2oos (a+ OVETE)  W0fc-t deoos (a+0VETET) 12l de)eos (ak WET ) 2VeT T sin (a4 WETEE) Ao defsin (a+ bWETT) e+ da)sin (a+ 0WET T

uuuuu

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + bxSqrtlc + d*x]],x]

[Out] (240%Cos[a + b*Sqrtlc + d*x]])/(b"6*d~3) + (24xc*Cos[a + b*Sqrtlc + d*x]])/
(b~4%d"3) + (2xc~2*Cos[a + b*Sqrtlc + d*x]]1)/(p"2%xd~3) - (120*(c + d*x)*Cos

[a + b*Sqrtlc + d*x]])/(b"4*d"3) - (12xcx(c + d*x)*Cos[a + bxSqrt[c + d*x]]

)/ (b"2%d"3) + (10*(c + d*x)~2xCos[a + bxSqrt[c + d*x]])/(b~2*d~3) + (240%Sq

rt[c + d*x]*Sin[a + b*Sqrtlc + d*x]])/(b~5%d~3) + (24*c*Sqrt[c + d*x]*Sin[a

+ bxSqrt[c + d*x]])/(b~3*%d"3) + (2*%c~2*Sqrt[c + d*x]*Sin[a + b*Sqrt[c + d*
x]11)/(b*d"3) - (40*(c + d*x)~(3/2)*Sin[a + b*Sqrt[c + d*x]])/(p"3*xd"3) - (4

xcx(c + d*x)~(3/2)*Sin[a + b*Sqrtlc + d*x]]1)/(b*d"3) + (2*(c + d*x)~(5/2)*S

in[a + b*Sqrt[c + d*x]])/(b*d~3)

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*Co
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sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)I*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + bxCos[c + d*x])7p, x~(1/n - 1)*(g - ex(h/f) + hx(x~(1/n)/f)) "m, x],
x], x, (e + f*x)"nl], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQlp,
0] && IntegerQ[1/n]

Rubi steps

9Subst ( I ( “ocos(atbe) _ 2o coslatbe) | o8 °°i,§;‘+b””’) dz, z, e + dx )

/xzcos <a+bm> dr =

d
2Subst <f x5 cos(a + br) dz, z, Ve + dz > (4¢)Subst (f z3 cos(a + bx) ¢
- a3 - a3
2¢’v/c+dzx sin (a +bVc+dx ) 4c(c + dx)>/? sin (a +bVc+dx )
- b B b !
2¢? cos <a+b\/c—|—dx ) 12¢(c + dz) cos (a—i—b\/c—l-dx ) 10(c + da
- b B B *
2¢? cos <a +bvec+dx ) 12¢(c + dx) cos (a—i— bvec+dx > 10(c + da
- B B *
24ccos (a +bVe+dz > 2¢? cos <a +bVec+dx ) 120(c + dz) cos <¢
B bid b2d B bd
24ccos (a +bVe+dz ) 2¢? cos <a +bVec+dx > 120(c + dzx) cos (4
B bid® b2d B b
240 cos (a+b\/c+dx ) 24c cos <a+b\/c—|—dx ) 2¢2 cos (a+b\/g
- b5 bids * b2d°
Mathematica [C] Result contains complex when optimal does not.
time = 0.77, size = 224, normalized size = 0.65
i(HHVERE ‘r(120+120ib\/m +ibda? ok dv — 4ib*Ve + dz (2 + 5dz) — 126 (dc + 5dz) + bidu(de + 5dz) + X (VT )<120—1201bm — b da?oF dz + 4ib* Ve F dr (2c + 5dx) — 126%(de + 5dz) + bide(de + 5dz))>

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + bxSqrt[c + d*x]],x]
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[Out] (120 + (120*I)*b*Sqrtlc + d*x] + Ixb~5*d~2*x"2xSqrtlc + d*x] - (4*I)*b~3%Sq

rtlc + d*x]*(2%c + 5*d*x) - 12%b~2%(4*c + 5xdxx) + b~4*d*x*(4*c + 5xd*x) +
E~((2xI)*(a + b*Sqrtlc + d*x]))*(120 - (120*I)*bxSqrt[c + d*x] - I*b~5xd~2x%
x72xSqrt[c + d*xx] + (4*%I)*b~3*Sqrtlc + d*x]*(2%c + 5xd*x) - 12%xb~2*(4*c + 5
*xd*x) + b 4*d*x*(4*xc + 5xd*x)))/ (b 6*d"3*E~(I*(a + b*Sqrtlc + d*x])))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 824 vs.

2(310) = 620.
time = 0.07, size = 825, normalized size = 2.38

method result

derivativedivides

—2a¢?sin (a—}-b\/ dx +c >+2c2 <cos (a+b\/ dr +c )+(a+b\/ dr +c ) sin <a+b\/ dr +c ))+

4a3csin

(s

—2a.¢? sin (mW ) +2¢? (cos (a+b\/cm ) + (a+b\/m ) sin (mW ) ) +

4a3csin

(s

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a+b*(d*x+c)~(1/2)),x,method=_RETURNVERBOSE)

[Out] 2/d73/b"2*x(-a*c~2xsin(a+b* (d*x+c) ~(1/2))+c"2x(cos(a+b* (d*xx+c) ~(1/2))+(a+b*(

d*xx+c)~(1/2) )*sin(a+b* (d*x+c) ~(1/2)))+2/b"2*xa~3*c*sin (a+b* (d*x+c) ~(1/2))-6/
b~2xa~2xc* (cos (a+b* (d*x+c) ~(1/2) )+ (a+b* (d*x+c) ~(1/2)) *sin(a+b*x (d*xx+c) ~(1/2)
))+6/b"2*axcx ((a+b* (d*x+c) " (1/2)) "2*sin(a+b* (d*x+c) ~(1/2) ) -2*sin(a+b* (d*x+c
)~ (1/2))+2x (a+b* (d*x+c) ~(1/2) ) *cos (a+b* (d*x+c) ~(1/2)))-2/b"2*xc* ((a+b* (d*x+c
)~ (1/2))"3*sin(a+b* (d*x+c) ~(1/2) ) +3* (a+b* (d*x+c) ~(1/2)) "2*cos (a+b* (d*xx+c) ~(
1/2))-6*cos (a+b* (d*x+c) ~(1/2) ) -6* (a+b* (d*x+c) ~(1/2) ) *sin(a+b* (d*x+c) ~(1/2))
)-1/b"4xa~5*sin(a+b* (d*x+c) ~(1/2))+5/b"4*a~4* (cos (a+b* (d*x+c) ~(1/2) )+ (at+b*(
d*x+c)~(1/2)) *sin(a+bx (d*x+c)~(1/2)))-10/b"4*xa"3* ((a+b* (d*x+c) ~(1/2)) "2*sin
(a+b* (d*x+c) ~(1/2))-2*sin(a+b* (d*x+c) ~(1/2) ) +2x (a+b* (d*x+c) ~(1/2) ) *cos (a+b*
(d*x+c)~(1/2)))+10/b"4*a"2*x ((a+b* (d*x+c) ~(1/2)) "3*sin(a+b*x (d*x+c) ~(1/2) ) +3*
(atb* (d*x+c) ~(1/2)) “2*cos (a+b* (d*x+c) ~(1/2) ) -6*cos (a+b* (d*x+c) ~(1/2) ) -6* (a+
b*x (d*x+c) ~(1/2)) *sin(a+b* (d*x+c) ~(1/2)))-5/b"4*a* ((a+b* (d*x+c) ~(1/2)) “4*sin
(a+b* (d*x+c) ~(1/2) ) +4* (a+b*x (d*x+c) ~(1/2)) "3*cos (a+b* (d*x+c) ~(1/2) ) -12x (a+b*
(d*x+c)~(1/2)) " 2*sin(a+b* (d*x+c) ~(1/2))+24*sin(a+b*x (d*x+c) ~(1/2))-24%* (a+b*(
d*xx+c)~(1/2))*cos (a+b* (d*x+c) ~(1/2)))+1/b~4x ((a+b* (d*x+c) ~(1/2)) “5*sin(a+bx*
(d*x+c)~(1/2))+5* (a+b* (d*x+c) ~(1/2)) “4*cos (a+bx (d*x+c) ~(1/2) ) -20* (a+b* (d*x+
c)~(1/2)) " 3xsin(a+b* (d*x+c) ~(1/2))-60* (a+b* (d*x+c) ~(1/2)) ~2*cos (a+b* (d*x+c)
~(1/2))+120*cos (a+b* (d*x+c) ~(1/2) ) +120* (a+b* (d*x+c) ~(1/2) ) *sin(a+b* (d*x+c)~
1/2))N)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 672 vs.

2(310) = 620.
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time = 0.31, size = 672, normalized size = 1.94

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(a+b*(d*x+c)~(1/2)),x, algorithm="maxima")

[Out] -2x(axc™2*sin(sqrt(d*x + c)*b + a) - ((sqrt(d*x + c)*b + a)*sin(sqrt(d*x +
c)*b + a) + cos(sqrt(d*x + c)*b + a))*c”2 - 2xa"3*cxsin(sqrt(d*x + c)*b + a
)/b"2 + 6x((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x +
c)*b + a))*a”2*%c/b”"2 + a“bxsin(sqrt(d*x + c)*b + a)/b"4 - 5x((sqrt(d*x + c)
*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))*a~4/b~4 - 6%(2
*x(sqrt(d*x + c)*b + a)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~2
- 2)xsin(sqrt(d*x + c)*b + a))*axc/b~2 + 10%(2x(sqrt(d*x + c)*b + a)*cos(sq
rt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~2 - 2)*sin(sqrt(d*x + c)*b + a)
)*¥a~3/b"4 + 2% (3*((sqrt(d*x + c)*b + a)~2 - 2)*cos(sqrt(d*x + c)*b + a) + (
(sqrt(d*x + c)*b + a)~3 - 6*%sqrt(d*x + c)*b - 6%a)*sin(sqrt(d*x + c)*b + a)
)*c/b"2 - 10%(3*%((sqrt(d*x + c)*b + a)~2 - 2)*cos(sqrt(d*x + c)*b + a) + ((
sqrt(d*x + c)*b + a)~3 - 6*sqrt(d*x + c)*b - 6*a)*sin(sqrt(d*x + c)*b + a))
*a~2/b"4 + 5x(4x((sqrt(d*x + c)*b + a)~3 - 6xsqrt(d*x + c)*b - 6*a)*cos(sqr
t(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~4 - 12*(sqrt(d*x + c)*b + a)~2 +
24)*sin(sqrt(d*x + c)*b + a))*a/b"4 - (5x((sqrt(d*x + c)*b + a)~4 - 12*(sq
rt(d*x + c)*b + a)~2 + 24)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a
)75 - 20%(sqrt(d*x + c)*b + a)~3 + 120*sqrt(d*x + c)*b + 120%a)*sin(sqrt(d*
x + c)*b + a))/b74)/(b"2xd"3)

Fricas [A]
time = 0.35, size = 103, normalized size = 0.30

2 ((b5d2z2 —20b%dz — 8b%c + 120b)vdz + ¢ sin (\/dx +cb+ a) + (50'd2z? — 48 b%c + 4 (b*c — 15 b%)dz + 120) cos <\/dx +cb+ a))
bSd3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2*((b~5%d"2*x"2 - 20*b~3*d*x - 8*b~3*c + 120*b)*sqrt(d*x + c)*sin(sqrt(d*x
+ c)*b + a) + (5%b~4*d"2*x"2 - 48%b”"2%c + 4*(b"4xc - 15%b~2)*d*x + 120)*cos
(sqrt(d*x + c)*b + a))/(b"6*d"3)

Sympy [A]
time = 0.32, size = 269, normalized size = 0.78

ente forb=0A(b=0vd=0)
,un;(m‘:nﬁ; ford=0
1os7cos (o4 H 0 ) 100V/eF AT sn (ar /O A7) a0sV/eH AT s (wiov/e ) ovccos (a0 /T ) amrcos (aron/eF 0T ) 20VeH dE s (wiov/eF dr) a0 (arov/e T dE)

v B & - G

- - - i + s + 5w otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**2*cos(a+bx(d*x+c)**(1/2)),x)

[Out] Piecewise((x**3*cos(a)/3, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x**3xcos(a +

b*sqrt(c))/3, Eq(d, 0)), (2*x**2*sqrt(c + d*x)*sin(a + b*sqrt(c + d*x))/(b*
d) + 8xcxx*cos(a + bxsqrt(c + d*x))/(bx*2xd**2) + 10*xx**2xcos(a + bxsqrt(c
+ dxx))/(b**2xd) - 16*c*ksqrt(c + d*x)*sin(a + b*sqrt(c + d*x))/(b**3xd**3)
- 40*x*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(bx*3*d**2) - 96%c*cos(a + b*
sqrt(c + d*x))/(bx*4*xd**3) - 120*x*cos(a + bxsqrt(c + d*x))/(b**4*d**2) + 2
40*sqrt(c + d*x)*sin(a + bxsqrt(c + d#*x))/(b*x5%d*x3) + 240*cos(a + b*sqrt(
c + d#*x))/(b**6xd**3), True))

Giac [A]
time = 0.43, size = 480, normalized size = 1.39

( (v v = b (VETEws)aon (VBT ) - VAT T on (VT ) (v B o (VT iz R R T (VAT a7,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/2)),x, algorithm="giac")

[Out] 2*%((b~4xc™2 - 6%(sqrt(d*x + c)*b + a) 2xb~2*c + 12*%(sqrt(d*x + c)*b +
b~2%c - 6%a”2%b”2*%c + 5x(sqrt(d*x + c)*b + a)~4 - 20*(sqrt(d*x + c)*b + a)~
3xa + 30*(sqrt(d*x + c)*b + a)~2xa”2 - 20*(sqrt(d*x + c)*b + a)*a”3 + 5xa~4
+ 12%b"2xc - 60*(sqrt(d*x + c)*b + a)~2 + 120*(sqrt(d*x + c)*b + a)*a - 60
*a"2 + 120)*cos(sqrt(d*x + c)*b + a)/(b"4xd"2) + ((sqrt(d*x + c)*b + a)*b~4
*C"2 - a*b"4xc”2 - 2x(sqrt(d*x + c)*b + a)~3*xb~2*c + 6x(sqrt(d*x + c)*b + a
) "2*a*xb"2xc - 6*%(sqrt(d*x + c)*b + a)*a"2xb~2*c + 2*xa~3*%b~2*c + (sqrt(d*x +
c)xb + a)~5 - bx(sqrt(d*x + c)*b + a)~4xa + 10x(sqrt(d*x + c)*b + a)~3*a"2
- 10*(sqrt(d*x + c)*b + a)~2*%a"3 + B*(sqrt(d*x + c)*b + a)*a™4 - a~5 + 12%
(sqrt(d*x + c)*b + a)*b~2%c - 12%axb~2*c - 20*(sqrt(d*x + c)*b + a)~3 + 60%
(sqrt(d*x + c)*b + a)~2%a - 60*(sqrt(d*x + c)*b + a)*a~2 + 20*a~3 + 120*sqr
t(d*x + c)*b)*sin(sqrt(d*x + c)*b + a)/(b"4xd~2))/(b~2*d)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/m2 cos (a-l—b\/m) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + bx(c + d*x)~(1/2)),x)
[Out] int(x~2*cos(a + bx(c + d*x)~(1/2)), x)

a) xax
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3.91 [ z cos (a+b\/c+dx) dx

Optimal. Leaf size=167

12 cos (a +bVe+dz ) 2ccos (a +bVe+dz > 6(c + dz) cos (a +bVe+dz ) 12v/c+dz sin (a .
- b4d? B b2d? * b2d? - b3d?

[Out] -12*cos(a+b*(d*x+c)~(1/2))/b"4/d"2-2xc*cos (a+b* (d*x+c) ~(1/2))/b~2/d"2+6* (d*
x+c)*cos (a+b* (d*x+c) ~(1/2)) /b~2/d"2+2* (d*x+c) " (3/2) *sin(a+b* (d*x+c) ~(1/2))/
b/d~2-12*sin(a+b* (d*x+c) ~(1/2) ) *(d*x+c) ~(1/2) /b~3/d"2-2*c*sin (a+b* (d*x+c) ~ (
1/2))*(d*x+c)~(1/2)/b/d"2

Rubi [A]

time = 0.10, antiderivative size = 167, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.188,

steps used = 8, number of rules used = 3, integrand size = 16,
Rules used = {3513, 3377, 2718}

12cos<a+b\/c+d1) 12Vc+dz sin<a+b\/c+dz) 6(c+dx)cos<a+b\/c+dz) 2ccos(a+b\/c+dx> 2(c+dz)3/2sin(a+b\/c+dx) 2cVe+dz sin<a+b\/c+d1>
e - B + W - R * b - b

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*Sqrt[c + d*x]],x]

[Out] (-12#Cos[a + b*Sqrtlc + d*x]])/(b"4*d"2) - (2*c*Cos[a + b*Sqrt[c + d*x]])/(
b~2xd"2) + (6%(c + d*x)*Cos[a + b*Sqrt[c + d*x]])/(b~2xd~2) - (12*Sqrt[c +
d*x]*Sin[a + b*Sqrt[c + d*x]])/(b~3*d~2) - (2xc*Sqrt[c + d*x]*Sin[a + b*Sqr
tlc + d*x]]1)/(b*xd~2) + (2x(c + d*x)~(3/2)*Sin[a + b*Sqrtlc + d*x]])/(bxd~2)

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)I*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + bxCos[c + d*x])"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/f)) "m, x],
x], x, (e + £fxx)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]
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Rubi steps

2Subst (f (_ cr cosgz+bz) + 3 cos((la,+bz)) dac, T, m)

/zcos <a+bm> der =

d
2Subst <f z3 cos(a + bz) dz, z, Ve + dz ) (2¢)Subst <f z cos(a + bz) dz,
= d2 B d?
2cVc+ dz sin (a +bVe+dx ) 2(c + dx)®?sin (a +bVe+dzx ) 6.
- b2 * bd? T
2ccos (a+ bvc+dx ) 6(c + dz) cos <a +bvVe+dz > 2cvVe+dz s
B b2d? b2d?
2ccos (a +bvVe+dz ) 6(c + dz) cos (a +bvVe+dr ) 12vc+dx s
b2d? b2d?
12 cos ( +bVe+dx ) 2ccos (a +bVe+dx ) 6(c + dx) cos <a+ b
b - B2 * b2

Mathematica [A]
time = 0.26, size = 71, normalized size = 0.43

2((—6 + b?(2c + 3dx)) cos (a +bVe+dz ) +bVc+ dz (—6 + b*dz) sin (a +bVe+dx >>
b*d?

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*Sqrt[c + d*x]],x]

[Out] (2%((-6 + b~2x(2xc + 3*d*x))*Cos[a + bxSqrt[c + d*x]] + b*Sqrtlc + d*x]*(-6
+ b~2xd*x)*Sin[a + bxSqrt[c + d*x]]))/(b"4xd~2)

Maple [A]
time = 0.04, size = 299, normalized size = 1.79

method result

2acsin(a+b\/d1’ +c )—2c(cos<a+b\/dx +c )+(a+b\/d.’L’ +c ) sin(a+b\/dx +c ))—

243 sin <a+b \/
b2

derivativedivides

2acsin(a+b\/d$ +c )—2c(cos<a+b\/dx +c )+(a+b\/d.'L‘ +c ) sin(a+b\/m))_2a35in(a+b:2/

default
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a+bx(d*x+c)~(1/2)),x,method=_RETURNVERBOSE)

[Out] 2/d"2/b~2* (a*c*sin(a+b*(d*x+c) ~(1/2))-c*(cos (a+b* (d*x+c) ~(1/2))+(a+b* (d*x+c
)~ (1/2))*sin(a+b* (d*x+c)~(1/2)))-1/b"2*a"3*sin(a+b* (d*x+c) ~(1/2))+3/b"2*xa"2

* (cos (atb*(d*x+c) ~(1/2))+(atb*x(d*x+c) ~(1/2))*sin(a+b* (d*x+c) ~(1/2)))-3/b"2%
a*x((a+b*x (d*x+c) ~(1/2)) "2*sin(a+b* (d*x+c) ~(1/2) ) -2*sin (a+b* (d*x+c) ~(1/2) ) +2x%

(a+b* (d*x+c) " (1/2) ) *cos (a+b* (d*x+c) ~(1/2)))+1/b"2* ((a+bx (d*x+c) ~(1/2) ) "3*si
n(a+b* (d*x+c)~(1/2))+3*%(a+b*x (d*xx+c) ~(1/2)) "2*cos (a+b* (d*x+c) ~(1/2))-6*cos(a

+b* (d*x+c) " (1/2) ) -6 (a+b* (d*x+c) ~(1/2) ) *sin(a+b* (d*x+c)~(1/2))))

Maxima [A]
time = 0.29, size = 263, normalized size = 1.57

N uin(VETFCbta)  3( (VAT FCbsa)sin( Ve Cora) reon( VI T e ora)Jar  3(2(VAZ + Cora) cos( VAT + € hra) 4| (VA + Cra)” )an(VErFesa) o 8((VEzFeva) -2 coo VETF e vta) | (VAT T Cota) -6 VAE T Cbosa) sin( VAT F € bta)
;[Wm(»ma“)7((mhm)sm(maﬂ.)W((mbm)]w (YETEve) | (BT ) (VT P (VT (VT o) e VT o) (VT ) )l T E) ) o (VT Jool i ) (Vs o) sl e (Ve J)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(at+b*(d*x+c)~(1/2)),x, algorithm="maxima")

[Out] 2*(a*c*sin(sqrt(d*x + c)*b + a) - ((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*
b + a) + cos(sqrt(d*x + c)*b + a))*c - a~3*sin(sqrt(d*x + c)*b + a)/b"2 + 3
*((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a)
)*¥a~2/b"2 - 3%(2x(sqrt(d*x + c)*b + a)*cos(sqrt(d*x + c)*b + a) + ((sqrt(ds

X + c)*b + a)72 - 2)*sin(sqrt(d*x + c)*b + a))*a/b~2 + (3*((sqrt(d*x + c)*b

+ a)”2 - 2)*cos(sqrt(d*x + c)*b + a) + ((sqrt(d*x + c)*b + a)~3 - 6xsqrt(d

*x + c)*b - 6%a)*sin(sqrt(d*x + c)*b + a))/b~2)/(b"2*d"2)

Fricas [A]
time = 0.36, size = 67, normalized size = 0.40
2 ((b3d:c — 6b)Vdz + ¢ sin (x/dx Tcb+ a> + (36%da + 2b%c — 6) cos (\/dsc Tcb+ a))
b*d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)~(1/2)),x, algorithm="fricas")
[Out] 2*((b~3*d*x - 6%b)*sqrt(d*x + c)*sin(sqrt(d*x + c)*b + a) + (3*b"2*xd*x + 2%
b~2%c - 6)*cos(sqrt(d*x + c)*b + a))/(b~4*d"2)

Sympy [A]
time = 0.18, size = 151, normalized size = 0.90

z%c;s(a) forb=0A(b=0VvVd=0)
1'2005 a-
M ford=0

24/C+ dT sin <a+bm> 4ccos (a+bm) 6z cos <a+b\/C + dz ) 12v/c + dz sin (a+b\/c + dx > 12cos <a+bm>
+

bd Bz + v2d - B2 - Vi otherwise
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x**2xcos(a)/2, Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x**2xcos(a +
bxsqrt(c))/2, Eq(d, 0)), (2*x*sqrt(c + d*x)*sin(a + b*sqrt(c + d*x))/(b*d)

+ 4xcxcos(a + bxsqrt(c + d*x))/(b**2*d**2) + 6*x*cos(a + bxsqrt(c + d*x))/(
bx*2xd) - 12*sqrt(c + d*x)*sin(a + bkxsqrt(c + dxx))/(bx*3xd**2) - 12*cos(a

+ bxsqrt(c + d*x))/(bx*4*xd**2), True))

Giac [A]
time = 0.41, size = 166, normalized size = 0.99

53 + 7

( (bchx (\/dz +c b+a)2+6 (\/dz +c b+a>u—3a’+6> cos(\/dl‘ +c b+u) ((\/dz +c b+a>b2c—ub2c—(\/dz +c b+a>3+3 (\/dz +c b+a)2a715 (\/dz +c b+a)a*+a4+o Vdz+c b) sin<\/dz +c b+a> )
2

b2d?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)~(1/2)),x, algorithm="giac")

[Out] -2%x((b"2*%c - 3*(sqrt(d*x + c)*b + a)~2 + 6*%(sqrt(d*x + c)*b + a)*a - 3*a”2
+ 6)*cos(sqrt(d*x + c)*b + a)/b"2 + ((sqrt(d*x + c)*b + a)*b"2xc — a*b~2*c

- (sqrt(d*x + c)*b + a)~3 + 3*(sqrt(d*x + c)*b + a)~2*a - 3x(sqrt(d*x + c)*

b + a)*a™2 + a”3 + 6*sqrt(d*x + c)*b)*sin(sqrt(d*x + c)*b + a)/b~2)/(b~2*d~

2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xcos<a+b\/m) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + bx(c + d*x)~(1/2)),x)
[Out] int(x*cos(a + bx(c + d*x)~(1/2)), x)
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3.92 | cos (a—l—b\/c+da: ) dx

Optimal. Leaf size=54

2cos<a—|—bm) QMSin<a+bm>

b2d + bd

[Out] 2*cos(at+b*(d*x+c)~(1/2))/b~2/d+2*sin(a+b* (d*x+c)~(1/2))*(d*x+c)~(1/2)/b/d

Rubi [A]
time = 0.02, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.214,

steps used = 3, number of rules used = 3, integrand size = 14,
Rules used = {3443, 3377, 2718}

2cos<a+bm) 2msin<a+bm>

b2d + bd

Antiderivative was successfully verified.
[In] Int[Cos[a + bxSqrtlc + d*x]],x]

[Out] (2xCos[a + bxSqrt[c + d*x]])/(b~2*d) + (2*Sqrtlc + d*x]*Sin[a + b*Sqrt[c +
d*x]1)/ (bxd)

Rule 2718

Int[sinl[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]1/d, x] /; FreeQ
({c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Co
sle + fxx], x], x] /; FreeQl[{c, d, e, f}, x] && GtQ[m, O]

Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))" (@ )]*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])~7p, x], x
, (e + fxx)"n], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
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2Subst (f zcos(a + bz)dz,z, Ve +dz )

/cos(a-l—bx/c—l—ﬁ) dr =

d
2vVc+dx sin <a+b\/c+dx > 28ubst<fsin(a+ba:) dz,xz,Vc+dz >
- bd - bd
2 cos <a+b\/c+dx) 2V c+dx sin (a+b\/c+dx>

b2d + bd

Mathematica [A]
time = 0.09, size = 48, normalized size = 0.89

2<cos <a+bm> + bV + dz’ sin <a+bm>>
b%d

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*Sqrt[c + d*x]],x]

[Out] (2*(Cos[a + b*Sqrt[c + d*x]] + bxSqrtlc + d*x]*Sin[a + bxSqrtlc + d*x]1]))/(
b~2*d)

Maple [A]
time = 0.04, size = 61, normalized size = 1.13

method result size
. . o 2cos(a+b\/ dx +c >+2 (a+b\/ dx +c ) sin(a,+b\/ dx +c )—2asin(a+b\/ dx +c )
derivativedivides I 61
2cos(a+b\/ dx +c >-|—2 (a-l—b\/ dx +c ) sin(a—i—b\/ dx +c )—Zasin(a—l—b\/ dx +c )
default 15 61

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/2)),x,method=_RETURNVERBOSE)

[Out] 2/d/b"2%(cos(a+b*x(d*x+c)~(1/2))+(a+bx(d*x+c)~(1/2))*sin(a+b*(d*x+c)~(1/2))-
a*sin(a+b* (dxx+c)~(1/2)))
Maxima [A]

time = 0.31, size = 60, normalized size = 1.11

2((\/Cmb+a)sin<\/cm12+a> —asin(mb—l-a) +COS<M()+CL>>
b%d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2)),x, algorithm="maxima")

[Out] 2*((sqrt(d*x + c)*b + a)*sin(sqrt(d*x + c)*b + a) - a*sin(sqrt(d*x + c)*b +
a) + cos(sqrt(d*x + c)*b + a))/(b~2%d)

Fricas [A]
time = 0.38, size = 42, normalized size = 0.78

2 (Mbsin (mb-i-a) + cos (\/cmb-i-a))
b%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+bx(d*x+c)~(1/2)),x, algorithm="fricas")

[Out] 2*(sqrt(d*x + c)*b*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))/(b~
2x%d)

Sympy [A]

time = 0.13, size = 65, normalized size = 1.20
z cos (a) forb=0A(b=0VvVd=0)
z cos (a+ b/c’) ford =0
2y/C + dx sin (a+b\/ c+ dx ) 2 cos (a+b\/ c+ dx )

otherwise

bd + b2d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/2)),x)

[Out] Piecewise((x*cos(a), Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x*cos(a + bxsqrt(c
)), Eq(d, 0)), (2*sqrt(c + d*x)*sin(a + bxsqrt(c + d*x))/(b*d) + 2*cos(a +
bxsqrt(c + d*x))/(bx*2*d), True))

Giac [A]

time = 0.50, size = 42, normalized size = 0.78

2 (Vdz +c'bsin (Vdz +cb+a) +cos (Vaz T+ cb+a))
b2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2)),x, algorithm="giac")

[Out] 2*(sqrt(d*x + c)*b*sin(sqrt(d*x + c)*b + a) + cos(sqrt(d*x + c)*b + a))/(b~
2%d)
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Mupad [B]
time = 0.34, size = 42, normalized size = 0.78

2(cos <a+bm> + b sin (a—l—b\/c—l-dx‘) \/c—l-dx‘)
b2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/2)),x)

[Out] (2*(cos(a + bx(c + d*x)~(1/2)) + b*sin(a + b*x(c + d*x)~(1/2))*(c + d*xx)~(1/
2)))/(b~2%d)
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cos (a—l—b Ve +dx )

X

3.93 |

Optimal. Leaf size=126

dx

cos (a — b\/g) CoslIntegral (b(x/g +Ve+dx ))—i—cos (a + b\/g) CoslIntegral (b\/g —bvVc+dr >—sin ((

[Out] Ci(bx(c~(1/2)+(d*x+c)~(1/2)))*cos(a-bxc~(1/2))+Ci(b*c~(1/2)-b*(d*x+c)~(1/2)
Y*cos(at+b*c”™(1/2))-Si(b*(c~(1/2)+(d*x+c)~(1/2)))*sin(a-b*c~(1/2))+Si(bxc~ (1
/2)-b*(d*x+c)~(1/2)) *sin(a+bxc~(1/2))

Rubi [A]
time = 0.16, antiderivative size = 126, normalized size of antiderivative = 1.00, number of

number of rules _ 0.222,

steps used = 8, number of rules used = 4, integrand size = 18, integrand size

Rules used = {3513, 3384, 3380, 3383}

cos (a — by/c') CosIntegral(b(m + ﬁ)) +cos (a+ bv/c') CosIntegral(b\/E - bm) —sin (a — by/c') Si(b(\/g + m)) +sin (a +by/c') Si(b\/g - bm)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*Sqrtlc + d*x]]/x,x]

[Out] Cos[a - b*Sqrt[c]]*CosIntegral[b*(Sqrt[c] + Sqrt[c + d*x])] + Cos[a + b*Sqr
t[c]]*CosIntegral [b*Sqrt[c] - b*Sqrt[c + d*x]] - Sin[a - b*Sqrt[c]]*SinInte

gral [bx(Sqrt[c] + Sqrtl[c + d*x])] + Sin[a + b*Sqrt[c]]*SinIntegral [b*Sqrt[c

1 - b*Sqrtlc + d*x]]

Rule 3380

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3513
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Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)]*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + bxCos[c + d*x])"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/£))"m, x],
x], x, (e + f*x)"nl, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps

__ dcos(a+bx) + d cos(a+bx) ) d(L‘,CL’, Ve+dz )

2Subst | [ <
/cos <a+b\/c—|—dx ) o ( 2(\/3—95) 2(\/E+x)
x d
B cos(a + bx) cos(a + bx)
= —SubSt( ﬂdx,x, Ve+dx ) +SUbSt< de,x,\/c_-i
= cos (a — by/c') Subst (/ cos (\b/}/i—;bz) dz,z,Vc+ dx > —cos (a +by/c')

= cos (@ — b\/c) Ci(b(ﬁ + m» + cos (a + by/c') Ci(b\/g —bvVe+

Mathematica [C] Result contains complex when optimal does not.
time = 0.70, size = 145, normalized size = 1.15

%e-i(”bﬁ)(Ei(—ib(—\/E + m)) +e2i<“+b~/?)Ei(ib(—\/E + m)) +eZib‘/ZEi(—ib(\/? + m)) +e2mEi(ib(\/E + m)))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*Sqrt[c + d*x]]/x,x]

[Out] (ExpIntegralEi[(-I)*b*(-Sqrt[c] + Sqrtlc + d*x])] + E~((2*I)*(a + b*Sqrtl[c]
))*ExpIntegralEi [I*¥b*(-Sqrt[c] + Sqrtlc + d*x])] + E~((2*I)*bxSqrt[c])*ExpI
ntegralEi [(-I)*bx(Sqrt[c] + Sqrtlc + d*x])] + E~((2%I)*a)*ExpIntegralEi[I*b
*(Sqrt[c] + Sqrtlc + d*x])]1)/(2+#E~(I*(a + b*Sqrtlc]l)))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 270 vs.
2(102) = 204.
time = 0.07, size = 271, normalized size = 2.15

method result

b(a+b\/€> (sinIntegral(b\/E—b\/ dr +c > sin <a+b\/€>+cosinelntegral (b Vdx +c¢ —b\/g> cos <a+b\/€>>
NG

derivativedivides
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b(a—i—b\/E) <sinIntegral<b\/E—b\/ dx + c > sin <a+b\/€)+cosine1ntegral (b Vdx + ¢ —bﬁ) cos <a+b\/g>>

Ve

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(at+b*(d*x+c)~(1/2))/x,x,method=_RETURNVERBOSE)

[Out] 2/b~2x(1/2*b* (a+b*c™(1/2))/c”(1/2)*(Si(b*c~(1/2)-b*(d*x+c) ~(1/2))*sin(a+b*c
~(1/2))+Ci (b* (d*x+c) ~(1/2)-b*xc~(1/2) )*cos (a+b*c~(1/2)))-1/2*b* (a-b*c~(1/2))
/c”(1/2) % (=81 (b* (d*x+c) ~(1/2)+b*c~(1/2) ) *sin(a-b*c~(1/2) ) +Ci (b* (d*x+c) ~(1/2
)+bxc~(1/2)) *cos(a-b*c~(1/2)))-b~2*xax(1/2/b/c”(1/2) *(Si(b*c~(1/2) -b* (d*x+c)
~(1/2))*sin(a+b*xc~(1/2) ) +Ci (b*(d*x+c) ~(1/2)-bxc~(1/2)) *cos(a+b*xc~(1/2)))-1/
2/b/c”(1/2) *(-Si(b* (d*x+c) "~ (1/2)+b*c~(1/2) ) *sin(a-b*xc~(1/2) ) +Ci (b* (d*x+c) ~(
1/2)+b*c~(1/2))*cos(a-b*c~(1/2)))))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x,x, algorithm="maxima")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x, x)
Fricas [C] Result contains complex when optimal does not.

time = 0.37, size = 149, normalized size = 1.18

%Ei(i Vdz +cb— Vb ) olimtvre) o %El(z Vdz +¢b+ V=t ) olie=v=re) 4 %Ei(—i Vdz +cb— vVt ) e(oioHVTE) %Ei(—i Vidz tcb+ vVt ) o(mia—v=re)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x,x, algorithm="fricas")

[Out] 1/2*%Ei(I*sqrt(d*x + c)*b - sqrt(-b~2*c))*e”(I*a + sqrt(-b~2xc)) + 1/2xEi(Ix
sqrt(d*x + c)*b + sqrt(-b~2xc))*e” (I*a - sqrt(-b~2*c)) + 1/2*Ei(-Ixsqrt(d*x

+ c)*b - sqrt(-b"2xc))*e”(-I*a + sqrt(-b~2xc)) + 1/2xEi(-I*sqrt(d*x + c)*b

+ sqrt(-b~2xc))*e~(-I*a - sqrt(-b~2x*c))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos<a+bm>

T

dz

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(cos(a+b*(d*x+c)**(1/2))/x,x)
[Out] Integral(cos(a + b*sqrt(c + d*x))/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(a+b*(d*x+c)~(1/2))/x,x, algorithm="giac")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

a—i—bm)

[

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(cos(a + b*(c + d*x)~(1/2))/x,x)
[Out] int(cos(a + b*x(c + d*x)~(1/2))/x, %)
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cos (a—l—b Ve +dx )

$2

3.94 | dx

Optimal. Leaf size=184

cos (a +bVe+dz ) bdCosIntegral (b(ﬁ +Ve+dz )) sin (a —by/c ) bdCosIntegral (b\/g — bV

T - 24/c 2v/c

[Out] -cos(at+bx(d*x+c)~(1/2))/x+1/2*b*d*cos(a-b*xc~(1/2))*Si(b*(c~(1/2)+(d*x+c) (1
/2)))/c”(1/2)+1/2xb*xd*cos (a+b*xc™ (1/2) ) *Si(bxc™ (1/2)-bx(d*x+c)~(1/2))/c~(1/2
)+1/2xb*d*Ci (b* (¢~ (1/2)+(d*x+c)~(1/2)))*sin(a-b*c~(1/2))/c~(1/2)-1/2*b*d*Ci
(bxc~(1/2)-bx(d*x+c)~(1/2))*sin(a+b*c~(1/2))/c~(1/2)

Rubi [A]
time = 0.25, antiderivative size = 184, normalized size of antiderivative = 1.00, number of

number of rules _ ) 333
' integrand size ’

steps used = 10, number of rules used = 6, integrand size = 18
Rules used = {3513, 3423, 3414, 3384, 3380, 3383}

bdsin (a — by/c') CosIntegral(b(Vc+dz + ﬁ)) bdsin (a +by/c') CosIntegral(b\/E —bVe+dz ) bd cos (a — by/c) Si(b(ﬁ +Ve+dz )) bd cos (a+by/c) Si(b\/F, —bVe+dz ) cos (a+ bVe+dx )
_ + + _
2Vc 2v/c 2¢/c 2y/c’ z

Antiderivative was successfully verified.
[In] Int[Cos[a + b*Sqrtlc + d*x]]/x"2,x]

[Out] -(Cos[a + b*Sqrt[c + d*x]]/x) + (bxd*CosIntegral [b*(Sqrt[c] + Sqrtlc + d*x]
)I1*Sin[a - b*Sqrt[cl])/(2*Sqrtlc]) - (b*d*xCosIntegral [b*Sqrt[c] - b*Sqrtlc

+ d*x]]1*Sin[a + b*Sqrtlc]])/(2*Sqrtlc]) + (b*d*Cos[a - b*Sqrt[c]]*SinIntegr
al[bx(Sqrtlc] + Sqrtlc + d*x])])/(2*Sqrtlc]) + (b*d*Cos[a + b*Sqrt[c]]*SinI
ntegral [b*Sqrt[c] - bxSqrtlc + d*x]])/(2*Sqrt([cl)

Rule 3380

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (£f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[c*(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Coslcx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3414

Int[((a_) + (b_)*x_ )" (@ )) " (p_)*Sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Int
[ExpandIntegrand[Sin[c + d*x], (a + b*x™n)”p, x], x] /; FreeQ[{a, b, c, d},
x] && ILtQ[p, 0] && IGtQ[n, 0] && (EqQn, 2] || EqQlp, -11)

Rule 3423

Int[Cos[(c_.) + (d_.)*(x_)]1*((e_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_)) " (p_
), x_Symbol] :> Simp[e"m*(a + b*x"n)~(p + 1)*(Cos[c + d*x]/(b*nx(p + 1))),
x] + Dist[d*(e"m/(b*nx(p + 1))), Int[(a + b*x"n)~(p + 1)*Sin[c + d=*x], x],
x] /; FreeQ[{a, b, c, d, e, m, n}, x] && ILtQ[p, -1] &% EqQ[m, n - 1] && (I
ntegerQ[n] || GtQ[e, 0])

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)I*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])~"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/£f))"m, x],
x], x, (e + f*x)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQlp,
0] && IntegerQ[1/n]

Rubi steps
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28ubst<f%a+bwgdx,x, Ve+dx >

/ cos (a + bvec+dx ) o <_5+§>
x? N d
cos (a +bVe+dx ) sin(a + bz)
=— — bSubst /—de,x,\/c-}—dx
: ( —5+% )
__cos(a+bvc+dx>  bSubst / _ _dsin(a+bz)  dsin(a + bz)
- z e ove (Ve —1)  2ve (Ve +x
cos (a +bm) (bd)Subst ( fsil/(%—*'_b‘jdx,m, \/c+dac) (bd)Suk:
=- + +
T 2\/3
sin(b\/g+bz)
cos (a+bm> (bd cos (a — by/c)) Subst dex,x,\
=- +
T 24/c
cos (a—l—b\/c-l—dx) dei(b(ﬁ—l—x/c—l-dw ))sin(a—b\/g) bdC
= — + —_
T 2v/c

Mathematica [C] Result contains complex when optimal does not.
time = 1.23, size = 240, normalized size = 1.30

i(e”"(%ﬁe"”m - bds"bﬁin<—ib(—\/E + m)) + bde‘b\/rin<—ib(\/Z + m))) + ¢ila=bvE) (2i\/Ee'b<ﬁ+W? +bde"b\/rin<ib<—\/Z + m)) - bdin(ib(\/E + m))))
4/c'z

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*Sqrt[c + d*x]]/x"2,x]

[Out] ((I/4)*((((2*I)*Sqrt[c])/E~(I*bxSqrtlc + d*x]) - (bxd*x*ExpIntegralEi[(-I)=*
b*x(-Sqrt[c] + Sqrtlc + d*x])])/E~(I*b*Sqrtlc]) + bxd*E~(I*b*Sqrt[c])*x*ExpI
ntegralEi [(-I)*bx(Sqrt[c] + Sqrtlc + d*x])])/E~(I*a) + E~(I*(a - b*Sqrt[cl)
)*((2*I)*Sqrt [c]*E~ (I*xb*(Sqrt[c] + Sqrtlc + d*x])) + b*d*E~((2*I)*b*Sqrt[c]
)*x*xExpIntegralEi [Ixbx(-Sqrt[c] + Sqrtl[c + d*x])] - bxd*x*ExpIntegralEi[I*b
*(Sqrt[c] + Sqrtlc + d*x])]1)))/(Sqrtlc]*x)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 713 vs.
2(142) = 284.
time = 0.08, size = 714, normalized size = 3.88

’ method \ result
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— v2a a+b\/m 2(_op2ia?
o (aer de+c ) - ( % ) +b ( zbc - )) ba <sinlntegral (b\/E—b\/ dr + c ) sin <a+b\/

—cb24a2-2 <a+b\/ dx +c >a+<a+b\/ dxr +c )2

2d

derivativedivides
v2a a+b\/m 2(_op2aa2
cos <a+b\/ dr +c ) - < s ) L2 ( zbc +a?) - <Sin1ntegral (,,\/E_b e )Sin <a+bv
“ —cb24a2-2 <a+b\/ dz + ¢ )a+ (a+b\/ dz + ¢ >2 B
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] 2*d/b~2*x(cos(a+b*(d*x+c)~(1/2))*(-1/2xb~2*a/c* (a+b* (d*xx+c) ~(1/2))+1/2*xb~2%(
-b~2xc+a"2) /c) /(—cxb~2+a"2-2x (a+b* (d*x+c) ~(1/2) ) *a+(a+bx (d*x+c)~(1/2))"2)-1
/4xb*a/c” (3/2) *(Si(b*c~(1/2)-b* (d*x+c)~(1/2)) *sin(a+b*xc”(1/2))+Ci (b* (d*x+c)
~(1/2)-b*c~(1/2) ) *cos(a+b*c”~(1/2)))+1/4%b*a/c” (3/2) * (-Si (b* (d*x+c) ~(1/2) +b*
c~(1/2))*sin(a-b*c~(1/2) ) +Ci (b* (d*x+c) ~(1/2)+b*c~ (1/2) ) *cos (a-b*xc~(1/2)))+1
/4%b* (-cxb~2+a"2- (a+b*c~(1/2))*a) /c~(3/2) *(-Si(b*c~ (1/2) -b* (d*x+c) ~(1/2) ) *c
os(a+bxc™(1/2))+Ci(b*x(d*x+c)~(1/2)-b*c~(1/2)) *sin(a+b*xc”(1/2)))-1/4*b* (-c*b
~2+a”2-(a-b*c~(1/2))*a)/c~(3/2) *(Si (b* (d*x+c) ~(1/2)+b*c~(1/2) ) *cos (a-b*c~ (1
/2))+Ci(b*(d*x+c)~(1/2)+b*c~(1/2)) *sin(a-b*c~(1/2)))-a*xb~4* (cos (a+b* (d*x+c)
~(1/2))*(-1/2/c/b~ 2% (a+b* (d*x+c) ~(1/2) )+1/2*a/c/b"2) / (-c*b~2+a~2-2* (a+b* (d*
x+c) " (1/2)) *a+ (a+bx (d*x+c) ~(1/2))"2)-1/4/c~(3/2) /b~3* (Si (b*c™ (1/2) -b* (d*x+c
)~ (1/2))*sin(a+b*c™(1/2))+Ci (b* (d*x+c) ~(1/2)-b*xc~(1/2) ) *cos(a+b*c~(1/2)))+1
/4/c”(3/2) /b7 3% (-Si (b* (d*x+c) " (1/2)+bxc” (1/2) ) *sin(a-b*c~(1/2) ) +Ci (b* (d*x+c
)~ (1/2)+b*xc~(1/2)) *cos(a-b*c~(1/2)))-1/4/c/b~2x (-Si(b*c~(1/2) -b* (d*x+c) ~(1/
2))*cos(a+bxc™(1/2))+Ci (b* (d*x+c) ~(1/2)-bxc~(1/2) ) *sin(a+b*c~(1/2)))-1/4/c/
b~2x (Si (b (d*x+c) ~(1/2)+bxc~ (1/2) ) *cos (a-b*c~(1/2) ) +Ci (bx (d*x+c) ~(1/2) +bxc~
(1/2))*sin(a-b*c~(1/2)))))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x"2,x, algorithm="maxima")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x"2, x)
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Fricas [C] Result contains complex when optimal does not.
time = 0.40, size = 210, normalized size = 1.14

VR doEi(i VAo e b — V) eli+v) _ g dafi(i Viz ¥ b+ VIC ) ) 7 dafi(~i Vs T ¢'b - V=EC) (V) _ e dai(—i Az ¢ b+ VTEC) Y _gccos (VazFcb+a)

dex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(atbx(d*x+c)~(1/2))/x72,x, algorithm="fricas")

[Out] 1/4*(sqrt(-b~2*c)*d*x*Ei(I*sqrt(d*x + c)*b - sqrt(-b~2xc))*e”(I*a + sqrt(-b
~2xc)) - sqrt(-b~2*c)*d*x*Ei(I*sqrt(d*x + c)*b + sqrt(-b~2*c))*e~(I*a - sqr
t(-b~2%c)) + sqrt(-b~2*c)*d*x*Ei(-I*sqrt(d*x + c)*b - sqrt(-b~2*c))*e” (-I*a

+ sqrt(-b~"2xc)) - sqrt(-b~2xc)*d*x*Ei(-I*sqrt(d*x + c)*b + sqrt(-b~2x*c))*e
“(-I*a - sqrt(-b~2%c)) - 4*c*cos(sqrt(d*x + c)*b + a))/(c*x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos<a+bm>

dz
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/2))/x**2,x)
[Out] Integral(cos(a + b*sqrt(c + d*x))/x**2, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/2))/x"2,x, algorithm="giac")
[Out] integrate(cos(sqrt(d*x + c)*b + a)/x~2, x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/cos (a—i—bm)

dz
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/2))/x"2,x)
[Out] int(cos(a + b*x(c + d*x)~(1/2))/x"2, %)
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3.95 [z%cos (a+bve+dz ) dz

Optimal. Leaf size=537
720c cos (a + bV + dx ) 120960v/c + dz cos <a +bvVe+dx ) 6¢2v/c + dx cos (a +bvVe+ dx ) 3

bsd3 b8 d? b2d?

[Out] -720*c*cos(a+b*(d*x+c)~(1/3))/b"6/d"3-120960* (d*x+c) ~(1/3) *cos (a+b* (d*x+c)~
(1/3))/178/d"3+6*c™2* (d*x+c) ~(1/3) *cos (a+b* (d*x+c) ~(1/3) ) /b~2/d~3+360*c* (d*
x+c) " (2/3) *cos (a+b* (d*x+c) ~(1/3))/b~4/d"3+20160* (d*x+c) *cos (a+b* (d*x+c) ~(1/
3))/b"6/d"3-30*c* (d*x+c) "~ (4/3) *cos (a+b* (d*x+c) ~(1/3))/b"2/d"3-1008* (d*x+c)~
(5/3)*cos (a+b* (d*x+c) ~(1/3))/b~4/d"3+24* (d*x+c) ~(7/3) *cos (a+b* (d*x+c) ~(1/3)
)/172/d"3+120960*sin (a+b* (d*x+c) ~(1/3))/b~9/d"3-6*c~2*sin(a+b* (d*x+c)~(1/3)
)/b~3/d"3-720%c* (d*x+c) ~(1/3) *sin(a+b* (d*x+c)~(1/3))/b~5/d"3-60480* (d*x+c) ~
(2/3)*sin(a+b* (d*x+c)~(1/3)) /b~7/d"3+3*c~2* (d*x+c) ~(2/3) *sin (a+b* (d*x+c) ~ (1
/3))/b/d"3+120*c* (d*x+c) *sin(a+b* (d*x+c)~(1/3))/b~3/d~3+5040* (d*x+c) ~ (4/3) *
sin(a+b*(d*x+c) ~(1/3))/b~5/d"3-6*c* (d*x+c) ~(5/3) *sin(a+b* (d*x+c)~(1/3))/b/d
~3-168* (d*x+c) "2*sin(a+b* (d*x+c) ~(1/3)) /b~3/d"3+3* (d*x+c) ~(8/3) *sin (a+b* (d*
x+c)~(1/3))/b/d"3

Rubi [A]
time = 0.36, antiderivative size = 537, normalized size of antiderivative = 1.00, number of

number of rules _ (j 999
' integrand size ’

steps used = 20, number of rules used = 4, integrand size = 18
Rules used = {3513, 3377, 2717, 2718}

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + bx(c + d*x)~(1/3)],x]

[Out] (-720*cxCos[a + bx(c + d*x)~(1/3)])/(b"6*%d"3) - (120960*(c + d*x)~(1/3)*Cos
[a + bx(c + d*x)~(1/3)]1)/(1"8%d"3) + (6*c™2x(c + d*x)~(1/3)*Cos[a + b*x(c +
d*x)~(1/3)1)/(b"2%d~3) + (360*c*x(c + d*x)~(2/3)*Cos[a + bx(c + d*x)~(1/3)])
/(b~4xd~3) + (20160*(c + d*x)*Cos[a + b*(c + d*x)~(1/3)]1)/(b~6%d~3) - (30*c
*(c + d*x)~(4/3)*Cos[a + bx(c + d*x)~(1/3)]1)/(b"2*d"3) - (1008*(c + d*x)~(5
/3)*Cos[a + bx(c + d*x)~(1/3)]1)/(b~4%d"~3) + (24x(c + d*x)~(7/3)*Cos[a + bx*(
c + d*x)~(1/3)]1)/("2*xd"3) + (120960*Sin[a + bx(c + d*x)~(1/3)]1)/(b~9%d"3)
- (6xc”2*Sin[a + bx(c + d*x)~(1/3)]1)/(b~3*d"3) - (720*c*(c + d*x)~(1/3)*Sin
[a + bx(c + d*x)~(1/3)]1)/(b"5%d"3) - (60480*(c + d*x)~(2/3)*Sin[a + bx(c +
d*x)~(1/3)1) /(" 7*d"3) + (3*c™2x(c + d*x)~(2/3)*Sin[a + b*(c + d*x)~(1/3)])
/(b*d~3) + (120*c*x(c + d*x)*Sin[a + b*(c + d*x)~(1/3)]1)/(b~3*%d"3) + (5040%(
c + dxx)~(4/3)*Sin[a + bx(c + d*x)~(1/3)]1)/(b~5%d"3) - (6xc*(c + d*x)~(5/3)
*Sin[a + b*(c + d*x)~(1/3)]1)/(b*d"3) - (168*(c + d*x)~2*Sin[a + b*(c + d*x)
~(1/3)1)/(~3*%d"3) + (3*(c + d*x)~(8/3)*Sin[a + bx(c + d*x)~(1/3)]1)/(b*d"3)
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Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(n_)]*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + bxCos[c + d*x])"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/£))"m, x],
x], x, (e + f*x)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps



/xzcos(a+bm> dr =
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3Subst <f <02x2 cos(a+bx)  2ca® cc;2(a+bz) + x8 coid(2a+bx)> d.’E, T, m)

d2

d
3Subst ( [ 28 cos(a + bz) dz, z, Ve + dz ) (6¢)Subst ( | x° cos(a + bz) da
- d3 - &3
3c%(c + dx)?3sin (a +bVc+ dx ) 6¢(c + dx)®3 sin <a +bVc+dx )
- ba? - b !
6c2v/c + dx cos <a +bVe+dx ) 30c(c + dx)*/3 cos <a +bVe+dx )
- B - PP N
6c*Vc+dz cos (a +bVe+dx ) 30c(c + dx)*/3 cos <a +bVc+dx )
- B PP N
6c*Vc+dz cos <a +bVe+dz ) 360c(c + dz)?/3 cos (a +bVe+dx )
B b2 bid
6c*Vc+dz cos (a +bVe+dz ) 360c(c + dz)?/? cos (a +bVe+dz )
B b2 b
720c cos (a +bVc+dx ) 6c2Vc+ dz cos (a +bVc+dx ) 360c(c
B bod3 * b2d? -
72OCCOS <a+b\/c+dm ) Ve + dz cos <a+b\/c+dx ) 360c(c
b8d3 b2d3 +
7200 cos (a +bvc+dx > 120960+v/c + dz cos (a +bvc+dx > 6¢?
¥ PP T
720c cos (a +bvc+dx ) 120960+v/¢ + dz cos (a +bvc+dx ) 6¢?
- ¥ Pl T

Mathematica [C] Result contains complex when optimal does not.

time = 1.04, size = 382, normalized size = 0.71

zzzzz

Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + bx(c + d*x)~(1/3)],x]

[Out] (3*((-40320*I)*(-1 + E~((2*I)*(a + b*(c + d*x)~(1/3)))) - 40320%b*x(1 + E~((
2%I)*(a + bx(c + d*x)~(1/3))))*(c + d*x)~(1/3) + (20160*I)*b~2*%(-1 + E~((2*
I)*(a + bx(c + d*x)~(1/3))))*(c + d*x)~(2/3) - I*b"8*d"2x(-1 + E~((2*I)*(a
+ b*x(c + d*x)~(1/3))))*x"2%(c + d*x)~(2/3) + 2*b~7*d*(1 + E~((2*xI)*(a + b*(
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c + d*x)~(1/3))))*x*x(c + d*x)~(1/3)*(3*c + 4*d*x) - (240*I)*b~4x(-1 + E~((2
*I)*(a + bx(c + d*x)~(1/3))))*(c + d*x)~(1/3)*(6*%c + 7xd*x) - 24*%b"5%(1 + E
“((2xI)*(a + bx(c + d*x)~(1/3))))*(c + d*x)~(2/3)*(9%c + 14xd*x) + 240%b~3*
(1 + EE((2xI)*(a + bx(c + d*x)~(1/3))))*(27*c + 28*d*x) + (2*I)*b~6x(-1 + E
“((2*%I)*(a + bx(c + d*x)~(1/3))))*(9%c™2 + 36*ckd*x + 28*xd"2%x"2)) )/ (2%b~ 9%
d"3*E~(I*(a + bx(c + d*x)~(1/3))))

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1808 vs.
2(477) = 954.
time = 0.06, size = 1809, normalized size = 3.37

method result size
derivativedivides | Expression too large to display | 1809

default Expression too large to display | 1809

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a+b*(d*x+c)~(1/3)),x,method=_RETURNVERBOSE)

[Out] 3/d"3/b~3*(a~2*c~2*sin(a+b*(d*x+c) ~(1/3))-2xa*xc™2* (cos (a+b* (d*x+c) ~(1/3))+(
a+bx (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c) ~(1/3)))+c”2* ((a+bx(d*x+c)~(1/3)) "2*sin(a
+b* (d*x+c) ~(1/3)) -2*sin (a+b* (d*x+c) ~(1/3) ) +2x (a+b* (d*x+c) ~(1/3) ) *cos (a+b* (d
*x+c) ~(1/3)))+2/b"3%a~5*c*xsin(a+b* (d*x+c) ~(1/3))-10/b~3*a~4*cx (cos (a+b* (d*x
+c)~(1/3))+(a+b* (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c) ~(1/3)))+20/b"3*a~3*c* ((a+b* (
d*x+c)~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))-2*sin(a+b* (d*x+c) ~(1/3) ) +2* (a+b* (d*x
+c)~(1/3)) *cos (a+bx(d*x+c) ~(1/3)))-20/b"3*a~2*c* ((a+bx (d*x+c) ~(1/3)) ~3*sin(
a+b* (d*x+c) ~(1/3) ) +3* (a+b* (d*x+c) ~(1/3)) "2*cos (a+b* (d*x+c) ~(1/3) ) -6*cos(a+b
* (d*xx+c)~(1/3))-6*(a+b* (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c)~(1/3)))+10/b~3*a*xc* ((
a+b* (d*x+c) ~(1/3)) “4xsin(a+b* (d*x+c) ~(1/3) ) +4*x (a+b* (d*x+c) ~(1/3)) ~3*cos(a+b
* (d*xx+c) " (1/3))-12* (a+b* (d*x+c) ~(1/3) ) "2*sin(a+b* (d*x+c) ~(1/3) ) +24*sin(a+bx*
(d*x+c)~(1/3))-24% (a+b* (d*x+c) ~(1/3) ) *cos (a+b* (d*x+c)~(1/3)))-2/b~3*c*((a+b
* (d*x+c) " (1/3)) "5*sin(a+b*x (d*x+c) ~(1/3) ) +5* (a+b* (d*x+c) ~(1/3)) “4*cos (a+b*(d
xx+c) " (1/3))-20* (a+b* (d*x+c) ~(1/3)) "3*sin(a+b* (d*x+c) ~(1/3) ) -60* (a+b* (d*x+c
)~ (1/3)) " 2*cos(a+b* (d*x+c) ~(1/3))+120*cos (a+b* (d*x+c) ~(1/3) ) +120* (a+b* (d*x+
c)~(1/3)) *sin(a+b* (d*x+c)~(1/3)))+1/b"6*a"~8*sin(a+b*x (d*x+c) ~(1/3))-8/b"6*a"
7+ (cos (a+b* (d*x+c) ~(1/3) )+ (a+bx(d*x+c) ~(1/3)) *sin(a+b* (d*x+c)~(1/3)))+28/b~
6*a~6* ((a+b*x (d*x+c)~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))-2*sin(a+b* (d*x+c) ~(1/3)
)+2% (a+b* (d*x+c) ~(1/3) ) *cos (atb* (d*x+c) ~(1/3)) ) -56/b~6*a~5* ((a+b* (d*x+c) ~ (1
/3)) "3*sin(a+b*x (d*x+c) ~(1/3))+3* (a+b* (d*x+c) ~(1/3)) “2xcos (a+b* (d*x+c) ~(1/3)
)—6*cos (a+b*x (d*x+c) ~(1/3))-6* (a+b* (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c) ~(1/3)))+70
/b~ 6xa”~4x* ((a+b* (d*x+c) ~(1/3)) “4*xsin(a+b*x (d*x+c) ~(1/3))+4* (a+b* (d*x+c) ~(1/3)
) "3*cos (a+b* (d*x+c) " (1/3) ) -12* (a+b* (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c)~(1/3) )+
24*sin(a+b*x (d*x+c) ~(1/3))-24* (a+b* (d*x+c) ~(1/3) ) *cos (a+b* (d*x+c) ~(1/3)))-56
/b~ 6%a"~3*%((a+b*x (d*x+c) ~(1/3)) “5*sin(a+b* (d*x+c) ~(1/3))+5* (a+b* (d*x+c) ~(1/3)
) “4xcos (a+b* (d*x+c) ~(1/3))-20* (a+b* (d*x+c) ~(1/3)) “3*sin(a+b* (d*x+c) ~(1/3))-
60* (a+b* (d*x+c) ~(1/3)) "2*cos (a+b* (d*x+c) ~(1/3) ) +120*cos (a+b* (d*x+c) ~(1/3) ) +



420

120%* (a+b* (d*x+c) ~(1/3) ) *sin(a+b* (d*x+c) ~(1/3)))+28/b"6*a~2*x ((a+b* (d*x+c) ~ (1
/3)) " 6xsin(a+b* (d*x+c) ~(1/3))+6* (a+b* (d*x+c) ~(1/3)) “5*cos (a+b* (d*x+c) ~(1/3)
)-30* (a+b* (d*x+c) ~(1/3)) “4*xsin(a+b* (d*x+c) ~(1/3))-120* (a+b* (d*x+c) ~(1/3))"3
*cos (a+b* (d*x+c) ~(1/3) ) +360* (a+b* (d*x+c) ~(1/3)) ~"2*sin(a+b* (d*x+c)~(1/3))-72
O*sin(a+b* (d*x+c) ~(1/3))+720* (a+b* (d*x+c) ~(1/3) ) *cos (a+b* (d*x+c)~(1/3)))-8/
b~6xax ((a+b* (d*x+c) ~(1/3)) ~7*xsin(a+b* (d*x+c) ~(1/3))+7*(a+b* (d*x+c)~(1/3))"6
*cos (a+b* (d*x+c) ~(1/3) ) -42*x (a+b* (d*x+c) ~(1/3) ) “5*sin(a+b* (d*x+c) ~(1/3))-210
* (a+b* (d*x+c) ~(1/3)) “4*cos (a+b* (d*x+c) ~(1/3) ) +840* (a+b* (d*x+c) ~(1/3)) "3*sin
(at+b* (d*x+c) ~(1/3))+2520* (a+b* (d*x+c) ~(1/3) ) "2*cos (a+b* (d*x+c) ~(1/3) ) -5040%
cos (a+b* (d*x+c) ~(1/3))-5040* (a+b* (d*x+c) ~(1/3) ) *sin(a+b*(d*x+c)~(1/3)))+1/b
6% ((a+b* (d*x+c) ~(1/3)) "8*sin(a+b* (d*x+c) ~(1/3)) +8*x (a+b* (d*x+c)~(1/3)) “T*co
s(a+b*x (d*x+c)~(1/3))-56%* (a+b* (d*x+c)~(1/3)) "6*sin(a+b* (d*x+c)~(1/3))-336*(a
+b* (d*x+c) " (1/3) ) “5*cos (a+b* (d*x+c) ~(1/3) ) +1680* (a+b* (d*x+c) ~(1/3)) “4*sin(a
+b* (d*x+c) ~(1/3) ) +6720* (a+b* (d*x+c) ~(1/3) ) "3*cos (a+b* (d*x+c) ~(1/3))-20160*(
a+bx (d*x+c) ~(1/3) ) "2*sin(a+b*(d*x+c) ~(1/3))+40320*sin (a+b* (d*x+c)~(1/3))-40
320* (at+b* (d*x+c) ~(1/3) ) *cos (a+b* (d*x+c) ~(1/3))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 1349 vs.
2(477) = 954.
time = 0.34, size = 1349, normalized size = 2.51

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(a+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] 3*(a"2*xc™2*sin((d*x + c)~(1/3)*b + a) - 2*x(((d*x + c)~(1/3)*b + a)*sin((d*x
+ ¢c)"(1/3)*b + a) + cos((d*x + c)~(1/3)*b + a))*a*c™2 + 2*a~5*c*sin((d*x +
c)”~(1/3)*%b + a)/b"3 - 10x(((d*x + c)~(1/3)*b + a)*sin((d*x + c)~(1/3)*b +
a) + cos((dxx + c)~(1/3)*b + a))*a~4*c/b~3 + (2x((d*x + ¢c)~(1/3)*b + a)*cos
((d*x + ¢)~(1/3)*b + a) + (((d*x + c)~(1/3)*%b + a)~2 - 2)*sin((d*x + c)~(1/
3)*b + a))*c™2 + a"8xsin((d*x + c)~(1/3)*b + a)/b"6 - 8x(((d*x + c)~(1/3)*b
+ a)*sin((d*x + ¢)~(1/3)*b + a) + cos((d*x + ¢c)~(1/3)*b + a))*a~7/b"6 + 20
*(2%((d*x + ¢c)~(1/3)*b + a)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*
b + a)”2 - 2)*sin((d*x + ¢c)~(1/3)*b + a))*a~3*c/b"3 + 28*x(2x((d*x + c)~(1/3
)*b + a)*cos((d*x + c)~(1/3)*%b + a) + (((d*x + ¢c)~(1/3)*b + a)~2 - 2)*sin((
d*x + ¢c)~(1/3)*b + a))*a"6/b"6 - 20*x(3*x(((d*x + ¢c)~(1/3)*b + a)~2 - 2)*cos(
(d*x + c)~(1/3)*b + a) + (((d*x + c)~(1/3)*b + a)~3 - 6x(d*x + c)~(1/3)*b -
6*xa)*sin((d*x + c)~(1/3)*b + a))*a"2*xc/b~3 - 56*x(3*x(((d*x + c)~(1/3)*b + a
)72 - 2)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~3 - 6%x(d*x +
c)~(1/3)*b - 6*xa)*sin((d*x + c)~(1/3)*b + a))*a~5/b"6 + 10*x(4*x(((d*x + c)~
(1/3)*b + a)~3 - 6%(d*x + c)~(1/3)*b - 6*a)*cos((d*x + c)~(1/3)*b + a) + ((
(d*x + )~ (1/3)*b + a)~4 - 12*x((d*x + c)~(1/3)*b + a)~2 + 24)*sin((d*x + c)
~(1/3)*b + a))*axc/b~3 + TOx(4*(((d*x + ¢c)~(1/3)*b + a)~3 - 6*(d*x + c)~(1/
3)*b - 6*a)*cos((d*x + c)~(1/3)*b + a) + (((d*x + c)~(1/3)*b + a)~4 - 12*x((
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dxx + ¢c)~(1/3)*%b + a)~2 + 24)*sin((d*x + c)~(1/3)*b + a))*a~4/b"6 - 2x(5x((
(d*x + ¢c)~(1/3)*b + a)~4 - 12%((d*x + c)~(1/3)*b + a)~2 + 24)*cos((d*x + c)
“(1/3)*%b + a) + (((d*x + c)~(1/3)*b + a)~5 - 20*x((d*x + ¢c)~(1/3)*b + a)~3 +
120*(d*x + ¢)~(1/3)*b + 120*a)*sin((d*x + c)~(1/3)*b + a))*c/b~3 - 56 (5x(
((d*x + ¢c)~(1/3)*b + a)~4 - 12+%((d*x + c)~(1/3)*b + a)~2 + 24)*cos((d*x + ¢
)" (1/3)*%b + a) + (((d*x + ¢c)~(1/3)*b + a)~5 - 20%((d*x + ¢c)~(1/3)*b + a)~3
+ 120%(d*x + c)~(1/3)*b + 120*a)*sin((d*x + c)~(1/3)*b + a))*a~3/b"6 + 28%(
6x(((d*x + c)~(1/3)*b + a)~5 - 20%((d*x + c)~(1/3)*b + a)~3 + 120*(d*x + c)
~(1/3)*b + 120*a)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)"6 -
30*%((d*x + c)~(1/3)*b + a)~4 + 360*%((d*x + c)~(1/3)*b + a)~2 - 720)*sin((d
*x + ¢c)”"(1/3)*b + a))*a~2/b"6 - 8% (7x(((d*x + ¢c)~(1/3)*b + a)~6 - 30*((d*x
+ ¢)”(1/3)*b + a)~4 + 360*%((d*x + c)~(1/3)*b + a)~2 - 720)*cos((d*x + c)~(1
/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~7 - 42%((d*x + c)~(1/3)*b + a)"5 + 84
0*x((d*x + ¢c)~(1/3)*b + a)~3 - 5040*(d*x + c)~(1/3)*b - 5040%*a)*sin((d*x + c
)" (1/3)*%b + a))*a/b~6 + (8x(((d*x + c)~(1/3)*b + a)~7 - 42*%((d*x + c)~(1/3)
*b + a)”5 + 840*((d*x + c)~(1/3)*b + a)~3 - 5040*(d*x + c)~(1/3)*b - 5040*a
Y*xcos((d*x + ¢c)~(1/3)*b + a) + (((d*x + ¢c)~(1/3)*b + a)~8 - 56*%((d*x + c)~(
1/3)*%b + a)~6 + 1680*((d*x + c)~(1/3)*b + a)~4 - 20160*((d*x + c)~(1/3)*b +
a)~2 + 40320)*sin((d*x + c)~(1/3)*b + a))/b~6)/(b~3%d"3)

Fricas [A]
time = 0.39, size = 182, normalized size = 0.34

3 (2 (3360 8%z + 32408 — 12 (14¥°dz + 98°¢)(do + ) + (4V7cPa + 3V edw — 201600)(do + ) cos ((d:n +0)%b+a) = (560°d” + T2lPeds + 185°C — (FdPa® — 20160 17)(da + ) — 240 (7b'da + 6b'c) (dz +)F — 40320) sin ((d:p +o)tb+ n))
G

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(a+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] 3*(2*%(3360*%b~3*d*x + 3240*b~3*c - 12*x(14*b~5*d*x + 9*b~5xc)*(d*x + c)~(2/3)
+ (4*b"7*d"2%x"2 + 3*%b~T*ckd*x - 20160*b)*(d*x + c)~(1/3))*cos((d*x + c)~(
1/3)*%b + a) - (56%b"6*d"2*x"2 + 72*b~6*c*d*x + 18%b~6*c”2 - (b~8*xd"2*x"2 -
20160*b~2) *(d*x + c)~(2/3) - 240*%(7*b~4xd*x + 6%b~4*xc)*(d*x + c)~(1/3) - 40
320)*sin((d*x + c)~(1/3)*b + a))/(b~"9%d"3)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/zzcos (a+bm)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(a+bx(d*x+c)**(1/3)),x)
[Out] Integral(x**2*cos(a + b*(c + d*x)**(1/3)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 1104 vs.
2(477) = 954.
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time = 0.42, size = 1104, normalized size = 2.06

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] 3*(2x(((d*x + c)~(1/3)*b + a)*b~6*%c~2 — a*b”6*%c”2 - 5x((d*x + c)~(1/3)*b +
a)~4xb~3*%c + 20%((d*x + c)~(1/3)*b + a) " 3*axb”3xc - 30*((d*x + c)~(1/3)*b +
a) "2xa"2xb~3*c + 20*%((d*x + c)~(1/3)*b + a)*a~3*b~3*kc - 5*a~4*b~3*c + 4*((
d*x + c)~(1/3)*%b + a)”7 - 28+x((d*x + c)~(1/3)*b + a)~6*xa + 84*((d*x + c)~(1
/3)*b + a)~5*a”2 - 140*%((d*x + c)~(1/3)*b + a)~4*a~3 + 140*((d*x + c)~(1/3)
*b + a)”3*a"4 - 84x((d*x + c)~(1/3)*b + a)~2*a"5 + 28x((d*x + ¢c)~(1/3)*b +
a)*¥a”"6 - 4xa”7 + 60*%((d*x + c)~(1/3)*b + a)~2*b~3*xc - 120*((d*x + c)~(1/3)*
b + a)*a*b~3*%c + 60*a~2*b~3*%c - 168*((d*x + c)~(1/3)*b + a)~5 + 840*((d*x +
c)~(1/3)*%b + a)~4*a - 1680*((d*x + c)~(1/3)*b + a)~3*a"2 + 1680*((d*x + c)
~(1/3)*b + a)~2*xa”"3 - 840*((d*x + ¢c)~(1/3)*b + a)*a~4 + 168*a~5 - 120%b~3*c
+ 3360%((d*x + c)~(1/3)%b + a)~3 - 10080*((d*x + c)~(1/3)*b + a)~2*a + 100
80 ((d*x + c)~(1/3)*b + a)*a~2 - 3360*a~3 - 20160*(d*x + c)~(1/3)*b)*cos((d
*x + c)~(1/3)*%b + a)/(b"8xd"2) + (((d*x + c)~(1/3)*b + a)~2*b~6*c™2 - 2x((d
*x + ¢c)”"(1/3)*b + a)*a*b~6xc”2 + a~2xb"6xc”2 - 2x((d*x + c)~(1/3)*b + a) ~5bx*
b"3*%c + 10*x((d*x + c)~(1/3)*b + a) 4*a*b~3*c — 20%((d*x + c)~(1/3)*b + a)~3
*a"2xb"3*%c + 20%x((d*x + c)~(1/3)*b + a)~2*a"3*%b~3*c - 10*%((d*x + c)~(1/3)*b
+ a)*a~4xb~3%c + 2*xa~5xb~3%c + ((d*x + c)~(1/3)*b + a)~8 - 8*x((d*x + c)~(1
/3)%b + a)~7T*a + 28%((d*x + c)~(1/3)*b + a) 6*a~2 - 56x((d*x + c)~(1/3)*b +
a)~5*%a”~3 + 70x((d*x + c)~(1/3)*b + a)~4*a~4 - 56x((d*x + c)~(1/3)*b + a)~3
*a~5 + 28%((d*x + c)~(1/3)*b + a)~2*a"6 — 8%((d*x + c)~(1/3)*b + a)*a~7 + a
"8 - 2*b"6*c”2 + 40*%((d*x + c)~(1/3)*b + a) 3*%b~3*xc - 120*%((d*x + c)~(1/3)*
b + a) 2xaxb~3*c + 120%((d*x + c)~(1/3)*b + a)*a~2*%b"3*c - 40*a~3*b"3*xc - 5
6x((d*x + c)~(1/3)*b + a)~6 + 336*%((d*x + c)~(1/3)*b + a)~5xa - 840*((d*x +
c)~(1/3)*%b + a)~4*xa~2 + 1120%((d*x + c)~(1/3)*b + a)~3*a~3 - 840x((d*x + c
)"(1/3)*%b + a)~2*a"4 + 336x((d*x + c)~(1/3)*b + a)*a”™5 - 56*a~6 - 240*((d*x
+ ¢)"(1/3)*b + a)*b~3*c + 240*axb”~3*c + 1680*((d*x + c)~(1/3)*b + a)"4 - 6
720x((d*x + c)~(1/3)*b + a)~3*a + 10080*((d*x + c)~(1/3)*b + a)~2*a~2 - 672
Ox((d*x + c)~(1/3)*b + a)*a~3 + 1680%a~4 - 20160*((d*x + c)~(1/3)*b + a)~2
+ 40320*((d*x + c)~(1/3)*b + a)*a - 20160*a~2 + 40320)*sin((d*x + c)~(1/3)*
b + a)/(b~8xd~2))/(b*d)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/a:2 cos (a +b(c+ d:c)l/3> dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*(c + d*x)~(1/3)),x)
[Out] int(x~2*cos(a + bx(c + d*x)~(1/3)), x)
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3.96 [ z cos (a + by + d:z;) dx

Optimal. Leaf size=261

360 cos (a +bVc+dx ) 6cvVc+ dz cos (a +bVc+dx ) 180(c + dz)?3 cos <a +bVc+dx ) 15(c 4
bod? B b2d? - bid? *

[Out] 360%cos (a+b*(d*x+c)~(1/3))/b~6/d"2-6xc* (d*x+c)~ (1/3) *cos (a+b* (d*x+c)~(1/3))
/b~2/d"2-180* (d*x+c) ~(2/3) *cos (a+b* (d*x+c) ~(1/3)) /b~4/d"2+15% (d*x+c) ~(4/3) *

cos (a+b* (d*x+c) ~(1/3))/b~2/d~2+6%c*sin (a+b* (d*x+c) ~(1/3)) /b~3/d~2+360* (d*x+
c)~(1/3) *sin(a+b* (d*x+c)~(1/3))/b~5/d~2-3*c* (d*x+c) ~(2/3) *sin(a+b* (d*x+c) ~ (
1/3))/b/d~2-60%* (d*x+c) *sin(a+b* (d*x+c) ~(1/3))/b~3/d~2+3* (d*x+c) ~(5/3) *sin(a

+bx (d*x+c)~(1/3)) /b/d"2

Rubi [A]
time = 0.16, antiderivative size = 261, normalized size of antiderivative = 1.00, number of

number of rules _ 95
' integrand size ’

steps used = 11, number of rules used = 4, integrand size = 16
Rules used = {3513, 3377, 2717, 2718}

360cos (.z+wc+dl) 360V/c+ dz sin (ﬂ+b\/\(‘+dl) 180(c + dz)?/* cos (.z+wc+dl) 60(c + do)sin (a+ bV dr ) Gesin (a+bx/\c+d1) 15(c + dz)*/* cos (a+b\‘/c~dx) 6o/ +dx cos (ﬂ+b\/\(‘+dl) 3(c + dz)*/3 sin (a+b\/'c+dl) 3e(c+ d)/*sin (a + bV/erdr )
+ - - + + - + -
bd? bod? bd? Pd? bd? b d? B bd? bd?

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (360%Cos[a + b*(c + d*x)~(1/3)]1)/(b"6%d"2) - (6*c*x(c + d*x)~(1/3)*Cos[a + b
*(c + d*x)~(1/3)1)/(d"2%xd"2) - (180*(c + d*x)~(2/3)*Cos[a + b*x(c + d*x)~(1/
3)1)/(b"4xd"2) + (15%(c + d*x)~(4/3)*Cos[a + b*(c + d*x)~(1/3)])/(b"2%d"2)

+ (6%cxSinf[a + b*x(c + d*x)~(1/3)]1)/(®"3%d"2) + (360*(c + d*x)~(1/3)*Sin[a +

bx(c + d*x)~(1/3)]1)/(b"5%d"2) - (3*c*x(c + d*x)~(2/3)*Sin[a + b*(c + d*xx)~(
1/3)1)/(b*d~2) - (60%(c + d*x)*Sin[a + bx(c + d*x)~(1/3)1)/(b"3*d~2) + (3%(

c + dxx)~(5/3)*Sin[a + bx(c + d*x)~(1/3)]1)/(b*xd"2)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 2718

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simpl[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*Co
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sle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*x(x_))"(m_)I*(b_.))"(p_.)*((g_
D)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + bxCos[c + d*x])~p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/£))"m, x],
x], x, (e + f*x)"nl], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps

/mcos (a+bm> der =

3Subst <f (_c;z:2 coséa+bw) + x5 cos((ia+ba:)> dl‘ z, C+ dz )
d

3Subst (f z° cos(a + bx) dz,z, Ve + dx ) (3¢)Subst ( [ 2 cos(a + bzx) dz,

d? d?
3c(c + dx)?3sin <a—|—b\/3 c+dz ) 3(c + dz)®3sin <a+b\/c+dz )
=" b + b
6cvec+ dz cos <a+b\/30+da; ) 15(c + dx)*/3 cos <a+b\/c+da; )

=— +

b2d? b2d?
6cvVc+ dz cos (a +bVc+dx ) 15(c + dz)*/3 cos (a +bVc+dx )
T b2 * b2 -
6cvVc+ dz cos (a +bVc+dx ) 180(c + dx)?3 cos (a +bVc+dx )
B b2 N bid? !
6cvc+dz cos (a +bVc+dx ) 180(c + dx)?/3 cos (a +bVc+dx )
= - 4

b2 d2 b4 d2

360 cos (a +bVc+dx ) 6cv/c+ dx cos <a +bVc+dx > 180(c + dz;)

b5d? b2d?

Mathematica [A]
time = 0.40, size = 117, normalized size = 0.45

3((120 — 60b2(c + dz)*/® + b*Ve + dz (3c+ 5da:)> cos (a +bVe+dr ) + 17(120\/3 c+dz +bidz(c+ dz)*® — 26%(9c + 10dz)> sin (a +bVc+dx ))
bSd?

Antiderivative was successfully verified.

[In] Integratel[x*Cos[a + b*x(c + d*x)~(1/3)],x]
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[Out] (3*((120 - 60*%b~2*(c + d*x)~(2/3) + b~4x(c + d*x)~(1/3)*(3*c + 5*d*x))*Cos[
a + bx(c + dxx)~(1/3)] + b*(120%(c + d*x)~(1/3) + b~ 4xd*x*(c + d*x)~(2/3) -
2xb~2% (9%c + 10%d*x))*Sin[a + bx(c + d*x)~(1/3)]1))/(b~6%d"2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 654 vs.

2(231) = 462.
time = 0.04, size = 655, normalized size = 2.51 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a+b*(d*x+c)~(1/3)),x,method=_RETURNVERBOSE)

[Out] 3/d"2/b~3*(-a~2*c*sin(a+b*(d*x+c) ~(1/3))+2xa*xc* (cos (a+b* (d*x+c) ~(1/3))+(a+b
* (d*x+c) " (1/3))*sin(a+b* (d*x+c) ~(1/3))) -cx((a+bx(d*x+c) ~(1/3) ) "2*sin(a+b*(d
*x+c) " (1/3))-2*sin(a+b* (d*x+c) ~(1/3) ) +2* (a+b* (d*x+c) ~(1/3) ) *cos (a+b* (d*x+c)
~(1/3)))-1/b"3*a"~5*sin(a+b*(d*x+c) ~(1/3))+5/b"3*a"4*(cos (a+b* (d*x+c) ~(1/3))
+(a+b*x (d*xx+c) ~(1/3) ) *sin(a+b* (d*x+c) ~(1/3)))-10/b"3*a~3* ((a+b* (d*x+c) ~(1/3)
)" 2*sin(a+bx(d*x+c)~(1/3))-2*sin(a+bx(d*x+c) ~(1/3))+2* (a+b* (d*x+c) ~(1/3))*c
os (a+bx(d*xx+c)~(1/3)))+10/b"3*a~ 2% ((a+b* (d*xx+c) ~(1/3)) ~3*sin(a+b* (d*x+c) ~ (1
/3))+3*(a+b*x (d*x+c) ~(1/3)) "2*cos (a+b* (d*x+c) ~(1/3) ) -6*cos (a+b* (d*x+c) ~(1/3)
)—6* (a+b* (d*x+c) " (1/3)) *sin(a+b* (d*x+c) ~(1/3)))-5/b"3*a* ((a+b* (d*x+c) ~(1/3)
) "4xsin(a+b* (d*x+c) ~(1/3)) +4*x (a+b* (d*x+c) ~(1/3)) ~3*cos(a+b* (d*x+c)~(1/3))-1
2% (a+bx (d*x+c) ~(1/3)) "2*sin(a+b* (d*x+c) ~(1/3))+24*sin(a+b* (d*x+c) ~(1/3))-24
* (a+b* (d*x+c) ~(1/3)) *cos (a+bx (d*x+c) ~(1/3)))+1/b"3* ((a+b* (d*x+c) ~(1/3)) “5*s
in(a+b* (d*x+c) ~(1/3))+5*x (a+b* (d*x+c) ~(1/3)) “4*cos (a+b* (d*x+c) ~(1/3))-20* (a+
b* (d*x+c) ~(1/3)) "3*sin(a+bx (d*x+c)~(1/3))-60* (a+b* (d*x+c) ~(1/3) ) "2*cos (a+b*
(d*x+c)~(1/3))+120*cos (a+b*x (d*x+c) ~(1/3) ) +120* (a+b* (d*x+c) ~(1/3) ) *sin(a+b*(
d*x+c)~(1/3))))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 523 vs.
2(231) = 462.
time = 0.33, size = 523, normalized size = 2.00

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(at+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] -3*(a~2*c*sin((d*x + c)~(1/3)*b + a) - 2%(((d*x + ¢c)~(1/3)*b + a)*sin((d*x
+ ¢c)"(1/3)*b + a) + cos((d*x + ¢c)~(1/3)*b + a))*axc + a~b*sin((d*x + c)~(1/
3)*%b + a)/b"3 - 5x(((d*x + c)~(1/3)*b + a)*sin((d*x + c)~(1/3)*b + a) + cos
((d*x + ¢c)~(1/3)*b + a))*a"4/b"3 + (2x((d*x + c)~(1/3)*b + a)*cos((d*x + c)
“(1/3)*%b + a) + (((d*x + ¢c)~(1/3)*%b + a)~2 - 2)*sin((d*x + ¢c)~(1/3)*b + a))
*c + 10x(2*x((d*x + ¢)~(1/3)*b + a)*cos((d*x + ¢c)~(1/3)*b + a) + (((d*x + c)
~(1/3)*%b + a)~2 - 2)*sin((d*x + ¢c)~(1/3)*b + a))*a~3/b"3 - 10x(3*x(((d*x + c
)"(1/3)*%b + a)~2 - 2)*cos((d*x + ¢c)~(1/3)*%b + a) + (((d*x + c)~(1/3)*b + a)
~3 - 6%(d*x + c)~(1/3)*b - 6*a)*sin((d*x + c)~(1/3)*b + a))*a~2/b"3 + 5x(4x
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(((d*x + ¢c)~(1/3)*b + a)~3 - 6x(d*x + c)~(1/3)*b - 6*a)*cos((d*x + c)~(1/3)
*b + a) + (((d*x + ¢c)~(1/3)*b + a)~4 - 12x((d*x + c)~(1/3)*b + a)~2 + 24)x*s
in((d*x + ¢)~(1/3)*%b + a))*a/b~3 - (5x(((d*x + c)~(1/3)*b + a)~4 - 12x((d*x
+ ¢c)"(1/3)*b + a)~2 + 24)*cos((d*x + c)~(1/3)*b + a) + (((d*x + c)~(1/3)*b
+ a)”5 - 20%((d*x + c)~(1/3)*b + a)~3 + 120*(d*x + c)~(1/3)*b + 120%*a)*sin
((d*x + c)~(1/3)*b + a))/b~3)/(b~3*d"2)

Fricas [A]

time = 0.38, size = 110, normalized size = 0.42

3 ((60 (dz + )58 — (5btdz + 3b'c)(dz + ¢)F — 120) cos ((dz +c)%b+a) - ((dz +¢)3bPdx — 2083dz — 1863 + 120 (dz +c)%b) sin ((dz Foby a))
W2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(at+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] -3*x((60*x(d*x + c)~(2/3)*%b"2 - (5*b~4*xd*x + 3*b~4*c)*(d*x + c)~(1/3) - 120)*
cos((d*x + ¢c)~(1/3)*b + a) - ((d*x + c)~(2/3)*b~5*xd*x - 20*%b~3*d*x - 18*b~3
*c + 120*%(d*x + c)~(1/3)*b)*sin((d*x + c)~(1/3)*b + a))/(b~6*d"2)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/zcos <a+bm) dr

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)**(1/3)),x)
[Out] Integral(x*cos(a + bx(c + d*x)**(1/3)), x)
Giac [A]

time = 0.48, size = 370, normalized size = 1.42

(2 (rsopbosa)e-saies (iesebosa) 40 (s Posa) ‘- (e bbsa) ot (dsserbbia)ar-satson (astbbia) -1 (drsoFbra)oroontia) c(irseriora) ((Grserbora) et ((dsserbosaobesatic-(dsiorbia) 5 ((rs0Pbsa) 'a-10 (dssortbsa) ot (dssobba) ad-s (desopFbea)atiad-athesan (dssopdbea)'-o0 (s s)Fbra) o100 (s )b bsa)or-2000 1o drto) n((as o)
3( (b v (b o) o eratiie-ontso ) (( ( ( i e ot e i e ) ) ) as0 (gcs0bbea) ) )

W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(a+b*(d*x+c)~(1/3)),x, algorithm="giac")

[Out] -3*x((2%((d*x + c)~(1/3)*b + a)*b~3*c — 2*a*b~3*c — 5x((d*x + c)~(1/3)*b + a
)74 + 20%((d*x + ¢c)~(1/3)*b + a)~3xa — 30*%((d*x + c)~(1/3)*b + a)~2*¥a"2 + 2
0*x((d*x + ¢c)~(1/3)*b + a)*a~3 - 5*%a~4 + 60*x((d*x + c)~(1/3)*b + a)~2 - 120%

((d*x + ¢c)~(1/3)*b + a)*a + 60*a~2 - 120)*cos((d*x + c)~(1/3)*b + a)/b"5 +

(((d*x + c)~(1/3)*b + a)~2xb~3xc - 2x((d*x + c)~(1/3)*b + a)*axb~3xc + a~2%

b"3*%c - ((d*x + ¢c)~(1/3)*b + a)~5 + 5x((d*x + c)~(1/3)*b + a)~4*a - 10x((dx*

X + ¢c)”(1/3)*%b + a)~3*a"2 + 10x((d*x + c)~(1/3)*b + a)~2*a~3 - 5x((d*x + c)
~(1/3)*b + a)*a"4 + a~5 - 2xb"3*c + 20x((d*x + c)~(1/3)*b + a)~3 - 60*x((d*x
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+ ¢c)~(1/3)*%b + a)"2%a + 60%x((d*x + c)~(1/3)*b + a)*a~2 - 20%a~3 - 120*(d*x
+ ¢c)~(1/3)*b)*sin((d*x + ¢)~(1/3)*b + a)/b~5)/(b*xd"2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/x cos (a+b(c+dx)1/3> dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x(c + d*x)~(1/3)),x)
[Out] int(x*cos(a + bx(c + d*x)~(1/3)), x)
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3.97 | cos (a + bv/c+ dx ) dx

Optimal. Leaf size=85

6v/c+ dx cos<a+b\/3c—|—dm) GSin<a+b\/3c—|—dm) 3(c+d:r)2/38in<a—|—b\/3c+dw>
- +
b%d b3d bd

[Out] 6*(d*x+c)~(1/3)*cos(a+b*x(d*x+c)~(1/3))/b~2/d-6*sin(a+b*(d*x+c)~(1/3))/b~3/d
+3* (d*x+c) ~(2/3) *sin(a+b* (d*x+c)~(1/3)) /b/d

Rubi [A]
time = 0.04, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _ ;914
’ integrand size ’

steps used = 4, number of rules used = 3, integrand size = 14
Rules used = {3443, 3377, 2717}

6 sin <a+b\/3 c+dz ) 6v/c + dz cos (a-l-b\/3 c+dx ) 3(c+ dz)?/3sin (a-l—b\/3 c+dx )
- bd * bd * bd

Antiderivative was successfully verified.
[In] Int[Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (6x(c + d*x)~(1/3)*Cos[a + b*(c + d*x)~(1/3)]1)/(b"2%d) - (6*Sin[a + b*x(c +
d*x)~(1/3)1)/(b~3%d) + (3x(c + d*x)~(2/3)*Sin[a + b*(c + d*x)~(1/3)]1)/(b*xd)

Rule 2717

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + dx*x]1/d4, x] /;
FreeQ[{c, d}, x]

Rule 3377

Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*Co
sle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 3443

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_)*(x_))"(m_)I*(b_.))"(p_.), x_S
ymbol] :> Dist[1/(n*f), Subst[Int[x~(1/n - 1)*(a + b*Cos[c + d*x])"p, x], x
, (e + f*x)"nl], x] /; FreeQ[{a, b, ¢, d, e, f}, x] & IGtQ[p, 0] && Integer
Q[1/n]

Rubi steps
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3Subst <f z? cos(a + bx) dz,z,Vc + dx )
/cos<a+b\/30+dx>dw= y
3(c + dx)?/? sin (a +bVc+dx ) 6Subst (f zsin(a + bz) dz, z, Ve + dzx :

N bd bd
6vc+dx cos (a +bvVe+dx ) 3(c + dz)?3sin (a +bVc+dx ) 6Sut
— + —
b%d bd
6vc+dx cos (a+b\/3c+d$ ) 6 sin <a—|—b\/3c+d:v > 3(c+ dz)?3sin
= - +
b%d b3d

Mathematica [A]
time = 0.13, size = 65, normalized size = 0.76

6bv/c + dx cos <a+b\/3 c+dz ) +3(—2 + b*(c+ dz)?/?) sin <a-|—b\/3 c+dz >

b3d

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)],x]

[Out] (6xb*(c + d*x)~(1/3)*Cos[a + b*(c + d*x)~(1/3)] + 3*x(-2 + b™2x(c + d*x)~(2/
3))*Sin[a + bx(c + d*x)~(1/3)])/(b~3%d)

Maple [A]
time = 0.04, size = 131, normalized size = 1.54

method result
3a? sin (a+b(dm+c) 3 ) —6a (cos (a+b(dm+c) 3 ) + (a—i—b(dz—}-c) 3 > sin <a+b(dz+c) 3 > ) +3 <a+b(dz+c) 3 > ? sin <a+b(dm—

db3

derivativedivides

3a? sin (a+b(dw+c) 3 ) —6a (cos <a+b(dw+c) 3 ) + (a—i—b(dac—}-c) 3 ) sin (a—i—b(dw—}-c) 3 > ) +3 (a—i—b(dz—l—c) 3 > ? sin <a+b(dz—
db3

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/3)),x,method=_RETURNVERBOSE)

[Out] 3/d/b~3*(a~2*sin(a+b*(d*x+c) ~(1/3))-2*xa*(cos (a+b* (d*x+c) ~(1/3))+(a+b* (d*x+c
)~ (1/3))*sin(a+b*(d*x+c) ~(1/3)))+(a+tb*x(d*x+c) ~(1/3)) " 2*sin(a+b* (d*x+c)~(1/3
))-2xsin(a+b* (d*x+c) ~(1/3)) +2*x (a+b* (d*x+c) ~(1/3)) *cos (a+b*x (d*xx+c) ~(1/3)))

Maxima [A]
time = 0.28, size = 118, normalized size = 1.39

3 ( a’sin (dz+c)%b+a -2 (dz+c)%b+a sin (dz+c)%b+a + cos (dz+c)%b+a a+2 (dz+c)%b+a cos (dz+c)%b+a + (dz+c)%b+a 272 sin (dz+c)%b+a
(san )-2(( )ain ( ) + s ))er2( )oos )+ (( ) -2 )
bd
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3)),x, algorithm="maxima")

[Out] 3*(a"2*sin((d*x + c)~(1/3)*b + a) - 2x(((d*x + c)~(1/3)*b + a)*sin((d*x + c
)" (1/3)*%b + a) + cos((d*x + ¢c)~(1/3)*b + a))*a + 2x((d*x + c)~(1/3)*b + a)*
cos((d*x + ¢)~(1/3)*b + a) + (((d*x + c)~(1/3)*b + a)~2 - 2)*sin((d*x + c)~
(1/3)*b + a))/(b~3%d)

Fricas [A]
time = 0.42, size = 57, normalized size = 0.67
3 (2 (dx + c)%bcos ((dm + c)%b + a) + ((dm + c)%b2 — 2) sin ((d:v + c)%b + a))
b3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3)),x, algorithm="fricas")

[Out] 3*x(2x(d*x + c)~(1/3)*b*cos((d*x + ¢c)~(1/3)*b + a) + ((d*x + c)~(2/3)*b"2 -
2)*sin((d*x + c)~(1/3)*b + a))/(b"3%d)

Sympy [A]
time = 0.24, size = 94, normalized size = 1.11
z cos (a) forb=0A(b=0Vd=0)
zcos (a+by/c) ford=0
3(c+dz) 3 sin <a+b\7 c+dz ) 6v/c+ dx cos (a+b\3/c +dx ) 6sin <a+b\3/ c+dz )
B + 2 — wa otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/3)),x)

[Out] Piecewise((x*cos(a), Eq(b, 0) & (Eq(b, 0) | Eq(d, 0))), (x*cos(a + bxc*x(1/
3)), Eq(d, 0)), (3*(c + d*x)**(2/3)*sin(a + bx(c + d*x)**(1/3))/(b*xd) + 6x*(

c + dxx)**(1/3)*cos(a + bx(c + d*x)**x(1/3))/(b*x*x2xd) - 6*sin(a + b*(c + d*x
)*x(1/3))/(b**3%d) , True))

Giac [A]

time = 0.41, size = 81, normalized size = 0.95

< 2 (dx—i—c)% cos ((dx—i—c) 1 b—l—a) ( ((dx-{—c) 3 b+a) 2—2 ((dx—i—c) 3 b-l—a) a+a2—2) sin ((dx—i—c) 3 b—i—a) )
3 b + b2

bd
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3)),x, algorithm="giac")
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[Out] 3*x(2*%(d*x + ¢c)~(1/3)*cos((d*x + ¢c)~(1/3)*b + a)/b + (((d*x + c)~(1/3)*b + a
)72 - 2+%((d*x + ¢c)"(1/3)*b + a)*a + a”2 - 2)*sin((d*x + c)~(1/3)*b + a)/b"2

)/ (bxd)

Mupad [B]
time = 0.38, size = 68, normalized size = 0.80

6b cos (a+b(c+dw)1/3> (c+dz)"/® -6 sin <a+b(c+dx)1/3) + 3b? sin (a+b(c+dw)1/3> (c+dx)*?
b d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/3)),x)
[Out] (6*b*cos(a + b*(c + d*x)~(1/3))*(c + d*x)~(1/3) - 6*xsin(a + bx(c + d*x)~(1/
3)) + 3xb~2xsin(a + bx(c + d*x)~(1/3))*(c + d*x)~(2/3))/(b~3%d)
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cos (a—l—bm )

X

3.98 | d

Optimal. Leaf size=234
cos (a + by/c’) CosIntegral (b{’/g —bVc+dx )—l—cos (a+ (—1)*b/c’) CosIntegral((—1)2/3b€/E —bVe+

[Out] Ci(b*c~(1/3)-b*(d*x+c)~(1/3))*cos(a+bxc”(1/3))+Ci((-1)~(1/3)*b*xc~(1/3)+b*(d
*x+c) " (1/3))*cos(a-(-1)"(1/3)*b*c~(1/3))+Ci ((-1)~(2/3) *b*c~ (1/3) -b* (d*x+c)~
(1/3))*cos(a+(-1)"(2/3) *bxc~(1/3))+Si(b*c~(1/3) -b*(d*x+c) ~(1/3) ) *sin(a+b*c”
(1/3))-8i((-1)~(1/3)*b*c~(1/3) +b* (d*x+c) ~(1/3) ) *sin(a-(-1) ~(1/3) *bxc~(1/3))
+8i((-1)~(2/3)*b*xc~ (1/3) -b*(d*x+c) ~(1/3) ) *sin(a+(-1)~(2/3) *b*c~(1/3))

Rubi [A]
time = 0.33, antiderivative size = 234, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.222,

steps used = 11, number of rules used = 4, integrand size = 18
Rules used = {3513, 3384, 3380, 3383}

os (a+ b2 ) r:mlmgml(t,y? — e dz ) + cos (a-+ (~1)"bYC") Coslntegral ((~1) "6/ —bV/e+dz’ ) + cos (a — V=T b¥/c') Coslntegral (bW + dz + Q/?hg/?) +sin (a+ by Si (WT —bYeF ) +sin (a+ (<172 ) Si((-1)PHYE bV de ) —sin (= V=Tb9) Si(V=T b+ Vor o)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*(c + d*x)~(1/3)]1/x,x]

[Out] Cos[a + b*c~(1/3)]*CosIntegral[bxc~(1/3) - b*(c + d*x)~(1/3)] + Cos[a + (-1
)~ (2/3)*bxc~(1/3)]1*CosIntegral [(-1)~(2/3)*b*xc~(1/3) - b*(c + d*x)~(1/3)] +

Cos[a - (-1)~(1/3)*bxc~(1/3)]*CosIntegral [(-1)~(1/3)*bxc~(1/3) + bx(c + d*x
)~(1/3)] + Sin[a + b*c~(1/3)]1*SinIntegral[b*c~(1/3) - b*(c + d*x)~(1/3)] +

Sinfa + (-1)7(2/3)*bxc~(1/3)]1*SinIntegral [(-1)~(2/3)*bxc~(1/3) - bx(c + d*x
)~(1/3)] - Sin[a - (-1)7(1/3)*bxc”(1/3)]1*SinIntegral [(-1)~(1/3)*b*c~(1/3) +

bkx(c + d*x)~(1/3)]

Rule 3380

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Rule 3384

Int[sinl(e_.) + (f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*xx), x], x] + Dist[Sin[(d*e - cx*f
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)/d], Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*((e_.) + (£_.)*(x_))"(n_)I*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])~"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/f))"m, x],
x], x, (e + £fxx)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps
3Subst __dcos(atbz) d cos(a+bzx) _ d cos(a+bz) d ., \?/__
cos <a+ bvc+dz > s <f ( 3(\3/8—m> 3(—\3/—1 %—z) 3((_1)2/3\3/5—1;) Ve

/ . dx = 7
= —Subst( % dz,z,Vc+dx ) — Subst( _\(;/o;(la \;;cfxz " dz,x

byc —b
= —(cos (a+by/c) Subst(/ cos(\3/l/3 z) dz,z, Ve + dz >> — cos (a —

c —z

= cos (a+by/c) Ci(b{’/g —bVc+dx ) + cos (a + (—1)3b/c) Ci((—l)z/gb

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order
4 in optimal.
time = 0.38, size = 243, normalized size = 1.04

o Lo (v y

1) = oo+ S BV - 1)) — s+ 18 (5(VETE — #1)) ] + RotSum[e - #1°,cont + ) sttt o(VETTE — 1)) + Cottega oV — 1)) o + 1) + oo+ 118 (VETTE - 1)) —sina-+ w8 (VT - 1)) ]

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)]/x,x]

[Out] (RootSum[c - #1°3 & , Cos[a + b*#1]*CosIntegral[b*((c + d*x)~(1/3) - #1)] -
I*CosIntegral [b*((c + d*x)~(1/3) - #1)]*Sin[a + b*#1] - I*Cos[a + b*#1]*Si

nIntegral [bx((c + d*x)~(1/3) - #1)] - Sin[a + b*#1]*SinIntegral [b*((c + d*x
)~(1/3) - #1)] & ] + RootSum[c - #17°3 & , Cos[a + bx#1]*CosIntegral [b*((c +
d*x)~(1/3) - #1)] + I*CosIntegral[bx((c + d*x)~(1/3) - #1)]*Sin[a + bx#1]

+ I*Cos[a + b*#1]*SinIntegral[b*((c + d*x)~(1/3) - #1)] - Sin[a + b*#1]%*Sin
Integral [bx((c + d*x)~(1/3) - #1)] & 1)/2

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.06, size = 279, normalized size = 1.19
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method result
sinIntegral (—b(dz+c) 31; +_R1—a> sin (_R 1) ~+cosinelntegral <b(dm+(
b3a? 5
. . .. _Rl:RootOf(—b3c+_Z'3—3a_Z2+3a2_Z—a3) _R‘Z —2_R1a+a2
derivativedivides
sinIntegral (—b(dw+c) % +_R1—a) sin <_R 1) +cosinelntegral (b(dz-H
b3a? > 2
_ R1=RootOf (—b30+_23 —3a_Zz+3a2_Z—a3) _R1 _2_R1"‘+”‘2
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/3))/x,x,method=_ RETURNVERBOSE)

[Out] 3/b"3*(1/3%b"3*a~2xsum(1/(_R172-2* Rixa+a~2)*(Si(-b*(d*x+c)~(1/3)+ _Rl-a)*si
n(_R1)+Ci(b*(d*x+c)~(1/3)-_R1+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z~3-3*_Z 2*a+
3*_Zxa~2-a~3))-2/3*b~3*axsum(_R1/(_R172-2*% Ril*a+a~2)*(Si(-b*(d*x+c)~(1/3)+_
R1-a)*sin(_R1)+Ci(b*(d*x+c)~(1/3)-_Ri+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z~3-3
*x_Z"2xa+3%_Zxa~2-a"3))+1/3*%b"3*sum(_R172/(_R172-2%_Ril¥a+a”2)*(Si(-b*(d*x+c)
~(1/3)+_R1-a)*sin(_R1)+Ci(b*(d*x+c)~(1/3)-_Ri+a)*cos(_R1)), R1=Root0f (-b~3x*
c+_Z73-3%_Z"2xa+3*_Z*xa"2-a"3)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x,x, algorithm="maxima")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x, x)

Fricas [C] Result contains complex when optimal does not.
time = 0.42, size = 287, normalized size = 1.23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x,x, algorithm="fricas")

[Out] 1/2*Ei(I*(d*x + c)~(1/3)*b + 1/2%(I*b~3*c)~(1/3)*(-I*sqrt(3) - 1))*e~(1/2x(
I¥b~3%c) " (1/3)*(I*sqrt(3) + 1) + Ixa) + 1/2+«Ei(-Ix(d*x + c)~(1/3)*b + 1/2x(
—-Ixb~3%c) " (1/3)*(-I*sqrt(3) - 1))*e”(1/2x(-I*b~3*c)~(1/3)*(I*sqrt(3) + 1) -

Ixa) + 1/2%Ei(I*(d*x + c)~(1/3)*b + 1/2%x(I*b~3*c)~(1/3)*(I*sqrt(3) - 1))*e
~(1/2%(I*b~3%c) ~(1/3)*(-I*sqrt(3) + 1) + I*a) + 1/2+Ei(-Ix(d*x + c)~(1/3)*Db

+ 1/2%(-I*b~3*c) " (1/3) *(I*sqrt(3) - 1))*e”(1/2*%(-Ixb~3*c)~(1/3)*(-I*sqrt(3
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) + 1) - I*xa) + 1/2*Ei(I*(d*x + c)~(1/3)*b + (I*b~3*c)~(1/3))*e~(I*a - (I*b
~3%c)~(1/3)) + 1/2*Ei(-Ix(d*x + c)~(1/3)*b + (-I*b~3%c)~(1/3))*e”(-I*a - (-
Ixb~3xc)~(1/3))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cos <a+bm)

dz
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(at+bx(d*x+c)**(1/3))/x,x)
[Out] Integral(cos(a + b*(c + d*x)**(1/3))/x, %)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x,x, algorithm="giac")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

dz

/cos (a-l— b(c—l—da:)1/3>

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + bx(c + d*x)~(1/3))/x,x)
[Out] int(cos(a + b*x(c + d*x)~(1/3))/x, x)
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cos (a—l—bm )

$2

3.99 | d

Optimal. Leaf size=332

cos (a +bVc+dx > deosIntegral(b{’/g —bve+dx > sin (a+bv/c’) V-1 deosIntegral(f’/ —1 b/
- - +

x 3c2/3

[Out] -cos(a+b*(d*x+c)~(1/3))/x+1/3*b*d*cos (a+b*xc~(1/3))*Si(bxc™(1/3)-b*(d*x+c) ~(
1/3))/c”(2/3)+1/3%(-1)~(2/3) *b*d*cos (a+(-1) ~(2/3) *bxc~(1/3) ) *Si ((-1)~(2/3) *
bxc™(1/3)-bx(d*x+c)~(1/3))/c~(2/3)+1/3*%(-1)~(1/3) *b*d*cos (a-(-1) ~(1/3) *b*xc™
(1/3))*8i((-1)~(1/3)*b*c~(1/3) +b* (d*x+c)~(1/3)) /c~(2/3)-1/3*b*d*Ci (b*c~(1/3
)-b*(d*x+c)~(1/3))*sin(a+bxc”(1/3))/c~(2/3)+1/3*(-1)~(1/3) *b*d*Ci ((-1)~(1/3

) *¥b*c™ (1/3) +b* (d*x+c) ~(1/3) ) *sin(a-(-1)~(1/3) *b*c~(1/3)) /c~(2/3)-1/3*(-1)~(

2/3) *¥b*d*Ci ((-1)~(2/3) *b*xc~(1/3) -b*(d*x+c) ~(1/3) ) *sin(a+(-1)"(2/3) *b*c~(1/3
))/c~(2/3)

Rubi [A]
time = 0.53, antiderivative size = 332, normalized size of antiderivative = 1.00, number of

number of rules _
8, integrand size 0.333,

steps used = 13, number of rules used = 6, integrand size = 1
Rules used = {3513, 3423, 3414, 3384, 3380, 3383}

) Coslutegral by~ b/e+d’) =T bisin (a = YT b/F) Coslutegral (bWeT a2 + Y=THYZ) (=1 bdsin (a + (~1)*by) Coslutegral((~1)?*6y ~ bVeFdr ) bdcos (a-+ by Si(bE —bVaFdr)  (~1)bdcos (a+ (~1)097) 8i((-)*9 ~bYeFdr) VT bdeos (a = V=T Si( V=T VCb+ Verdrb) cos (a+ 0o )
) _ fategral( . (! ), . ) -

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x(c + d*x)~(1/3)]1/x"2,x]

[Out] -(Cos[a + b*(c + d*x)~(1/3)]/x) - (b*d*CosIntegral[bxc~(1/3) - bx(c + d*x)~
(1/3)1*Sinf[a + b*c~(1/3)]1)/(3*xc~(2/3)) + ((-1)~(1/3)*b*d*CosIntegral [(-1)~(
1/3)*¥b*c™(1/3) + bx(c + d*x)~(1/3)]*Sinla - (-1)7(1/3)*b*xc™(1/3)1)/(3*c~(2/

3)) - ((-1)7(2/3)*b*d*CosIntegral [(-1)~(2/3)*bxc~(1/3) - b*(c + d*x)~(1/3)]
xSinfa + (-1)7(2/3)*b*c~(1/3)]1)/(3*xc~(2/3)) + (b*d*Cos[a + b*c~(1/3)]*Sinln
tegral[bxc~(1/3) - bx(c + d*x)~(1/3)]1)/(3*c~(2/3)) + ((-1)~(2/3)*b*d*Cos[a

+ (-1)7(2/3)*b*c~(1/3)]1*SinIntegral [(-1)~(2/3)*b*c~(1/3) - bx(c + d*x)~(1/3
)1)/(3*c~(2/3)) + ((-1)~(1/3)*b*d*Cos[a - (-1)~(1/3)*bxc~(1/3)]1*SinIntegral
[(-1)~(1/3)*b*c~(1/3) + b*(c + d*x)~(1/3)]1)/(3*%c~(2/3))

Rule 3380

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*e - cxf, 0]

Rule 3383

Int[sinl(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQl{c, d, e, f}, x] && EqQ[dx(e - Pi/2) -
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cxf, 0]

Rule 3384

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[cx(f/d) + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[cx(f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x] &&
NeQ[d*e - cxf, 0]

Rule 3414

Int[((a_) + (b_)*x_ )" (0 )) " (p_)*Sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Int
[ExpandIntegrand[Sin[c + d*x], (a + b*x™n)”p, x], x] /; FreeQ[{a, b, c, d},
x] &% ILtQ[p, 0] && IGtQ[n, O] && (EqQ[n, 2] || EqQlp, -11)

Rule 3423

Int[Cos[(c_.) + (d_.)*x(x_)1*((e_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_
), x_Symbol] :> Simp[e“m*(a + b*x"n)~(p + 1)*(Cos[c + d*x]/(b*nx(p + 1))),
x] + Dist[d*(e"m/(b*nx(p + 1))), Int[(a + b*x"n)~(p + 1)*Sin[c + d*x], x],
x] /; FreeQ[{a, b, c, d, e, m, n}, x] && ILtQ[p, -1] && EqQ[m, n - 1] && (I
ntegerQ[n] || GtQ[e, 0])

Rule 3513

Int[((a_.) + Cos[(c_.) + (d_.)*x((e_.) + (£_.)*(x_))"(_)I*(b_.))~(p_.)*((g_
)+ (h_)*(x_))"(m_.), x_Symbol] :> Dist[1/(n*f), Subst[Int[ExpandIntegran
d[(a + b*Cos[c + d*x])~"p, x~(1/n - 1)*(g - ex(h/f) + h*x(x~(1/n)/f))"m, x],
x], x, (e + £fxx)"n], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m}, x] && IGtQ[p,
0] && IntegerQ[1/n]

Rubi steps
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3Subst <f m":gmdx,x, Ve +dz )

(&%)

dr =
2

/cos (a-l—bm)

d
3
cos (a-l-beC-l-dx) —bSubSt(/Mdm,m, 3/—c+dx>
4T 4

cos <a +bVc+dx )  bSubst (/ <_ dsin(a +bzr) dsin(a + bz)
3c2/3 (\3/3 _ a:) 3c2/3 (\3/3 + \3/:
cos (a " bm) (bd)Subst ( [ ﬁ dz,z,¥/c+ d ) (bd)Subs
x + 3c?/3 +
. sin(b%—bx) \
cos(a—i—bm) (bdcos(a—l—bﬁ))Subst(fwdz,x,\/z
3c2/3

T
cos<a+b\/30+da:> dei<b€/E—b\/?’c—l-da:)sin(a—i-b%) v/—1 be
+

X

T 302/3

Mathematica [C] Result contains higher order function than in optimal. Order 9 vs. order

4 in optimal.

time = 0.58, size = 138, normalized size = 0.42

cos<a+b\/30+dz) 1
- EibdRootSum c— #1%&,

e t#Ei(—ib(Ve+dz —#1))

. e (ib( Vet do - #1)) &

1.
#1° + ézbdRootSum |:c - #13¢&, 47

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*(c + d*x)~(1/3)]1/x"2,x]

[Out] -(Cos[a + bx(c + d*x)~(1/3)]1/x) - (I/6)*bxd*RootSum[c - #1°3 & , (E~((-I)*a
- I*b*#1)*ExpIntegralEi[(-I)*bx((c + d*x)~(1/3) - #1)])/#1°2 & ] + (I/6)*Db
*d*RootSum[c - #173 & , (E"(I*a + I*b*#1)*ExpIntegralEi[Ixbx((c + d*x)~(1/3

) - #1)1)/#172 & ]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 4.
time = 0.09, size = 931, normalized size = 2.80

method

result size

default

derivativedivides | Expression too large to display | 931

Expression too large to display | 931
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a+b*(d*x+c)~(1/3))/x"2,x,method=_RETURNVERBOSE)

[Out] 3*d/b~3*(b~6*a~2*(cos (a+bx(d*x+c)~(1/3))*(1/3/c/b"3* (a+b* (d*x+c)~(1/3))-1/3
*a/c/b~3) /(b 3*c+a~3-3*a"2* (a+b* (d*x+c) ~(1/3) ) +3*a* (a+b* (d*x+c) ~(1/3)) "2-(a
+bx (d*x+c) ~(1/3))~3)-2/9/c/b"3*sum(1/(_R172-2*% Rlxa+a~2)*(Si(-b*(d*x+c)~(1/
3)+_Ri1-a)*sin(_R1)+Ci(b*(d*x+c)~(1/3)-_Rl1+a)*cos(_R1)), R1=Root0f (-b~3*c+_Z
~3-3*%_Z"2%a+3*_Zxa"2-a"3))+1/9/c/b"3*xsum(1/(-_RR1+a)* (-Si (~b* (d*x+c) ~(1/3)+
_RR1-a)*cos(_RR1)+Ci(bx(d*x+c)~(1/3)-_RR1+a)*sin(_RR1)), RR1=Root0f (-b~3*c+
_Z73-3%_Z"2*a+3x_Z*xa"2-a"3)))+cos (at+b*(d*x+c)~(1/3))*(-2/3*axb~3/c* (a+b* (d*
x+c) " (1/3))"2+2/3*%a"2xb~3/c* (a+b* (d*x+c) ~(1/3))) /(b 3*c+a~3-3*a"2* (a+b* (d*x
+c) " (1/3) ) +3*ax* (a+b* (d*x+c) ~(1/3)) “2- (a+b* (d*x+c) ~(1/3)) ~3)+2/9*a*xb~3/c*xsum
((_R1+a)/(_R172-2*% Rl*a+a~2)*(Si(-b*(d*x+c)~(1/3)+_Rl-a)*sin(_R1)+Ci (b*(d*x
+c)~(1/3)-_Ri+a)*cos(_R1)), _R1=Root0f (-b~3*c+_Z~3-3%_Z"2*a+3*_Z*a"2-a~3))-2
/9*axb~3/cxsum(_RR1/(-_RR1+a)*(-Si(-b*(d*x+c)~(1/3)+_RR1-a)*cos(_RR1)+Ci (bx*
(d*x+c)~(1/3)-_RR1+a)*sin(_RR1)), RR1=RootOf (-b~3*c+_Z~3-3%_Z 2%a+3*_Z*a"2-
a~3))+cos(a+b* (d*x+c) ~(1/3))*(2/3*a*b~3/c* (a+b* (d*x+c) ~(1/3)) "2-a"2*xb~3/c*(
a+b* (d*x+c)~(1/3))+1/3*%b"3*(b~3*c+a"3) /c)/ (b~ 3*c+a~3-3*a~2* (a+b* (d*x+c) ~(1/
3) ) +3*ax* (a+bx (d*x+c) ~(1/3)) ~2-(a+b* (d*x+c)~(1/3))~3)-2/9*a*b~3/c*sum(_R1/(_
R172-2% Ril*a+a~2)*(Si(-b*(d*x+c)~(1/3)+_Rl-a)*sin(_R1)+Ci (b*(d*x+c)~(1/3)-_
Ri+a)*cos(_R1)), R1=RootOf (-b~3*c+ Z~3-3*_Z 2xa+3* Z*a~2-a~3))-1/9/c*b~3*su
m((b~3*c+2* _RR172*a-3*_RR1*a~2+a~3)/(_RR172-2*_RR1*a+a~2)*(-Si(-b*(d*x+c)~(
1/3)+_RR1-a)*cos(_RR1)+Ci(b*(d*x+c)~(1/3)-_RR1+a)*sin(_RR1)), RR1=Root0f (-b
“3%c+_Z73-3*%_Z"2xa+3*_Z*xa~2-a"3)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="maxima")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x"2, x)

Fricas [C] Result contains complex when optimal does not.
time = 0.41, size = 406, normalized size = 1.22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="fricas")
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[Out] -1/12%(2%(I*b~3*c)~(1/3)*d*x*Ei(I*(d*x + c)~(1/3)*b + (I*b~3%c)~(1/3))*e" (I
*a — (Ixb~3%c)~(1/3)) + 2x(-Ixb~3%c)~(1/3)*d*x*Ei(-I*(d*x + c)~(1/3)*b + (-
Ixb~3%c)~(1/3))*e~(-Ixa - (-Ixb~3*c)~(1/3)) - (I*b~3*c)~(1/3)*(I*sqrt(3)*d*
x + d*x)*Ei(I*(d*x + c)~(1/3)*b + 1/2%(I*b~3%c)~(1/3)*(-I*sqrt(3) - 1))*e~(
1/2%(I*b~3%c) " (1/3)*(I*sqrt(3) + 1) + I*a) - (-I*xb~3%c)~(1/3)*(Ixsqrt(3)*d*
x + d*x)*Ei(-I*(d*x + c)~(1/3)*b + 1/2%(-I*b~3%c)~(1/3)*(-I*sqrt(3) - 1))*e
~(1/2x(-I*b~3%c) " (1/3)*(I*sqrt(3) + 1) - Ixa) - (I*b~3*c)~(1/3)*(-I*sqrt(3)
*xdxx + d*x)*Ei(I*(d*x + c)~(1/3)*%b + 1/2%(I*xb~3*c)~(1/3)*(I*sqrt(3) - 1))*e
~(1/2x(I*b~3*c) " (1/3)*(-I*sqrt(3) + 1) + Ixa) - (-I*b~3*c)~(1/3)*(-I*sqrt(3
)*d*x + d*x)*Ei(-I*(d*x + c)~(1/3)*b + 1/2%(-I*b~3%c)~(1/3)*(I*sqrt(3) - 1)
)*e” (1/2%(-I*b~3*c)~(1/3)*(-I*sqrt(3) + 1) - Ixa) + 12*cxcos((d*x + c)~(1/3
)*b + a))/(c*x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
oS <a+b\/3 c+dx )
/ = dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)**(1/3))/x**2,x)
[Out] Integral(cos(a + bx(c + d*x)**(1/3))/x**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(a+b*(d*x+c)~(1/3))/x"2,x, algorithm="giac")
[Out] integrate(cos((d*x + c)~(1/3)*b + a)/x"2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
cos (a +b(c+ dx)1/3>
/ . dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*(c + d*x)~(1/3))/x"2,x%)
[Out] int(cos(a + bx(c + d*x)~(1/3))/x"2, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,




445

ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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